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Preface 

The theory of parabolic equations, a well-developed part of the contemporary 
theory of partial differential equations and mathematical physics, is the subject 
of an immense research activity. A continuing interest in parabolic equations is 
caused both by the depth and complexity of mathematical problems emerging here, 
and by its importance in specific applied problems of natural science, technology, 
and economics. 

This book aims at a consistent and, as far as possible, a complete exposition of 
analytic methods of constructing, investigating, and using fundamental solutions 
of the Cauchy problem for the following four classes of linear parabolic equations 
with coefficients depending on all variables: 

-7 

E l : 2b-parabolic partial differential equations (parabolic equations of a quasi-
homogeneous structure), in which every spatial variable may have its own 
weight with respect to the time variable. 

E2 : degenerate partial differential equations of Kolmogorov's structure, which 
generalize classical Kolmogorov equations of diffusion with inertia. 

E3: pseudo-differential equations with non-smooth quasi-homogeneous symbols. 

E4 : fractional diffusion equations. 

These classes of equations generalize in various directions the classical equations 
and systems parabolic in the Petrovsky sense, which were defined in [180] and 
studied in a number of monographs [83, 45, 146, 107, 76] and survey articles 
[102, 1, 215, 70, 46]. 

Note that the principal quantitative characteristics of equations from the 
classes El , E2 , and E4 are the weights of the time variable with respect to spatial 
variables. The weight equals 1/(2bj ), with respect to the j-th spatial variable, for 
the class E l , 1/(2b) with respect to the main spatial variables, and 1 + 1/(2b), 
2 + 1/ (2b), with respect to the two groups of spatial variables corresponding to 
the degeneration. The weight for the class E4 equals a/2. 

The above classes of equations are investigated by the same general scheme. 
As the first step, a fundamental solution of the Cauchy problem is constructed and 
studied. Then it is used for finding classes of existence, uniqueness, and correctness. 

Fundamental solutions of the Cauchy problem are constructed through vari
ous modifications of the classical Levi method. Its essence is as follows. A funda
mental solution is looked for as the sum of the main term (called a parametrix), 
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and an integral with the parametrix as a kernel and an unknown density. The 
density is determined from an integral equation solved by the iteration method. 
Usually the parametrix is a fundamental solution of the Cauchy problem for a 
model equation with certain parameters. The model equation contains only the 
principal (in a certain sense) terms whose coefficients depend only on the time 
variable and parameters, or solely on parameters. 

For model equations, the fundamental solutions of the Cauchy problem are 
constructed and investigated by the following stages: 

• The Fourier transform in spatial variables is applied to a model equation. 
For the classes El and E3 this leads to ordinary differential equations, while 
for the class E2 a first order partial differential equation with respect to time 
and some of the spatial variables is obtained. For the class E4 the Fourier 
transform results in a fractional differential equation with respect to the time 
variable. 

• For the equations obtained this way, properties of fundamental solutions of 
the Cauchy problem as functions of parameters are investigated. 

• The above properties, together with appropriate theorems about the Fourier 
transform, are used to obtain estimates (as precise as possible) and a complete 
analytical description of a fundamental solution of the Cauchy problem for 
a model equation. 

Implementation of the procedure of constructing a parametrix, and then a fun
damental solution of the Cauchy problem, requires a variety of analytic tools 
like theorems about the Fourier transforms of analytic functions, theory of distri
butions, theory of hypersingular integrals, various special functions (the Mittag
Leffler functions, Fox's H-functions etc). 

As a rule, differences in the ways of applying Levi's method appear in its first 
stage, as a parametrix is chosen in order to take into account specific properties of 
an equation. The subsequent stages are standard though the necessary techniques 
guaranteeing sufficient precision of estimates can be very complicated. 

The simultaneous treatment of four substantially different generalizations of 
the classical Petrovsky's definition of parabolic equations makes it possible to give 
an interesting comparative analysis of the methods and results. In spite of the fact 
that the structure of each equation under consideration has its own peculiarities, 
and the estimates of a parametrix differ in certain details, each time transparent 
and sufficiently precise information is obtained regarding analytic properties of a 
parametrix. That results in a very precise description of properties of fundamental 
solutions of the Cauchy problem for equations whose coefficients depend on all 
independent variables. 

The estimates of fundamental solutions, the existence, uniqueness, and cor
rectness classes for equations of the types E l , E2 , and E4 are similar - the fun
damental solutions decay exponentially, as the spatial variables grow, and the 
existence, uniqueness, and correctness classes for the Cauchy problem consist of 
rapidly increasing functions. On the other hand, fundamental solutions of the 
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Cauchy problem for equations of the class Eel have only a power-like decay (and 
this result cannot be improved). 

Parallels and differences in properties of equations of the above classes can be 
interpreted in physical terms. All of them provide mathematical models for various 
diffusion phenomena. For a diffusion described by the heat equation (and more 
general second order parabolic partial differential equations), the mean square 
displacement 6.x2 of a diffusive particle for the time t behaves like et as t -> 00. 

The anomalous diffusion, for which 6.x2 rv eta, often appears in more complicated 
physical systems. The sub diffusion (0: < 1) is modelled by the fractal diffusion 
equation E4 , while the superdiffusion (0: > 1) is described by equations of class E3 • 

Mathematically, it is perhaps the most interesting (probably, also important) 
to compare the results of Chapter 5 regarding fundamental solutions of the Cauchy 
problem for fractional diffusion equations, with corresponding results for the usual 
diffusion. 

It appears that certain important properties of solutions, like the maximum 
principle, positivity, and some other properties of the fundamental solution, are 
similar. However the estimates of fundamental solutions, classes of existence and 
correctness for the Cauchy problem for fractional diffusion equations resemble, to 
a greater extent, the results known for equations of an arbitrary order, parabolic 
in the sense of Petrovsky (while, for instance, the positivity property is absent for 
equations of an order greater than two). The scheme of Levi's method for fractional 
diffusion equations is carried out as usual, but the estimates of the parametrix 
are qualitatively different, which necessitates a modification in the procedures for 
obtaining the estimates for this case. 



Chapter 1 

Equations. Problems. Results. 
Methods. Examples 

This chapter is introductory. It contains definitions and examples of equations 
from the classes considered in this book, setting the context of the problems to be 
solved. We describe main results and techniques. In addition, we have included in 
this chapter several lemmas essential for this book. 

Note that the term "equation" is used both in the case of a scalar equation 
and in the case of a vector equation, that is a system of equations. 

1.1 Differential equations 

1.1.1. Equations. Let us define the classes EI and E2 of partial differential equa
tions which will be considered in this book. These classes generalize the class Eo of 
equations parabolic in the Petrovsky sense. Therefore we begin with the definition 
of the class Eo. 

Eo. Parabolic equations in the sense of Petrovsky 
The initial general definition of parabolicity of equations (or systems of equations) 
was given by Petrovsky [180] who was also the first to investigate deeply such 
equations. This class of equations is wide enough and possesses many properties 
(with natural modifications) typical for the heat equation, the simplest and best 
studied representative of this class. 

Let n E Nand N E N be natural numbers. Below we shall consider a one
dimensional variable t and an n-dimensional variable x : = (Xl, ... , xn ); t and 
Xl, ... ,Xn will be interpreted as the time and spatial variables respectively. 

Denote by Q a certain set of points (t, x) of the space ]Rn+1. Let us consider 
the equation 

LN(t, x, at, ax)u(t, x) = f(t, x), (t, x) E Q. (1.1.1) 

Here LN(t, x, at, ax) is a linear differential expression, scalar if N = 1 or an N x N
matrix if N > 1, with complex-valued coefficients depending on t and x, (t, x) E Q; 
f : Q --> <CNI is a given function, u : Q --> <CNI is an unknown function. 

S. D. Eidelman et al. 
© Birkhauser Verlag 2004

Analytic Methods in the Theory of Differential and Pseudo-Differential Equations of Parabolic type



2 Chapter 1. Equations. Problems. Results. Methods. Examples 

Suppose first that N = 1. For any point (t, x) E Q, the function L1 (t, X,p, ia), 
where pEe, a E IRn , is a polynomial with respect to p and a. Suppose that the 
degree of the polynomial L1 (t, x, Amp, iAa) with respect to A equals mr where m 
and r are natural numbers. Denote by L~ the principal part of the polynomial L 1, 

that is the sum of all its terms satisfying the generalized homogeneity condition, 
so that 

L~(t,x,Amp,iAa) = AmrL~(t,x,p,ia), A E IR. 

Thus, the principal part L~ is a generalized homogeneous polynomial of the degree 
mr. 

Definition 1.1. A differential expression L1 is called parabolic in the sense of Petro
vsky (with the weight m) at a point (t, x), if there exists such a constant b > 0 
that for all a E IRn , p-roots of the polynomial L~ (t, x, p, ia) satisfy the inequality 

(1.1.2) 

A differential expression L1 is called uniformly parabolic in the sense of Petro
vsky (with the weight m) on the set Q, if it is parabolic in the sense of Petrovsky 
at each point of the set Q, and the inequality (1.1.2) holds with the same constant 
b for every point (t,x) E Q. 

Note that for a parabolic in the sense of Petrovsky differential expression L1 
the weight m is necessarily an even number (below it will be denoted 2b), and the 
numbers band r are defined in a unique way - r is the degree of the polynomial 
L1 (t, x, p, ia) in p, while 2br is its degree in aI, ... ,an' 

Let us consider the case N > 1. 

Definition 1.2. A matrix differential expression LN(t, x, at, ax) with elements 
LNjZ(t,x,at,ax ), {j,l} c {I, .. . ,N}, is called parabolic in the sense of Petrovsky 
at a point (t, x) or uniformly on Q, if: 

1) the differential expression detLN(t,x, at, ax) is (respectively) parabolic in the 
sense of Definition 1.1; 

2) the degree of each polynomial LNjz(t, x, A2bp, iAa), {j, l} c {I, ... , N}, with 
respect to A does not exceed 2brz and 

where bjz is a Kronecker symbol, rz is a certain number from N, and LNjZ is 
a polynomial which does not contain prl . 

Note that the degree of generalized homogeneity of the principal part LCJyjz 
of the polynomial L NjZ equals 2brl and does not depend on j. 

Definition 1.3. The equation (1.1.1) is called parabolic in the sense of Petrovsky at 
a point (t, x) or uniformly on the set Q, if such is the differential expression LN. 
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Thus, an equation (1.1.1), parabolic in the sense of Petrovsky with the weight 
2b, in the scalar form, has the following structure: 

N 

O;'Uj(t,x) - L 
1=1 2bko+lkl:52brl 

(ko<rzl 

= Ij(t, X), (t,x)EQ, jE{l, ... ,N}, (1.1.3) 

where Uj and Ij, j E {I, ... ,N}, are respectively elements of the columns U and I 
from CNl , Ikl := k1 + ... + kn for k := (k1, ... , kn ) E Z~. In particular, if rl = 1, 
l E {I, ... , N}, then such an equation can be written as 

( lOt - L ak(t, X)O;)U(t, x) = I(t,x), (t,x) E Q, 
Ikl::;2b 

(1.1.4) 

where I is a unit matrix of the order N, and ak : Q --+ CNN, Ikl ::; 2b. 
We see that the definition of parabolicity in the sense of Petrovsky assumes 

a certain structure of an equation, separation of its principal part satisfying an 
algebraic condition. All the spatial variables Xl, ... ,Xn have the same strength, in 
the sense that the differentiation in each of them has the same weight 1/ (2b) with 
respect to the differentiation in t. 

If N = b = 1, then the equation (1.1.1) is a scalar second order equation 

(Ot - jt1 ajl(t,x)8Xj OXl - taj(t,X)OXj - a(t,X))U(t,X) 

= I(t,x), (t,x) E Q. (1.1.5) 

Its uniform parabolicity in the sense of Petrovsky on Q means the existence of 
such a constant rS > ° that for any (t, x) E Q and 0" E lRn, 

n 

Re L ajl(t,x)O"jO"I 2 rS10"12. 
j,l=l 

If the coefficients of the equation (1.1.5) are real, this condition means that the 
quadratic form 

n 

L ajl(t,x)O"jO"I, 0" E IRn 

j,l=l 

is positive definite, uniformly with respect to (t, x) E Q. 

(1.1.6) 

Let us give the simplest important examples of equations which are uniformly 
parabolic in the sense of Petrovsky on lRn+1. In these examples a > 0, a > 0, f3 E 

n 

lR,b E N, and Ll == LO~j. 
j=l 
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Example 1.1. The classical heat equation 

(at - a~)u = f. 

Example 1.2. Higher order equations with constant coefficients 

Example 1.3. The polycaloric equation 

the simplest example of an equation of an arbitrary order in t, which is parabolic 
in the sense of Petrovsky. 

Example 1.4. The bi-parabolic heat equation 

proposed in [85] for a more adequate mathematical description of heat and diffu
sion processes than the classical heat equation. 

Example 1.5. The equation 

n 

(at - a~)u - (3 L aXj (Xju) = j, 
j=l 

generalizing the Kolmogorov equation 

(1.1.7) 

for a one-dimensional Ornstein-Uhlenbeck random process [18]. Equations of this 
type with coefficients, which increase with the growth of spatial variables, appear, 
in particular, in some problems of statistical radiophysics [220]. 

The definition of parabolicity in the sense of Petrovsky can be generalized in 
various directions. In particular, there exist some definitions of parabolicity of the 
equation (1.1.1), in which the condition 1) of Definition 1.2 is preserved, but the 
degrees of generalized homogeneity of the polynomials L~jl may depend both on 
I and j. The latter means that not only different unknown functions in a system 
of equations have different weights, as it is in the definition of parabolicity in the 
sense of Petrovsky, but different equations too. The widest generalization in this 
direction was proposed by Solonnikov [215, 146] who defined and studied a very 
wide class of systems of equations called parabolic in the sense of Solonnikov. 

Let us consider now some generalizations of Petrovsky's parabolicity related 
to giving up the equal "strength" of all spatial variables and the positive definite
ness of appropriate algebraic forms like the quadratic form (1.1.6) for the equation 
(1.1.5). 
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~ 

E 1• 2b-parabolic equations 
This class of equations (also called parabolic equations of a quasi-homogeneous 
structure) was defined and investigated by Eidelman [51]. Its study was continued 
[53] by Eidelman and Ivasyshen, and then in [108, 15, 114, 115, 178, 109] by 
Ivasyshen and his collaborators. The difference between this class and the class 
Eo is that the differentiations in different variables x j, j E {I, ... , n}, may have 
different weights 1/ (2b j ) with respect to the differentiation in t. Here b1, . .. , bn 
are some numbers from N. 

~ 

Denote by 2b the vector (2b1, ... , 2bn), by b the least common multiple of 
the numbers b1, . .. ,bn , and by mj the number b/bj , j E {I, ... , n}. 

The next definitions are similar to Definitions 1.11.3. We shall denote by 
L 1(t,x,p,ia) and LNjl(t,x,p,ia) such polynomials with respect to pEe and 
a E IRn that the degrees of the polynomials L1(t,x,)..2bp,i()..mla1, ... ,)..mnan)) 
and LNjl(t,x,)..2bp,i()..mlal, ... ,)..mnan )) with respect to).. are equal to 2br and 
does not exceed 2brl, respectively, where rand rl are some numbers from N; the 
principal part L~ of a polynomial L1 is defined by the equality 

L~(t,x, )..2bp , i()..m 1a1 , ... , )..mnan)) = )..2br L~(t,x,p,ia), ).. E IR; 

the polynomials LNjl satisfy the equality 

where L N jl is a polynomial not containing pTI . 

Definition 1.4. 
~ 

1) A differential expression L1 is called 2b-parabolic at a point (t, x) if p-roots 
of the polynomial L~ (t, x, p, ia) satisfy the inequality 

n 

Rep(t,x, a) ::::: -6L a~bj (1.1.8) 
j=l 

for any a E IRn , with some constant 6 > 0 which may depend on the point 
(t, x). 

~ 

2) A differential expression L1 is called uniformly 2b-parabolic on a set Q, if it 
~ 

is 2b-parabolic at every point of Q, and the inequality (1.1.8) holds for any 
point (t,x) E Q, with the same constant 6. 

3) A matrix differential expression LN with elements L Nj1 , {j, l} C {I, ... , N}, 
~ 

is called 2b-parabolic at a point, or uniformly on Q, if the differential ex-
~ 

pression det LN(t, x, at, ax) is 2b-parabolic at the point, or uniformly on Q, 
respectively. 

~ 

4) The equation (1.1.1) is called 2b-parabolic at a point, or uniformly on Q, if 
the differential expression LN has the same property. 
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n 

For multi-indices k := (k1 , ... , kn ) E Z~ set Ilkll := L mjkj . Then a 2b
j=l 

parabolic equation (1.1.1) in the general case, and in the case when Tl = 1, I E 

{I, ... , N}, has the following structure, similar to (1.1.3) and (1.1.4), respectively: 

and 

N 

8?uj(t,x) ~ L L a{~k(t,x)8;08:Ul(t,X) 
1=12bko+llkI19bT, 

(ko<r,) 

= !j(t,x), (t,x) E Q, j E {I, ... ,N}, 

( I8t ~ L ak(t'X)8:)U(t,X) = !(t,x), (t,x) E Q. 
IIkli9b 

---t 

(1.1.9) 

(1.1.10) 

In particular, the uniform on Q 2b-parabolicity of the equation (1.1.lO) means 
that p-roots of the equation 

det (IP ~ L ak(t, X)(ial ) = 0 
Iikll=2b 

satisfy for all (t,x) E Q and (J" E IRn the inequality (1.1.8) with some constant 
---t 

J > O. This constant will be called the constant of 2b-parabolicity of the equation 
(1.1.10). 

---t 
For an illustration, here are the simplest 2b-parabolic equations with constant 

coefficients. 

Example 1.6. Analogs of the simplest higher order equations, parabolic in the sense 
of Petrovsky, from Example 1.2: 

where a > 0, aj > 0, j E {I, 2, 3}, {nI' n2, n3} eN, n1 + n2 + n3 = n, in the first 
equation bj , j E {I, ... , n}, are arbitrary numbers from N, in the second equation 
bj = 1 for j E {l, ... ,nd, bj = 2 for j E {ni + 1, ... ,n1 +n2}, and bj = 3 as 
jE{n1+ n2+ 1, ... ,n}. 

---t 
Hypothetically, 2b-parabolic equations can emerge if the process described 

by the equation is considerably heterogeneous with respect to different spatial 
variables. However it looks more realistic to expect that such a heterogeneity will 
be described by pseudo-differential equations, not by differential ones. 
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Below we shall consider the classes E lj , j ~ 1, subclasses of the above class 
---+ 

E l . The basic class is Ell, the class of 2b-parabolic equations, of the form (1.1.10), 
uniform in the layer Il[O,TI == [0, T] x lRn , T > 0, with bounded Holder continuous 
coefficients. Other subclasses consist of equations which are in a certain sense 
degenerate in comparison to Ell. 

---+ 
In particular, El2 is the class of 2b-parabolic equations of the form (1.1.10), 

uniform in Il[O,TI' with bounded coefficients from the group of principal terms and 
increasing coefficients, as Ixl ---+ 00, from the group of lower terms. The main notion 
for this class is the dissipativity of an equation. Dissipative equations, parabolic 
in the sense of Petrovsky, were introduced and studied by Eidelman [50, 45, 46], 
Eidelman and Porper [68]. Such equations generalize the equation 

where the function a : lRn ---+ [1,(0) tends to infinity as Ixl ---+ 00. The latter means 
increasing heat emission. 

---+ 
The notion of dissipativity for 2b-parabolic equations was defined by Ivasy-

shen and Pasichnyk [114, 115, 178], as follows. 
---+ 

Definition 1.5. The equation (1.1.10) is called dissipative 2b-parabolic in Q = 

Il[O,TI' if there exists a continuous function D : lRn ---+ [1,(0), satisfying the fol
lowing conditions: 

1) D(x) ---+ 00 as Ixl ---+ 00; 

2) the functions bk(t,X) := ak(t,x)(D(x))lIk ll -2b, (t,x) E Il[O,TI' IIkil ~ 2b, are 
bounded; 

3) the equation (lOt - L bk(t'X)O;(-iOxn+l)kn+l)v(t,x,xn+d = ° 
IIkll+kn+1 =2b 

with bounded coefficients and an additional spatial variable Xn+l is, uniformly ---. ---. 
on Il[o,TI x lR, 2B-parabolic, where 2B := (2b1 , • .• ,2bn , 2b), that is the p-roots 
of the equation 

satisfy the inequality 

Rep(t,x,a,f.1) ~ -J(ta~bj + f.12b) 

for any (t,x) E Il[O,T], a E lRn , f.1 E lR and some constant J > 0. 
D is called the characteristic of dissipation for the equation (1.1.10). 
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Example 1.7. Let a function a : JR3 ---> [1,(0) be continuous and such that a(x) ---> 

00 as Ixl ---> 00. Then the equation 

is a dissipative 2b-parabolic equation on [0, T] x JR:3 with the characteristic of 
---> 

dissipation D = a, where 2b = (2,4,6), T is an arbitrary positive number. Here 
2b = 12. 

---> 
Apart from dissipative equations, the class E12 contains some 2b-parabolic 

equations with increasing coefficients which can be transformed into dissipative 
ones. 

---> 
The next class of equations we consider, is the class El3 of 2b-parabolic 

equations with certain degenerations on the initial hyperplane, of the form 

( a(t)Iat - f3(t) L ak(t,x)8~ - ao(t,x))U(t,X) = f(t,x), 
O<llklls;2b 

(t,x) E II(o,TJ' (1.1.11) 

under the following assumptions: a and f3 are continuous on [0, T] functions, for 
which a(t) > 0, f3(t) > 0 for t E (0, T], a(O)f3(O) = 0, and f3 is monotonically 
non-decreasing; the differential expression 

---> 

fat - L ak(t, x)a~ 
Ilklls;2b 

is uniformly 2b-parabolic on II[o,TJ. 
Equations of the form (1.1.11), parabolic in the sense of Petrovsky, were 

---> 
studied by Iva..'lyshen, Voznyak, and Medynsky [118, 111], 2b-parabolic ones were 
investigated by Berezan and Ivasyshen [15]. 

Example 1.8. The equation 

with aD 2 0, f30 2 0, aD + f30 > ° and ao E JR, is a typical example of an equation 
from the class E 13 . 

Let us introduce also the class E 14 , which can be seen as a synthesis of the 
---> 

classes E12 and E 13 . It consists of 2b-parabolic equations of the form (1.1.11), with 
degenerations on the initial hyperplane and possible arbitrary growth, as Ixl ---> 00, 

of coefficients at lower derivatives. The investigation of such a class was initiated 
by Ivasyshen and Pasichnyk [114, 115, 178]. 
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Example 1.9. The equation 

(t""°at - tfJO(a;l - a!2 + a~J + (a(x))12)u = I, 

with 00,(30 , and a from Examples 1.7 and 1.8, belongs to the class E 14 . 

E2 • Degenerate Equations of the Kolmogorov Type 

9 

We shall define a class of equations constituting a natural generalization of the 
equation of diffusion with inertia used by Kolmogorov [135] as a mathematical 
model of the Brownian motion for a system with n degrees of freedom taking into 
account the inertia of the system. The latter is achieved by describing the state 
of a system by values of its n coordinates YI, ... , Yn and their time derivatives 
YI, ... , Yn' The simplest Kolmogorov equation for n = 1 has the form 

(1.1.12) 

This equation is, degenerate in YI, parabolic in the sense of Petrovsky with respect 
to the variables t and YI. It belongs to the class of ultra-parabolic equations. 
Numerous generalizations of the equation (1.1.12) were introduced and studied by 
many authors [227, 101, 216, 209,142,143,144,145,64,65,73,155,207,158,100, 
2, 159,62,3,74,161,119,55,38,61,120,56,57,36,58,59, 60]. The degeneration 
may happen not only with respect to a single group of variables; there may be two 
or more of them. 

We shall consider mostly the case of degeneration in two groups of vari
ables. Thus we shall assume that the n-dimensional spatial variable x consists of 
the nrdimensional variable Xl := (Xll, ... , Xln1 ), n2-dimensional variable X2 := 

(X21, ... ,X2n2)' and n3-dimensional variable X3 := (X31, ... ,X3nJ, that is X := 

(XI,X2,X3). Here nl,n2, and n3 are such numbers from N, that n3:S n2:S nl, 
and nl + n2 + n3 = n. Correspondingly, a multi-index k E Z~ will be written as 
k:= (kl ,k2,k3 ), where kl:= (kl1 , ... ,kln') E Z~l, I E {1,2,3}. 

Let us consider a scalar equation of the form 

(at - ~XljaX2j - ~X2jaX3j - A(t,x,aX1))U(t,X) = I(t,x), 

(t,x) E Q, (1.1.13) 

where A(t, X, a2:J is a differential expression in Xl with coefficients depending on 
t and x. The variables t and Xl will be called basic. 

Definition 1.6. 

1) An equation (1.1.13) is called a degenerate equation of the Kolmogorov type, 
if the differential expression at - A(t, x, aX1 ) is parabolic (in a certain sense) 
with respect to the basic variables. 

2) If a differential expression at - A( t, x, aX1 ) is parabolic, uniformly on Q, in the 
sense of Petrovsky with a weight 2b in the basic variables, then the equation 
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(1.1.13) is called a degenerate parabolic equation of the Kolmogorov type of 
the order 2b; in the case b = 1 it is called an ultra-parabolic equation of the 
K olmogorov type. 

--'> 
3) If an expression at - A( t, x, aX, ) is 2b := (2b1 , ... , 2bn, ) -parabolic uniformly 

on Q, then the equation (1.1.13) is called a degenerate equation of the Kol-
--'> 

mogorov type with a 2b-parabolic part with respect to the basic variables. 

The class of equations defined in 1) will be denoted by E 2 , E21 and E22 will 
mean the classes of 2), and E 23 will denote the class defined in 3). 

Thus, an equation from the class E21 has the form 

an equation from E22 can be written as 

n, ) 
- ~aj(t'X)aXlj - ao(t,x) u(t,x) = f(t,x), (t,x)EQ; (1.1.15) 

the form of an equation from E 23 is 

n, 

In (1.1.14) b is a given number from N, Ikll := L k1j ; in (1.1.16) b is the 
j=1 

n, 

least common multiple of the given numbers b1, ... , bn1 from N, Ilklll := L m j k1j , 

j=1 

where mj := blbj , j E {1, ... , nd. 
Appropriate parabolicity conditions hold for the equations (1.1.14)-(1.1.16), 

that is there exists such a constant 5 > 0 that for any (t, x) E Q and 0'1 := 
(all, ... ,aln,) E ]Rnl the respective inequalities 

Re L ak, (t,X)(ial)k , :S -5Ia lI 2b , 

ik,i=2b 

n, 

Re L ajl(t,x)aljall ::::: 5h12 , 

j,l=1 

(1.1.17) 

(1.1.18) 
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and 

n, 
Re L ak1 (t,x)(iad k ,:s -JLa~~j (1.1.19) 

IIk,lI=2b j=l 

hold. 
The equations (1.1.13)-(1.1.16) contain three groups Xl, X2, and X3 of spatial 

variables. If there are only two groups Xl and X2, then the second sum is absent 
from the corresponding equations. We shall assume that these equations are special 
cases of (1.1.13)-(1.1.16) corresponding formally to n3 = O. 

Equations from the class E22 have been investigated in many papers, in 
particular, in [227, 101, 216, 209, 142, 143, 144, 145, 64, 207, 62, 74, 161, 38, 
61, 36]. The class E2l was defined by Eidelman and Malitskaya [65]. Equations 
from this class were investigated by Eidelman, Malitskaya, Tychinskaya, Ivasyshen, 
Androsova, and Voznyak [65, 73, 155, 158, 159,2,3,119]. The class E 23 was defined 
by Eidelman and Ivasyshen who began its investigation in [56, 57, 58, 59, 60]. 

Let us give some examples of equations from the above classes. In these 
examples a and aj are positive constants, b, bj , and n~ are natural numbers with 

I 

n l < nl· 

Example 1.10. An equation from the class E22 

Example 1.11. An equation from the class E2l 

Example 1.12. Equations from the class E 23 

1.1.2. Problems. For the above classes of equations, it is natural to consider the 
Cauchy problem, that is the problem of finding a solution of an equation in the 
layer II(o,T] := (0, T] x]Rn satisfying, in the case of the equations (1.1.3) and (1.1.9) 
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the initial conditions 

O:-lUj(t,X)! = 'Pj(X), x E ~n, 
t=O 

SE{I, ... ,rj}, jE{I, ... ,N}; (1.1.20) 

for equations of the first order in t the initial condition has the form 

U(t,x{=o = 'P(x), x E ~n. (1.1.21) 

We assume in (1.1.20) and (1.1.21) that O:-lUj(t,.) and u(t,·) tend, as t -+ 0, 
to 'Pj and 'P respectively, in the topologies of those spaces, in which the solvability 
of the problems is studied. In the simplest case (1.1.20) and (1.1.21) may be 
understood as the limits for any fixed x, or as the uniform limits on each compact 
subset of ~n. 

The basic notion in the approach to the Cauchy problem used in this book 
is a fundamental solution (or a fundamental matrix of solutions) of the Cauchy 
problem. If it is constructed and thoroughly studied, then it is possible to obtain 
exact, sometimes the best possible, results regarding intrinsic properties of solu
tions, correct solvability of the Cauchy problem in various function spaces, integral 
representations of solutions, local solvability of the Cauchy problem for nonlinear 
equations, extendability of solutions onto a larger time interval etc [83, 45, 146]. 

The fundamental solution of the Cauchy problem (FSCP) is defined as fol
lows. 

Definition 1. 7. 

1) A PSGP for an equation of the form 

(LNU)(t, x) := (lOt - A(t, x, ox) )u(t, x) = f(t, x), (t, x) E IIco,T]' 

is such a function 
Z(·,·; T, 0 : IICT,T] -+ eN N, (l.l.22) 

depending on the parametric point (T,~) E II[o,T), that the formula 

u(t,x) = J Z(t,x;T,~)'P(~)d~, (t,x) E II(T,T], 
IR n 

determines a solution of the homogeneous equation LNu = 0 on II(T,T] , sat
isfying the initial condition 

Ult=T = 'P (l.l.23) 

for any T E [0, T) and an arbitrary continuous bounded function 'P. 
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In other words, FSCP is a function (1.1.22) solving for any (T,~) E II[o,T) 
the Cauchy problem 

LZ = 0, Zlt=T = I8~, 

where .5~ is the Dirac delta-function concentrated in the point ~. 

2) For equations of arbitrary orders in t of the form (1.1.3) or (1.1.9), the FSCP 
is a function (1.1.22) which, for any (T,~) E II[o,T), is a solution on II(T,Tj 
of the Cauchy problem for the corresponding homogeneous equation with the 
following initial conditions: 

where Zjl are elements of the matrix Z. 

Using only a FSCP, one can obtain an integral representation of a solution of 
the Cauchy problem for equations of the first order in t, and also for higher order 
equations, if the functions <Pj, s -::; rj -1, from the condition (1.1.20) equal zero. In 
the case of general initial conditions an integral representation of solutions of the 
Cauchy problem (1.1.9), (1.1.20) can be made using a Green matrix of the Cauchy 
problem [109J. For the scalar equation (1.1.1) (N = 1) of an order r > 1 in t, a 
Green matrix of the Cauchy problem is such a row-matrix G := (Go, G I , ... ,Gr ) 

that the solution of this equation with the initial conditions 

at-Iu(t,x)lt=o=<Pa(x), XElRn , SE{l, ... ,r}, 

for arbitrary smooth functions f and <Pa with compact supports has the represen
tation 

t 

u(t,x) = J dT J Go(t,x;T,~)f(T,Od~ 
o rn:n 

+ t J Gs(t,x;O<Ps(~)d~, (t,x) E II(o,Tj' 

s=lrn:n 

The FSCP Z generates generalized heat potentials - the Poisson integral 

(P<p)(t,x) := J Z(t,x;O,~)<p(~)d~, (t,x) E II(o,Tj, (1.1.24) 

rn:n 

of a function <p, the Poisson integral 

(P<p)(t,x) := J Z(t,x;O,~)d<p(O, (t,x) E II(o,Tj, (1.1.25) 

rn:n 
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of a generalized measure ip, and the volume potential 

t 

(Vf)(t,x):= J dT J Z(t,x;T,~)f(T,~)d~, (t,x) E II(o,Tj 

o IRn 

of a density f. 
Studying the Cauchy problem, it is important to investigate properties of 

these potentials, especially to give a precise description of the ranges of the oper
ators P and V, and, in particular, to investigate the behaviour of Pip as t -+ O. 
These properties are necessary for proving existence, uniqueness, and correct solv
ability of the Cauchy problem in various function spaces, for obtaining an integral 
representation of solutions, for studying the behaviour, as t -+ ±oo, of solutions 
defined in domains unbounded with respect to the time variable. 

In this book we solve the following principal problems of the classes of equa
tions defined in Section 1.1.1: 

Pl. Construction and study of FSCPs. 

P 2 . Investigation of properties of generalized heat potentials. 

P 3 . Finding the classes of existence, uniqueness, and correctness of the Cauchy 
problem. 

P 4. Finding conditions for the existence of weighted Lp-traces of solutions, de
fined on the open layer II(o,Tj, on the initial hyperplane {t = O}, and the 
reconstruction of the solutions from their traces. 

1.1.3. Results. Completeness and precision of the investigation of correct solv
ability and properties of solutions of the Cauchy problem depends crucially on 
the completeness of the study of properties of the FSCP including properties of 
the corresponding potentials. Therefore the central problems of Chapters 2 and 3 
are PI and P 2 . In the course of solving them, we implement the procedures for 
constructing the FSCP Z and obtaining sufficiently precise estimates of Z and its 
derivatives. We obtain estimates for the Poisson integrals of functions and general
ized measures from special weighted classes and study the behaviour of potentials 
for t -+ O. Conditions are found upon densities of the volume potentials, under 
which they are solutions (from appropriate spaces) of inhomogeneous equations. 

Note that the most complete and precise of the above results from Chapters 2 
and 3 are those for equations of the class E11 (with bounded and Holder continuous 
coefficients). For that class of equations, not only precise estimates of the function 
Z and its derivatives, but also the exact estimates of differences in t and x of its 
higher derivatives are obtained. 

The exact estimates of the FSCP make it possible to prove precise theorems 
of the correct solvability of the Cauchy problem. The construction given below is 
a general framework for such theorems, and also for the theorems on the represen
tation of solutions defined on an open layer II(o,Tj, in terms of their limit values 
on the hyperplane {t = O}. The essence of the construction is a characterization 
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of the evolution of a solution of the Cauchy problem in t by their belonging to a 
family of Banach spaces (a specific space for each value of t). 

Let us describe the general assumptions on the families of the Banach spaces, 
and the results based on these families, and also the basic definitions and results 
for parabolic equations in the sense of Petrovsky. 

Consider a parabolic (in a sense to be specified later) equation of the form 

(ot-A(t,x,ox))u(t,x) =0, (t,x) EII(o,T], (1.1.26) 

with the condition on the lower boundary of the layer II(o,T] (the initial condition) 

(1.1.27) 

Denote by <P such a space of initial data that for any <P there exists a classical 
solution u of the Cauchy problem (1.1.26), (1.1.27). Let U be the space of all such 
solutions u. 

In the 1950s Eidelman [49, 52] noticed for the case of parabolic equations 
in the sense of Petrovsky (1.1.26) that if <P is the space of functions increasing 
exponentially as Ixl --+ 00, then the appropriate space U consists offunctions which 
increase exponentially for Ixl --+ 00 as functions of x, for every fixed t E (0, T]. The 
type of growth may depend on t. That means that a solution u(t, x), (t, x) E II(o,T] ' 

as a function of x for each fixed t E (0, T], belongs to a certain space Ut . Hence the 
temporal evolution of solutions of the problem (1.1.26), (1.1.27) can be described 
by their belonging to the appropriate spaces Ut . Ivasyshen [108] has proved that 
the space U can be defined as the space of classical solutions u of the equation 
(1.1.26), possessing the following properties - for any t E (0, T] u(t,·) E Ut , and 
there exists such a constant C > ° that for all t E (0, T], 

Ilu(t, ')llut S C. 

The above space U can be characterized as the range of the Poisson operator 
P defined by the formulas (1.1.24) and (1.l.25) on the space <P. Now the operator 
P : <P --+ U is an isomorphism. 

Thus, if <P is chosen appropriately, and Ut , t E (0, T], are the corresponding 
spaces, as above, then the following statements are valid (see [60]). 

Metatheorem A. If rp E <P, then there exists a unique solution u of the problem 
(1.1.26), (1.1.27) which belongs to the space U and has the form 

u=Prp. (1.1.28) 

The exact meaning of the initial condition (1.1.27) depends on the choice of the 
space <P and should be specified. 

Metatheorem B. If u is a solution of the equation (1.1.26) from the space U, then 
there exists a unique element rp E <P, such that the representation (1.1.28) is valid. 
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Hence Metatheorems A and B are valid if we choose appropriate spaces <I> 

and find the corresponding families of spaces Ut , t E (0, T]. 
Wide enough families of spaces <I> and Ut , t E (0, T], are described in the 

monograph [45] by Eidelman for equations parabolic in the sense of Petrovsky. 
Metatheorem 1.1 for such equations was also validated there. Ivasyshen [108] ex
tended the class of families essentially, and substantiated Metatheorem B. Let us 
give the definitions for the case of equations 

( at - L ak(t'X)a~)u(t,X) = 0, (t,x) E TI(O,T]. 

Ik l:'02b 

Our assumptions are as follows: 

(1.1.29) 

1) the equation (1.1.29) is uniformly parabolic in the sense of Petrovsky on the 
layer TIIO,T]; 

2) the coefficients ak, Ikl ::; 2b, are bounded on TIIO,T], continuous in t, uniformly 
in x E Rn , and satisfy the Holder conditions in x E Rn , uniformly with respect 
to t; 

3) there exists a Lagrange adjoint equation to the equation (1.1.29), and its 
coefficients satisfy the condition 2). 

It is known [45] that the conditions 1) and 2) imply the existence of a FSCP Z 
for the equation (1.1.29), with the estimates 

la~o a~ Z(t, x; T,';) I ::; C(t - T) -ko-(n+lkl)j(2b) exp{ -ep(t - T, x,.;)}, 
0::; T < t::; T, {x,,;} c IRn , 2bko + Ikl ::; 2b, (1.1.30) 

where C > 0, e> 0, and p(t, x,~) := t1-qlx - ~Iq, q := 2b/(2b - 1). 
If the condition 3) holds too, then the FSCP is normal, and the convolution 

formula is valid for it. 
In order to define the spaces <I> and Ut , t E (0, T], for the equation (1.1.29), 

we use the following arguments. If we assume that the initial function t.p satisfies 
the inequality 

(1.1.31) 

then, as it has been mentioned, the solution u of the equation (1.1.29) correspond
ing to the function t.p by (1.1.24), has the bound 

lu(t,x)l::; Cexp{k(t,a)lxlq}, (t,x) E TI(O,TI' 

Using (1.1.24) and the estimates (1.1.30) and (1.1.31), we see that in order to find 
the function k, one has to find an upper bound for the function 

for fixed (t,x) E TI(O,TI' a 2:: 0, and eo E (0, e), where e is the constant from the 
estimate (1.1.30). Since f(~) ::; -eotl-qllxl-I~llq, it suffices to find the maximum 



1.1. Differential equations 17 

of the function fo(r) := -cot1-qllxl - rlq + arq, r 2': O. This maximum equals 
k(t, a)lxlq where 

(1.1.32) 

if a 2': 0 is chosen in such a way that T < (co / a ?b-l. Hence we have the estimate 

Note that k(O, a) = a, and the function (1.1.32) possesses the following im
portant semigroup property: 

k( t - T, k( T, a)) = k( t, a), 0:5. T :5. t :5. T. (1.1.33) 

This equality can be verified by a direct calculation. 
As the spaces q, we shall choose the spaces q,~, 1 :5. p :5. 00, a 2': O. 
If 1 < p :5. 00, the space q,~ consists of the Lebesgue measurable functions 

<P : ]Rn --+ C, for which the norm 

is finite. 
Let Bn be the O"-algebra of Borel subsets of ]Rn. Define q,~ as the space of 

all countably additive functions <p : Bn --+ C (generalized Borel measures on ]Rn) 

satisfying the condition 

1I<p1I~:= J exp{ -alxlq}dl<pl(x) < 00 

IRn 

where 1<p1 is the full variation of <po 
The spaces Ut , t E (0, T], corresponding to q,~, are the spaces L~(t,a) of the 

Lebesgue measurable functions v : ]Rn --+ C, for which the norm 

is finite. 
Let P be the Poisson operator corresponding to (1.1.29). On elements <p E q,~, 

P is defined by the formula (1.1.24) if p > 1, or by the formula (1.1.25) if p = l. 
In order to formulate the main results, we introduce also the spaces wI and 

Wo of all the Lebesgue measurable or, respectively, continuous functions 'If; : ]Rn --+ 

C, having, respectively, the properties 

1I'lf;(')exp{k(T,a)I'lq}IIL1(IRn) < 00 and I'lf;(x) I exp{k(T, a)lxlq} -----+ O. 
Ixl-->CXJ 

For the equation (1.1.29) satisfying 1)-3), Metatheorems A and B have the 
following specific forms. 
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Theorem 1.1. 

1. Let <P E q>~, 1 ::; p ::; 00. Then the function (1.1.28) is the unique solution 
of the equation (1.1.29) on the layer II(o,T], with the following properties: for 

any t E (0, T] u(t,·) E L;(t,a); there exists such a constant C > ° that for an 
arbitrary t E (0, TJ, 

if 1 < p < 00, then lim Ilu(t,·) - <p(')II;(t,a) = 0, while for p = 1 and p = 00 
t ..... o 

u(t,·) --+ 'P, t --+ ° weakly, that is for each 'IjJ from the spaces w(j and wI 
respectively 

j 'IjJ(x)d'P(x) , P = 1, 

limj'IjJ(X)U(t,X)dX = 
t ..... o 

rn:.n 

rn:.n 

j 'IjJ(x)'P(x)dx, p = 00. 

rn:.n 

2. Let u be a solution of the equation (1.1.29) satisfying the condition 

for any t E (0, T], with some C > ° and p E [1,00]. Then there exists a 
unique element 'P E q>~, such that the solution u can be represented in the 
form (1.1.28). 

--+ 
Theorems similar to Theorem 1.1 are proved in Chapters 2 and 3 for 2b-

parabolic equations and degenerate parabolic equations of the Kolmogorov type. 
In particular, for an equation from the class Ell solutions may have different 

types of growth with respect to different spatial variables. Therefore in this case 
the growth type is a vector-function k(t,a) := (kl(t,at}, ... ,kn(t,an)), where 
a:= (al,"" an), 

jE{I, ... ,n}. (1.1.34) 

Here co, aI, ... ,an are given numbers, such that Co E (0, c), aj ;:: 0, j E {I, ... ,n}, 
T < min (ca/aj?bj-l, where c is the constant from estimates like (1.1.30) for 

jE{I, ... ,n} 

the FSCP; qj := 2bj /(2bj -1), j E {I, ... ,n}. Note that for each function (1.1.34) 
the identity (1.1.33) holds. 

For an equation from the class E21 the growth type of solutions is different 
for different groups of spatial variables. The formulas like (1.1.32) and (1.1.34) are 
much more complicated. Here we have to consider two sets of functions determining 
the type of a possible growth of solutions. 

The above approach makes it possible to determine precisely a possible be
haviour of solutions of the Cauchy problem, as Ixi --+ 00. 
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Chapter 2 contains also the Schauder type theorems about the correct solv
ability of the Cauchy problem. Such theorems establish a precise dependence, in 
terms of the Holder spaces, of the smoothness of a solution on the smoothness of 
initial functions, coefficients, and right-hand sides of equations. 

1.1.4. Techniques. As it was mentioned in the preface, FSCPs are constructed and 
studied by means of Levi's parametrix method [152]. 

In this method a FSCP Z(t, x; T,~) is sought as a sum of the principal term 
Zo(t, x; T,~) called a parametrix, and an additional summand W(t, x; T,~) having 
the form of the integral with the kernel Zo and some unknown density Q. The 
parametrix Zo has a desired singularity at (t,x) = (T,~). Usually it is defined 
on the basis of the FSCP GO(t,X;T,~;y) or Go(t,X;T,~;(3,y) for model equations 
containing only principal (in a certain sense) groups of terms. In their coefficients 
the variables x or t, x are fixed in the points y or ((3, y) respectively. In order 
to obtain the parametrix, in the expression for Go one should substitute, instead 
of y or (3, y, appropriate functions which may depend on the main variables t, x 
and the parametric ones T,~. The unknown density Q is determined from an 
integral equation which has the Volterra type in the variable t and can be solved 
by successive approximations. 

Let us explain, in a little greater detail, the scheme of the Levi method for 
the equations (1.1.10) with N = 1, and (1.1.14), from the classes Ell and E2I 

respectively. 
The above scheme consists of the following successive steps. 

Step 1. Construction and study of FSCPs for equations whose coefficients may 
depend only on the time variable t. 

Consider the Cauchy problem with the initial condition (1.1.23) where T is 
an arbitrary fixed number from the interval [0, T), for the homogeneous equations 
(1.1.10), with N = 1, and (1.1.14), in which the coefficients ak, IIkll :S 2b, and 
ak1 , IkII :S 2b, may depend only on t. Applying the Fourier transform FX-,>(j in 
the spatial variables, we transform the problem into the Cauchy problem with the 
initial condition 

(1.1.35) 

for the ordinary differential equation 

(1.1.36) 

and the first order partial differential equation 

(1.1.37) 

respectively. 
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Solving the problems (1.1.35), (1.1.36) and (1.1.35), (1.1.37) (the latter is 
solved by the method of characteristics), and then applying the inverse Fourier 
transform F;2 x , we get the following formula for the FSCP G corresponding to 
the equations (1.1.10) and (1.1.14) for the cases under consideration: 

G(t, x; T,~) := (t - T)-M F;2 y [V(t, T, a)](t, T, y)ly=y(t-T,X,O, 

O::::;T<t::::;T, {x,Oc]Rn, (1.1.38) 

n 

where in the case of the equation (1.1.10) M:= 1)1/(2bj )), 
j=l 

I 

V(t,T,a) :=exp { L ilkl(t_T)Hlkll/(2b) J ak(T+(t-T)f3)df3ak}, 
IIkl19b 0 

y(t,x,~):= (t-I/(2b ll (XI-6),···,C I /(2b n )(Xn -~n))' 

3 
whereas for the equation (1.1.14) M := 2: (j - 1 + 1/(2b))nj, 

j=l 

I 

V(t,T,a) :=exp{ L ilkll(t_T)Hkll/(2b) J ak, (T+(t-T)f3) 
Ik, I::;2b 0 

x (a~ + f3a; + ~2 a3) k~ (a; + f3a;) k; (a;') k;" df3 }, 

y(t,x,~) := (C 1/(2b)(XI - 6), t- I - 1/(2b)(X2 + t:h - 6), 

C 2- 1/(2b)(X3 + tx; + ~x~ - 6)), 

, 
Xl := (Xll, ... ,XlnJ, X~ := (XI(n3+1), ... , Xl n2 ), 

::h := (Xll, ... ,Xln2 )· X~' := (XI(n2+ 1), ... , Xln1 ), 

Next we study properties of the function V and use a theorem from [86] on 
the Fourier transform of entire functions of a finite order (see also Lemma 1.1). As 
a result we obtain a complete analytical description of the function (1.1.38) and 
all of its derivatives, and their precise estimates. 

Step 2. Investigation of properties of FSCPs for equations 'With coefficients depend
ing on the parameters. 

We consider equations of the same form as in Step 1, but with coefficients 
depending on the variable t and the parameter y E ]Rn, or solely on the parameters 
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({3, y) E II[o,TJ' As before, we construct the FSCPs G(','j','j y) and G(','j','j (3, y), 
and study their properties as functions of y or {3, y (their differentiability, estimates 
of derivatives and their increments in y or (3, y etc). 

Note that for the Levi method itself it is sufficient to consider in Steps 1 and 
2 the equations containing only the principal terms. For the classes Ell and E21 

such equations with parameters have the form 

(1.1.39) 

and 

(1.1.40) 

or the equation 

(1.1.41) 

and 

(1.1.42) 

respectively. 

Step 3. Determination of a parametrix and investigation of its properties. 
Let GoC'j','j y) be a FSCP for the equation (1.1.39) or (1.1.40). We choose 

the function 

ZO(t,XjT,O:= GO(t,XjT,~j~), 0::; T < t::; T, {x,O c]Rn (1.1.43) 

to be the parametrix for the equation (1.1.10). The parametrix for the equation 
(1.1.14) can be chosen also in the form (1.1.43), but this may cause complications 
in the analysis of the iteration procedure of the Levi method, as well as inaccurate 
estimates for the FSCP and its derivatives. 

It appears that the choice of a parametrix can happen to be better (under an 
additional condition upon coefficients of the equation) if we start from the FSCP 
G (', . j " . j (3, y) for the equation (1.1.42). In this case the parametrix is defined by 
the equality 

(1.1.44) 

After the parametrix is defined, its properties are studied. Most of them follow 
from properties of the FSCP for equations with parameters found in Step 2. In 
addition we have to study only properties of the integrals with the kernels (1.1.43) 
and (1.1.44). 
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Step 4. Construction and investigation of FSCPs for equations with coefficients 
depending on all the variables. 

By the Levi method, FSCPs for the equations (1.1.10) and (1.1.14) are sought 
respectively in the form 

t 

Z(t,X;7,O = Zo(t,X;7,O + J dA J Zo(t,x;A,y)Q(A,y;7,Ody, 
T IRn 

(1.1.45) 

and 

t 

Z(t,X;7,~) = Zl(t,X;7,O + J dA J Zl(t,X;A,y)Q(A,y;7,~)dy, 
(1.1.46) 

where Zo and Zl are the parametrices, Q is an unknown function. 
Using the definition of the FSCP and properties of integrals like the ones from 

(1.1.45) and (1.1.46) studied in the previous step, we obtain an integral equation 
of the Volterra type for the function Q: 

t 

Q(t,x;7,~) =K(t,X;7,0+ J dA J K(t,X;A,y)Q(A,y;7,~)dy, 
(1.1.47) 

This equation has a quasi-regular kernel and can be solved by iterations. Inves
tigating properties of the solution of (1.1.47) and using properties of the volume 
potentials from (1.1.45) and (1.1.46), we prove the existence of the FSCP and its 
bounds similar to those from Step 1. 

If coefficients of the above equations are smooth enough, then another choice 
of a parametrix is possible. For example, we can choose as a parametrix for 
the equation (1.1.10) any of the functions Go(t, x; 7,~; x), Go(t, x; 7,~; 7, 0, or 
Co(t, x; 7,~; t, x), 0 :S 7 < t :S T, {X,O c IRn , where the function CoC .;., .; y) is 
the same as in Step 3, while CoC·;·,·; (3, y) is the FSCP for the equation (1.1.41). 

The application of a FSCP to the study of the Cauchy problem and the in
vestigation of properties of solutions is based on traditional techniques requiring 
scrupulous estimates and analysis of properties of various potentials in special 
function spaces which reflect a complicated structure of equations. It is the exact
ness of estimates that make it possible not only to find precise classes of correctness 
of the Cauchy problem, but also to prove the inverse theorems mentioned in Sec
tion 1.1.3. 

In the above description we dealt with equations from the classes Ell and 
E21 with bounded coefficients. If the coefficients are allowed to grow with a growth 
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of spatial variables, then the above methods should be modified. In particular, for 
equations from the class El2 the following approach is used. First we consider the 
class of dissipative equations. For them, depending on properties of the character
istic of dissipation, there are two different possibilities for choosing a parametrix 
in the Levi method. Note that in this case the parametrix depends on all the co
efficients, not just the principal ones, as above. Next we find a class of equations 
with increasing coefficients which can be reduced to dissipative equations by an 
appropriate change of the unknown function. This leads to the proof of existence 
of a FSCP Z, estimates for Z and its derivatives, theorems of solvability and, in 
some cases, well-posedness of the Cauchy problem. 

The study of equations from the classes El3 and E 14 , which degenerate on the 
initial hyperplane, also requires an appropriate modification of the above method. 
For the equation (1.1.11) with bounded coefficients the parametrix is defined by 
the formula (1.1.43), in which Go(-,·;·,·; y) is the FSCP for the equation 

( a(t)IOt - (3(t) L ak(t, y)o~ - ao(t, y)) u = o. 
Ilkll=2b 

1.2 Pseudo-differential equations 

(1.1.48) 

1.2.1. Equations. We shall consider two classes of equations - those with a quasi
homogeneous non-smooth pseudo-differential operator with respect to spatial vari
ables, and those with a fractional derivative with respect to the time variable. 

E3 • Pseudo-differential equations with non-smooth quasi-homogeneous symbols 

We consider equations of the form 

m 

Otu(t,x) + (Au)(t,x) + l)Aku)(t,x) = f(t,x), (t,x) E II[o,Tj, 

k=l 
(1.2.1) 

where A and AI, ... , Am are pseudo-differential operators (\liDOs) with symbols 
a(t, x, 0") and al(t, x, 0"), ... , am(t, x, 0") homogeneous in the "dual" variable 0". The 
principal symbol a(t, x, 0") is assumed to be homogeneous of an order '"Y ~ 1 and 
uniformly elliptic, that is 

Rea(t,x,O") ~ ao > 0, (t,x) E II[o,Tj, 10"1 = 1, 

the symbols ak(t, x, 0") have orders of homogeneity '"Yk, 0 < '"Yk < '"Y; f is a bounded 
continuous function. 

The investigation of the equation (1.2.1) was initiated by Eidelman and Drin' 
[32,31,33]. A thorough theory was developed by Kochubei [128]. 

The existence of a point 0" = 0, where the symbols are not smooth, prevents us 
from using the standard \liDO calculus in studying the equation (1.2.1). Moreover, 
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the usual formula 

(Au)(t, x) = (21i')-n J ei(x,a) a(t, x, a}u(t, a) da, 

u(t, a) = J e-i(y,a)u(t,y)dy, (1.2.2) 

IRn 

determines the \]fDO only on smooth rapidly decreasing functions. Since (just as for 
parabolic differential equations) it is natural to consider solutions of (1.2.1) which 
are only bounded, the operator defined initially by (1.2.2) should be extended to 
wider classes of functions. Such extension is given by representing a \]fDO with a 
homogeneous symbol as a hyper-singular integral operator. 

Suppose that f(x) and n(x, 0) are bounded continuous complex-valued func
tions on lRn and lRn x sn-l respectively. An expression 

a 1 J ( h) (~hf) (x) 
(Dnf) (x) = dn,I(O:) n x, fhI Ihln+a dh, x E lRn , (1.2.3) 

IRn 

where 0: > 0, 
I 

(~U) (x) = 2)-1)kCt f(x - kh), 
k=O 

I is a positive integer, and dn,l (0:) is a normalization constant, is called a hyper
singular integral (HSI) of order 0: with characteristic n (note that n will often 
depend also on the time parameter t). Along with the HSI (1.2.3) we shall use 
the restricted HSI Dr; cf obtained by replacing the domain of integration with 
{h E lRn : Ihl > E}, E > O. The theory of HSls was developed by Samko [200, 202]. 

The HSI (1.2.3) is absolutely convergent if, for example, 0: is not an integer, 
n> 0:, and f has bounded derivatives up to the order [0:] + 1 ([0:] is the integer part 
of 0:). Often the HSI makes sense in more general situations, if it is understood a.'l 
conditionally convergent, that is 

(Do f) (x) = lim (Dr;,ef) (x). 
c-+O 

If f E S(lRn), then the HSI-operator f f-+ Dr;f can be represented as a \]fDO 
with the symbol 

Conversely, under some natural assumptions a wDO (1.2.2) can be represented as 
a HSI-operator (1.2.3), with the one-to-one correspondence between symbols and 
characteristics. 
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Therefore in the equation (1.2.1) we shall understand the operators A, A1 , 

... , Am as conditionally convergent HSI-operators. 

Example 1.13. A \]iDO (1.2.2) with the symbol 10"1', 'Y > 0 (independent of t and 
x) can be represented as a HSI-operator with the characteristic O(x, 8) == 1. This 
operator coincides on S (JRn) with the fractional power (-~) ,/2 of the Laplacian. 
The corresponding equation (1.2.1) (with a(t, x, 0") = 10"1', 1 < 'Y < 2, ak == 0) 
has been used in physics for modeling anomalous superdiffusion in single molecule 
spectroscopy, the diffusion on a polymer chain in chemical space etc. (the "Levy 
flights" model; see the survey [170] and references there). These applications are 
connected with the probabilistic interpretation of this equation (with 'Y < 2) and 
more general ones, which will be discussed below. 

E4 • Fractional diffusion equations 

Equations of this class contain fractional derivatives with respect to the time 
variable, and elliptic operators in the spatial variables: 

(]]J)~a)u) (t,x) = Bu(t,x), (t,x) E lI[O,TI' (1.2.4) 

where 

(,,;o)u) (t,x) ~ r(1 ~ a) [a,/(t - T)-OU(T, x) dT - COu(O, x) l' 0 < a < I, 

(1.2.5) 
is a regularized fractional derivative, 

n n 

i,j=l j=l 

is an elliptic second order differential operator with bounded continuous real
valued coefficients. 

Such equations were introduced and studied by Wyss [231]' Schneider and 
Wyss [206] (for B = ~), Kochubei [129, 130], Eidelman and Kochubei [63] (for 
the general case). A strong motivation for investigating such equations comes from 
physics - fractional diffusion equations describe anomalous (sub-) diffusion on frac
tals (physical objects of a fractional dimension, like some amorphous semiconduc
tors or strongly porous materials; see [4, 170, 169, 92] and references therein). By 
this time, the mathematical theory of fractional diffusion equations has made only 
its first steps. 

1.2.2. Problems. Just as for the parabolic equations, we shall consider the Cauchy 
problem (1.1.20) for the equations (1.2.1) and (1.2.4). Note that for the fractional 
diffusion equation (1.2.4) it is the setting of the Cauchy problem (1.1.20) (which 
has a direct physical meaning of recovering the evolution from initial data) that 
determines the necessity of using the regularized fractional derivative (1.2.5). If, 
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for example, one considers the Riemann-Liouville fractional derivative defined sim
ilarly, but without subtracting t-O:u(O, x), then the appropriate initial data will be 
the limit value (t --+ 0) of the fractional integral of a solution of the order 1 - n, 
not the limit value of the solution itself (see [202, 140]). 

A FSCP is defined for both our classes of WDO's in a way similar to that 
of the differential equations (Definition 1.7 with N = 1). The basic problems are 
the same problems P 1-P3 and Pr" as above. In addition, an important problem is 
to prove properties of the FSCP needed for the probabilistic interpretation of the 
equation (1.2.1) with'"Y :::; 2, and the equation (1.2.4). 

Note that the WDO with the symbol 10"11', '"Y < 2 (see Example 1.13), is 
the generator of the symmetric stable process, the most important representative 
of the class of Levy processes (stochastic processes with independent increments) 
interesting both for various applications (from physics to finance), and as an object 
of the theory of stochastic processes. 

More generally, if the Cauchy problem for the equation (1.2.1) is well-posed, 
in particular, if there exists a FSCP, and it is non-negative, then the FSCP is the 
transition density of a Markov process whose path properties can be deduced from 
appropriate estimates of the FSCP. In contrast to the case of the Brownian motion 
or processes corresponding to parabolic second order differential equations with 
sufficiently "regular" coefficients, the processes with pseudo-differential generators 
are discontinuous - their paths may have jumps. 

There is a considerable literature employing either stochastic differential 
equations or the theory of semigroups of operators to construct discontinuous 
Markov processes from integro-differential and, in particular, pseudo-differential 
generators; see, for example, [104, 212,219, 151, 139, 122, 123]' and this list is very 
far from being complete. Both these approaches do not give information about the 
analytic properties of the transition probabilities of a Markov process; such infor
mation can be obtained by studying the FSCP. On the other hand, the methods of 
the theory of parabolic pseudo-differential equations have been used successfully 
for general Levy-type generators [137]. 

The fractional diffusion equation (1.2.4) also admits a probabilistic interpre
tation [204, 205, 138, 232]. This time the resulting process is not a Markov one; it 
can be obtained from a Markov process by a random time change. 

1.2.3. Results. In Chapter 4 we construct and investigate a FSCP for the equa
tion (1.2.1). For equations of an order:::; 2 we find sufficient conditions for the 
non-negativity of the FSCP, a crucial property for the probabilistic applications. 
Within this class of equations, a uniqueness theorem for solutions of the Cauchy 
problem, tending to zero at infinity, is obtained. We also study conditions, under 
which a solution stabilizes as t --+ 00. 

For the equation (1.2.4) considered in Chapter 5, we also give a construction 
and analysis of properties of a FSCP. In this case, the uniqueness theorem is 
proved for the class of bounded solutions of the Cauchy problem. For the equation 
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with one spatial variable a precise uniqueness class of solutions with exponential 
growth is also found. 

1.2.4. Techniques. Just as for parabolic differential equations, the basic approach 
is the Levi method. For pseudo-differential equations (1.2.1), the most difficult 
task is to obtain precise estimates of the parametrix. That is done with the use 
of the theory of spherical harmonics and rather delicate techniques of analytic 
continuation of homogeneous distributions. The machinery of HSIs [200, 202] is 
also essential. 

In contrast to all types of classical parabolic equations, the FSCP for the 
fractional diffusion equation (1.2.4) (even for B = .6.) has, if n > I, a singularity 
not only at t = 0, but also at the diagonal x = ~ with respect to the spatial 
variables. This causes serious complications for the implementation of the Levi 
method. The estimates of the iterated kernels require a series of additional reg
ularization procedures absent in the classical case. Moreover, while the classical 
heat kernel has a simple expression in elementary functions, in the fractional case 
we have to deal with Fox's H-functions and their asymptotics, which makes even 
simple, in principle, transformations and estimates difficult technical tasks. Note 
also that, in order to represent the solution of the Cauchy problem for the equation 
(1.2.4) by the usual formula 

t 

u(t,x) = J Z(t,x;O,~)uo(Od~+ J dA J Y(t,x;A,y)f(A,y)dy 
IRn 0 IRn 

where uo(x) = u(O,x), we have to carry out the Levi method twice - first for the 
FSCP Z, and then separately for the function Y. 

1.3 Main lemmas 

1.3.1. On the Fourier transform of some entire functions. Let 8 := (81"'" 8 n ) E 

en, 8:= O"+ir-(, {O":= (O"l, ... ,O"nky:= ('y1, ... ,'Yn)} C ]Rn. We shall consider 
the functions f(8),8 E en, with values in e NN , N :2: 1 (I[\i := C), assuming 
them to be entire, with finite orders of growth on en and decrease On ]Rn. Such 
functions belong to the space L1 (]Rn) and admit the classical direct and inverse 
Fourier transforms F~ ..... x and F;;.!,x defined as 

F~ ..... x[Jl(x):= J exp{-i(x,O")}J(O")dO", x E ]Rn, 

and 
IRn 

F;!.x[f](x) := (27r)-n J exp{i(x,O")}J(O")dO", x E ]Rn, 

n 

where (x, 0") := LXjO"j. 
j=l 

IRn 

(1.3.1) 

(1.3.2) 
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Lemma 1.1. Let f : en -+ e NN be an entire function satisfying the inequality 

(1.3.3) 

with the constants Co > 0, aj > 0, bj > 0, Pj > 1, and qj ::::: Pj, j E {I, ... , n}. 
Then its inverse Fourier transform g(x) := F;2x[f](x), x E lRn, can be extended 
onto en to an entire function g(z), z := (Zl,"" zn) E en, z := x + iy, {x := 

(Xl, ... ,Xn), Y := (Yl, ... ,Yn)} C lRn, with the estimate 

(1.3.4) 

where C > 0, aj > 0, (3j > 0, and the numbers P~ and q; are determined from the 
equalities 

1 1 1 1 - + ,. = 1, - + ,. = 1. 
Pj Pj qj qj 

Proof. It follows from the estimate (1.3.3) that the function g(x),x E lRn , can be 
extended onto en by the formula (1.3.2) with x replaced by z. Using the analyticity 
of the function f, the estimate (1.3.3), and using the Cauchy theorem we obtain 
that 

g(z) = (21T)-n J exp{i(x + iy,O" + ir')}f(O" + ir')dO", 
IRn 

z := x + iy E en, 

for an arbitrary fixed point "( E lRn. Together with (1.3.3), this implies the in
equality 

Ig(z) 1 <; (2,) -"Co exp { -(x, 1) + ~ bj 11j I" } 

x IT J exp { -aj 100j IPi + IYjO"j I} dO"j. 
j=l lR 

(1.3.5) 

Choose,,( E lRn in such a way that "(j = 5j (signXj)q;x;;-1,5j > O,j E 

{I, ... , n}. Using the equality (q; - 1 )qj = q~ we find that 

n n 

-(x,"() + Lbjl"(jlqj = - LajlxjlqJ, (1.3.6) 
j=l j=1 

where aj := 5j - bj5Ji > 0, if 5j is small enough, since qj > 1. 
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Next we use the Young inequality 

where 'fJj := ((1 - c: )ajpj )l/Pi ,c: E (0,1). Then 

J exp{-ajlojIPj + IYjO"jl}dO"j 

IR 

s (Wj )-l/pj J exp { -IO"j IPi} dO"j exp {,Bj IYj IP~ } , 

IR 

1 I 

where,Bj:= ,..((1- c:)ajpj)l-Pj. 
Pj 

29 

(1.3.7) 

The inequalities (1.3.5)-(1.3.7) imply the estimate (1.3.4), in which 

C:= (2n)-nco IT (Wj)-l/pj J exp{ -IO"jlpj}dO"j. 
J=l IR 

o 

1.3.2. The reference functions and their properties. Consider the functions 

Pj(3(t, r) := (C!3-jr)l/(l-!3l, t > 0, r 2': 0, j E {O, 1, 2}, (1.3.8) 

where ,B E (0,1). These functions will appear in estimates of FSCPs. 
The investigation of properties of the function (1.3.8) will be preceded by the 

following lemma about some elementary inequalities. 

Lemma 1.2. Let n E N, P E [1,00) and>' E (-1,1). For any {a,b,c} c ]Rn, 

21- Pla1 P - IbJP s la + bJP S 2P- 1 (lalP + IbJP), 

41- Pla1 P - 21 - PlbJP -lclP S la + b + clP S 4P - 1 (lalP + IbJP + IcIP), 

la + >.bJP + IbJP 2': t5 (lalP + IbJP), 

where t5 := min ( 1-1>'IP, 21- P). 

(1.3.9) 

(1.3.10) 

((1.3.11)) 

Proof. The inequalities (1.3.9) are obvious for P = 1. If P > 1, the function Y = x P , 

x 2': 0, is convex downwards on [0, 00 ). Therefore 
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Hence 

la + W ::; (Ial + Ibl) P ::; 2P- 1 (la lP + IW). 

We have proved the second inequality from (1.3.9). It implies all other inequalities 
(1.3.9)-(1.3.11 ). 

Indeed, we have 

la + b + el P ::; 2P- 1 (Ia + W + !eIP) 

::; 2P- 1 (2P-1(laIP + IW) + lelP) 

::; 4P- 1 (lalP + IW + leIP), 

lalP = la + b - W ::; 2P- 1 (Ia + W + IbPl), 

la + W = la + b + e - el P ::; 2P- 1 (Ia + b + elP + !eIP), 

lalP = la + )"b - ).,W ::; 2P- 1 (Ia + ).,W + I).,W) , 

and we obtain the second inequality from (1.3.10), the first inequality from (1.3.9), 
and also the inequalities 

la + b + elP 2: 21- Pla + W - lelP 2: 21- p (21-PlaIP - IW) - lelP , 

la +).,W + IW 2: 21- Pla1P -I)"W + IW = 21- Pla1 P + (l-I).,IP) IW· 

The latter inequalities imply the first inequality from (1.3.10) and the inequality 
(1.3.11). 0 

Lemma 1.3. Let n E N, f3 E (0,1), and 

p~O) (t, X; T, 0 := PO{3(t - T, Ix - W, 
p~l) (t, X, y; T,~, 'f)) := p~O) (t, X; T,~) + Pl{3(t - T, Iy - 'f) + (t - T)XI), 

p~2) (t, X, y, Z; T,~, 'f), () := p~l) (t, X, y; T,~, 'f)) 

+ P2{3(t - T, Iz - (+ (t - T)Y + rl(t - T?Xi), 
{t,T}ClR, T<t, {x,y,z,';,'f),(}clRn . (1.3.12) 

For any 

{t,)."T} C lR, T <).,< t, and {x,x',y,y',z,z',';,'f),(} C lRn 
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the inequalities 

A .- (0)( . \ ') (0)(\ '. t) o .- P(3 t, x, /\, X + P(3 /\, X , T, <, 

(0) ( t) ~ P(3 t, x; T, <, , (1.3.13) 

A .- (1)(t .\, ') (1)(\, '. t) 1,-P(3 ,x,y,/\,x,y +P(3 /\,X ,y,T,<",/] 

~ (hp~1\t,X,y;T,~,'/]), (1.3.14) 

A .- (2) (t . \ , ") (2) (\ , , '. t ?) 2,-P(3 ,x,y,Z,/\,x,y,z +P(3 /\,X,y,Z,T,<"'/],.,, 

~ 62p~2) (t, x, y, Z; T,~, ,/], (), (1.3.15) 

hold, with constants 61 and 62 depending only on /3. 
Proof. Let t, T, x, ~ be fixed in an arbitrary way, and let r := Ix - x'l, a:= Ix - ~I. 
Using the fact that (1/(1- /3)) > 1, and lx' - ~I = I(x -~) - (x - x')1 ~ la - rl for 
any x' E lR. n, we have 

Ao ~ PO(3(t - A,r) + PO(3(A - T, la - rl) =: f>..(r). 

It is sufficient to prove that for any A E (T, t) and r ~ 0, 

f>..(r) ~ PO{3(t - T, a). 

If r ~ a, then for A E (T, t), 

f>..(r) ~ PO(3(t - A, a) ~ PO(3(t - T, a). 

Let us find min f>.. (r). Since 
rE[O,a] 

, _ 1 (( r ) /3/(1-(3) (a - r) /3/(1-/3)) _ 
!:>,(r)-1_{3 t-A - A-T -0 

(1.3.16) 

(1.3.17) 

£ t-A h' h' . . f h f . or r = ro := --a, we see t at ro IS t e umque statlOnary pomt 0 t e unctlOn 
t-T 

f>.. on the interval (O,a). For A E (T,t), 

f>..(0) = POI3(A - T, a) ~ POI3(t - T, a), 

h.(a) = PO{3(t - A, a) ~ PO(3(t - T, a), 

f>..(ro) = PO(3(t - T, a), 

so that min f>.. (r) = PO(3(t - T, a). Together with (1.3.17) this implies the inequal
rE[O,a] 

ity (1.3.16), so that (1.3.13) is proved. 
Let us prove the inequality (1.3.14). Using the inequalities (1.3.9) with p = 

1/( 1 - /3) and the fact that 

t - A :s t - T and A - T :s t - T, 
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we have 

P1(3(t - .,\, IY - y' + (t - .,\)Xl) + P1(3("\ - T, Iy' - 'f} + (.,\ - T)x'l) 

~ (t - T)-(1+(3)/(l-(3) (Iy - y' + (t - "\)xI 1/(1-(3) + Iy' - 'f} + (.,\ - T)x'l l /(I-(3)) 

~ T(3/(l-(3)(t - T)-(1+(3)/(l-(3)ly - 'f} + (t - T)X - (.,\ - T)(X - X'W/(l-(3) 

~ T(3/(l-,B)(t - T)-(1+(3)/(l-(3) (T(3/(l-(3)ly - 'f} + (t - T)xI 1/(1-(3) 

- 1("\ - T)(X - X'W/(l-(3)) 

= 2-2(3/(1-(3) P1(3(t - T, Iy - 'f} + (t - T)xl) 

- 2-(3/(1-(3)1(.,\ - T)(t - T)-l-(3(X - X'W/(I-(3) 

~ T 2(3/(I-(3) P1(3(t - T, Iy - 'f} + (t - T)XI) - Tf3/(I-(3) PO(3(t - T, Ix - x'l) 
~ 2-2(3/(1-(3) P1(3(t - T, Iy - 'f} + (t - T)xl) - Tf3/(l-f3) PO(3(t - .A, Ix - x'I)· 

Using this inequality and (1.3.13) we find that 

Al ~ (1 -Tf3/(I-(3)) Ao + T 2(3/(1-(3) Pl(3(t - T, Iy - 'f} + (t - T)XI) 

~ (1 - 2-(3/(1-(3)) p~O) (t, xi T, 0 + T 2(3/(1-(3) P1(3(t - T, Iy - 'f} + (t - T)XI). 

This implies the inequality (1.3.14) with 81 := min ( 1 - 2-f3/(1-(3) , 2-2(3/(1-(3)). 

In order to prove (1.3.15), we proceed in a similar way. First we use the 
inequalities (1.3.9) and (1.3.10) with p = 1/(1- (3) to find that 

P2(3(t -.,\, Iz - z' + (t - "\)y + 2-1(t - .,\)2xl) 

+ P2(3("\ - T, Iz' - (+ (.,\ - T)Y' + Tl(.,\ - T)2x'l) 

~ (t - T)-(2+(3)/(l-(3) (Iz - z' + (t - .,\)y + 2-1(t - "\?xI1/(1-(3) 

+ Iz' - (+ (.,\ - T)Y' + T1(.,\ - T)2 x'I I /(I-(3)) 

~ 2-(3/(I-(3)(t - T)-(2+(3)/(I-(3+ - (+ (t - T)y + 2- 1(t - T?X 

1

1/(1-(3) 
- (.,\ - T)(y - y' + (t - .,\)x) - T1(.,\ - T)2(X - x') 

~ T(3/(I-(3) (4-(3/(1-(3) P2(3(t - T, Iz - (+ (t - T)y + Tl(t - T)2xl) 
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1 1

1/(1-/3) 
- Tf3/(l-/3) (A - r)(t - r)-2-/3(y - y' + (t - A)X) 

1 1

1/(1-/3)) 
- T 1/(1-/3) (A - r)2(t - r)-2-/3(x - x') 

~ T 3!'1/(1-f3) P2/3(t - r, Iz - (+ (t - r)y + T1(t - r)2xl) 

- T 2/3/(1-/3) P1/3(t - A, Iy - y' + (t - r)xl) - 2-(1+/3)/(1-/3) PO/3(t - A, Ix - x'I)· 

Then, using the last inequality and (1.3.14), we obtain that 

A2 ~ (1- T(1+/3)/(l-!'I)) Ao + (1- 2-2/3/(1-(3)) (P1/3(t - r, Iy - y' + (t - A)xl) 

+ P1!'1(A -r, Iy' -1]+ (A -r)x'l)) + T 3!'1/(1-/3) P2/3(t - r, Iz - (+ (t - r)y 

+2-1(t-r)2 x l) 

~ (1- T 2/3/(1-/3)) Al + T3i3/(l-/3) P2/3(t - r, Iz - (+ (t - r)y+ 2- 1(t - rj2xl) 

~ 52p~2) (t,x,y,z;r,~, 1],(), 

where 52 := min ((1 -2-2/3/(1-/3))51, 2-3i3/(1-/3)). o 

In order to formulate other properties of the functions (1.3.8), we consider 
the functions 

( )
-/3/(1-(3) 

k j/3(t, a) := coa c61-(3)//3 - a(1-(3)/!'It1+j//3 , 

t E [0, T], j E {O, 1, 2}, (1.3.18) 

similar to (1.1.32). Here Co is a positive number, a is nonnegative, and T is a 
positive number smaller than (co/a)(I-/3)/(j+/3). These functions are increasing, 
equal to a for t = 0, and have the following properties: 

kO/3(t - r, kO/3(r, a)) = kO/3(t, a), 
kj/3(t - r, kj/3(r, a)) :::; kj/3(t, a), j E {I, 2}, 

0:::; r:::; t:::; T 

which are verified in a straightforward way. 

(1.3.19) 

Lemma 1.4. Let n E Nand (3 E (0,1). For any {t,r} c [O,T], r < t, and 
{x,OclRn , 

- COPj/3(t - r, Ix - W + kj/3( r, a)I~11/(1-/3) 

:::; kj /3(t, a)lxll/(l-(3), j E {O, 1, 2}. (1.3.20) 
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Proof. Fix arbitrary t, x, j and denote I~I by r. It is clear that 

- COPjj3(t - I, Ix - W + kjj3(I, a)I~11/(1-j3) 

:::; -COPjj3(t - I, Ilxl- rl) + kjj3 ("a)r1/(1-j3) =: 9T(r). 

If r :::; Ixi and I < t, we find immediately that 

9T(r) :::; kjj3(t, a)lxI 1/(1-j3). 

We used the fact that the functions kjj3 are increasing. 

(1.3.21 ) 

(1.3.22) 

On the interval (lxi, 00) the function 9T attains its maximal value for 

r = r1 := C61-j3)/j3 (c61 -j3)/j3 - (kjj3 ("a))(l-j3)/j3(t _ 1)1+j/j3) -l lxl . 

The maximum equals 9T(rl) = kjj3(t - I, kjj3(" a))lxI 1/(1-j3). Taking into account 
the properties (1.3.19) and the inequalities (1.3.21) and (1.3.22), we derive the 
required inequalities (1.3.20). 0 

1.3.3. Estimates of some integrals. In the lemmas below the numbers n E N, 
(3 E (0,1), c E (0,00), and Co E (O,c) are given, while the functions Pjj3, p¥), 
and kjj3, j E {O, 1, 2}, are defined by the formulas (1.3.8), (1.3.12), and (1.3.18) 
respectively. 

Lemma 1.5. Let 

lin) := J exp { -c(p~O) (t, x; A, x') + p~O) (A, x'; I, e)) } 
lII. n 

( ) 
-nj3 

X (t - A)(A - I) dx' , 

1(1) .- J { ((1)( . \ I ') (1)(\ I I. t ))} c.- exp -C Pj3 t,X,y,A,X,y +Pj3 A,X,y,I,<"TJ 

lII. 2n 

( ) 
-n(2j3+1) 

x (t - A) (A - I) dX' dy' , 

1(2) ._ J { ((2)( . \ I I ') (2)(\ I I I. t ())} c.- exp -c Pj3 t,X,y,Z,A,X,y,Z +Pj3 A,X,y,Z,I,<"TJ, 

lII.3n 

( ) 
-3n(j3+ 1) 

X (t-A)(A-,) dx'dy'dz' . 

For an arbitrary E E (0,1), there exist such constants c~j), j E {O, 1, 2}, that for 
any {t,A,,} C IR, I < A < t, and {x,y,z,~,TJ,(} C IRn, 

(1.3.23) 
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I~l) :::; C~1) (t - T)-n(2 f3 +1) exp { -c(l - c )81p~1) (t, x, Yi T,~, '/]) }, (1.3.24) 

I~2) ::; C~2) (t - T)-3n(f3+ 1) exp { -c(l - c )82p~2) (t, x, y, Zi T,~, ,/], () }. (1.3.25) 

Proof. Writing c as c = c(l - c) + cc and using the inequalities (1.3.13)-(1.3.15), 
we find that 

I~O) :::; exp { -c(l - c )p~O) (t, Xi T,~) } I~~), 

I~l) :::; exp{ -c(l - C)81p~1) (t, x, Yi T,~, '/]) } I~~), 

I~2) :::; exp { -c(l - c )82p~2) (t, x, y, Zi T,~, ,/], () } I~;). (1.3.26) 

Let us give estimates for the integrals I~~), j E {O, 1, 2}. We shall consider 
two possible cases: 

1) 0 < ).. - T :::; (t - T)/2i 
2) ((t - T)/2) < ).. - T < t - T. 

In the first case t - ).. ~ (t - T)/2, hence 

I~~) :::; 2n(3(t - T)-n(3 J exp { -ccp~O)()..,X'iT,~) }().. - T)-n(3dx', 

IRn 

I~~) :::; 2n(2(3+1)(t _ T)-n(2;3+1) 

X J exp { -ccp~l)()..,X',Y';T,~,TJ) }().. - T)-n(2(3+1)dx'dy', 
IR2n 

I~;) :::; 23n((3+l)(t _ T)-3n(;3+1) 

X J exp { -CCp~2)()..,X',Y',Z';T,~,TJ,() }().. - T)-3n((3+l)dx'dy'dz'. 
IR3n 

Passing from the integration in x', y', z' to the new variables x" , y", z" by the 
formulas 

x' = ~ + c(3-1().. - T)(3X", 

y' = '/] - ().. - T)X' + c(3-1().. - T)1+(3y", 

z' = (- ().. - T)Y' - ~().. - T)2x' + c(3-1().. - T)2+(3 z", 

we obtain that 

I(j) < C(j) (t - T)-n(J+l)(f3+j/2) J. E {O 1 2} 
CE - E ')' , (1.3.27) 
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where 

C~J) := 2n (J+l)(,6+J/2)En (J+l)(,6-1) ( J exp { _clx"1 1/(1-,6) }dxll) J+l 

IRn 

The estimates (1.3.27) for the case 2 are proved in a similar way. 
The inequalities (1.3.26) and (1.3.27) imply the estimates (1.3.23)-(1.3.25). 

o 

Let us consider the case f3 = 1/2 separately. For this case we introduce the 
following notation: 

p(O)(t,X;T,~):= 4-1pl/2(t,X;T,~), 

p(l) (t, x, y; T,~, 'r)) := p(O) (t, x; T,~) + 3Pl(1/2)(t - T, Iy - 'r) + Tl(t - T)(X + ~)I), 
p(2)(t,x,y,Z;T,~,'r),():= p(1)(t,X,y;T,~,'r)) 

+ 180P2(1/2)(t - T, Iz - (+ Tl(t - T)(Y + 'r)) + 1Tl(t - T)2(X - ~)I). (1.3.28) 

Lemma 1.6. There exist such constants C(j) , j E {O, 1, 2}, that for any {t, A, T} C 
lR, T < A < t, and {x,y,z,~,'r),(} C lRn , 

J exp { _c(p(O) (t,X;A,X') + p(O) (A'X';T'~)) } ((t -A)(A - T)) -n/2 dx' 

IRn 

=C(O)(t-T)-n/2 exp{ -cp(O)(t,X;T,~)}, (1.3.29) 

J exp { -C(p(l)(t'X'Y;A'X"Y')+p(l)(A'X"Y';T'~''r))) } ((t-A)(A-T)) -2n dx'dy' 
IR.2 n 

=C(1)(t-T)-2nexp{ -cp(1)(t,X,y;T,~,'r))}, 

J exp { -C(p(2)(t'X,y'Z;A'X"y"z')+p(2)(A'X"Y"Z';T,~,1],()) } 

1R3n 

x ((t - A)(A - T)) -9n/2 dx' dy' dz' 

=C(2)(t_T)-9n/2exp{ -Cp(2)(t'X,y'Z;T,~,1],()}. 

Proof. Note (see (3.1.39), (3.1.40)) that the functions 

(1.3.30) 

(1.3.31) 

(t - T)-n/2 exp { -cp(O)(t, x; T,~) }, (t - T)-2n exp { -cp(1)(t, x, y; T,~, 1]) } 
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and 

are, up to constant factors, FSCP for the equation from Example 1.1 and Example 
1.10 respectively, for the case where nl = n2 = n, n3 = 0, and where nl = n2 = 
n3 = n, if in those equations a = 1/c. The equalities (1.3.29)-(1.3.31) follow from 
the convolution formula for FSCP valid for the above equations (see (2.1.112), 
(3.1.46)). 0 

Lemma 1.7. There exists such a constant C > 0 that for any {t, T} C [0, T], T < t, 
and x ERn, 

Jj := J exp { -CPj(3(t - T, Ix - W + kj(3(T, a)I~ll/(l-(3) }(t - T)-n(H,B)d~ 
Rn 

:::; C exp { kj,B(t, a)lx I1!(1-(3)}, j E {O, 1, 2}. (1.3.32) 

Proof. Using the inequality (1.3.20) and the change of the integration variable 
~ = x + (t - T)H,Bry we obtain 

Jj :::; exp { kj,B(t, a)lxI1!(1-,B)} 

x J exp { -(c - cO)Pj(3(t - T, Ix - W}(t - T)-n(H(3)d~ 
R n 

where 

C := J exp { -(c - co)lryll!(l-(3) } dry. o 
Rn 

1.3.4. Some Volterra integral equations of the second kind. Let N E N, to E [0, T) 

and PI~o,Tj := {(t, x; T,~) E (IIlto,Tj x IIlto,Tj) It - T > J}, J > O. Consider an 

integral equation of the form 

t 

u(t,x) = f(t,x) + J dT J K(t,X;T,~)U(T,~)d~, (t,x) E IIlto,Tj, (1.3.33) 

T Rn 

with a continuous kernel 
(1.3.34) 



38 Chapter 1. Equations. Problems. Results. Methods. Examples 

It is known that, under appropriate conditions upon the kernel K, there 
exists the unique solution of the equation (1.3.33), for any admissible function f, 
given by the formula 

t 

u(t,x) = f(t,x) + j dT j R(t,x;T,~)f(T,~)d~, (t,x) E II[to,Tl' (1.3.35) 

to 1R" 

Here 
00 

R(t,X;T,~):= L Km(t,x;T,~), (t,X;T,~) E P[~o,Tl' (1.3.36) 
m=l 

where K1 := K, while Km, m > 1, are the iterated kernel determined from the 
recursive relation 

t 

Km(t,x;T,~) = j d)..j K(t,x;)..,y)Km_1()..,Y;T,~)dy, 
T IRn 

(1.3.37) 

The function R is called the resolvent of the equation (1.3.33). 
The lemmas below deal with some classes of the kernels K which emerge in 

the course of constructing FSCP's for equations considered in this book. For these 
kernels the series (1.3.36) is absolutely and uniformly convergent in P[~o,Tl' for any 
/j E (0, T - to). Hence there exists a resolvent R for the corresponding equation 
(1.3.33), and its solution is given by the formula (1.3.35). 

Below Pj/3, p¥), and p(j), j E {O, 1, 2}, are the functions defined by (1.3.8), 
(1.3.12), and (1.3.28). 

Lemma 1.8. Let {n,N} C N, (3j E (0,1), j E {1, ... ,n}, (3:= ((31, ... ,(3n), 
M := (31 + ... + (3n, and 

E~O)(t,X;T,~):= exp{ -c tPh~\t'Xj;T,~j)}, t > T, {x,O C ]Rn, c> 0. 
)=1 

If the kernel (1.3.34) is continuous and satisfies the inequality 

IK(t, x; T,~) I ::; C1 (t - T )-M+X-1 E~~) (t, x; T, ~), 

(t,X;T,~) E P[~o,Tl' (1.3.38) 

with some constants C1 > 0, C1 > 0, and X E (0,1), then the resolvent (1.3.36) 
exists, is continuous, and has the bound 

IR(t, x; T, 01 ::; C(t - T)-M+X-l E~O) (t, x; T, ~), 

(t,X;T,~) E P[~o,Tl' 

where C > ° and c E (0, C1). 

(1.3.39) 
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Proof. The consecutive estimation of the iterated kernels Km will be carried out 
in two stages. At the first stage we shall employ Lemma 1.5. Using (1.3.37) and 
(1.3.38) for (t, Xi T,~) E PI~o,TJ we have 

t 

~cl J (t-A)(A-T)) X-l dA J E~~)(t'XiA,Y)Ei~)(>-.'Y;T,~)((t-A)(A-T)) -M dy 
T ~n 

By the inequality (1.3.23) with n = 1, /3 = /3j, and some c E (0,1), and the identity 

t J (t - A)(A - T)) X-l dA = (t - T)2X-l B(X, X), (1.3.40) 

T 

where B is Euler's Beta function, we find that 

(1.3.41) 

where C2f: := crdO) B(X, X), dO) is the product of the constants from the esti
mates (1.3.23). 

Similarly, the estimate (1.3.41) implies an estimate of the kernel K 3 . Contin
uing the process we come to the following estimates for m ~ 2: 

(1.3.42) 

Let mo := [(M + l)/XJ + 1 where raj is the integer part of the number a. 
Then 

IKmo (t, Xi T, ~)I ~ CmOEE~~il-(mo-l)E) (t, xi T, ~). 

If we take c := co/(mo - 1), co E (0,1) and set 

Co := max CmE' 
mE{l, ... ,mo} 

where Cle: := Cl , then the last estimate has the form 

(1.3.43) 
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The second stage of estimation is based on Lemma 1.3 and makes it possible 
to maintain the exponential factor in estimates of the kernels Km for m > mo. 

The inequality (1.3.13) of Lemma 1.3 (the case n = 1, (3 = (3j, j E {I, ... ,n}) 
implies the inequality 

::; exp{-c tp~~)(t'Xj;T,~j)} 
J=l 

= E~O)(t,X;T,~), 

T < >. < t, {x,y,O C ]Rn, (1.3.44) 

which will be basic for subsequent estimates. 
Below we shall use the equality 

J E~~L(t,x;>"y)(t - >.)-Mdy = J exp{ -ClEO t l1]jll/(1-{3j) }d1] =: D, 
IRn IR" J=l 

>'<t, {x,y}cJRn , (1.3.45) 

obtained by the change of variables Yj = x j + (t - >. ){3J 1]j, j E {I, ... , n}. 
Using (1.3.37), (1.3.38), (1.3.43)-(1.3.45) we have 

t 

::; C6 J (t - >.)-M+x- l d>' J E~?) (t, x; >., y )E~O) (>., Y; T, ~)dy 
T IR" 

t t 

::;C6 j E~O)(t,X;T,~) j(t-A)X-ld>. j E~?L(t,x;A,y)(t_>.)-Mdy 
T T 

Suppose that for j > 1, 

j-I 

IKmo+j(t, x; T, ~)I ::; Co(CoD)j II B(X, sx + l)(t - TFx E~O) (t, x; T, O. (1.3.46) 
8=0 

Then, as before, 

IKmo+j+l (t, x; T, ~)I 

j-l t 

::; Co( CoD)Hl II B(X, sx + l)E~O) (t, x; T,~) j (t - A)X- l (>. - T)ixd>. 
8=0 T 
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j 

= Co(CoD)HI II B(X, sx + l)(t - T)(Hl)X X E~O) (t, x; T, ~). 
8=0 

The well-known relation for Euler's Beta and Gamma functions B(a, b) = 

f(a)r(b)jf(a + b), a> 0, b > 0, shows that 

It B(X, sx + 1) = It (f(X)f(SX + l)jf((s + l)X + 1)) 

= (r(X))j jf(jx + 1). (1.3.47) 

It follows from (1.3.42), (1.3.46), and (1.3.47) that the series (1.3.35) is ma
jorized by the series 

Co (%:1 (t - T)-M+mx-l + ~ ( CoDf(X)(t - T)X) j / f(jX + 1)) E~O) (t, x; T, ~). 

Therefore the series (1.3.36) is absolutely and uniformly convergent in P[~o,TJ for 
any J E (0, T - to), and its sum satisfies (1.3.39). 0 

Let the natural numbers nl, n2, n3 and the variables x := (Xl, X2, X3) E ]Rn, 

Xj := (Xjl' ... ,Xjnj) E ]Rn j , j E {I, 2, 3}, be the same as in Section 1.1.1. We shall 

use also the notation: x~ := (Xjl' ... ,Xjn 3)' x; := (Xj(ndl)' ... ,Xjn2)' j E {I, 2}, 

X~':= (XI(n2+1)"",Xln ,), XI:= (x~,x~) (the symbols ~~, (, tl have a similar 
meaning if ~ := (6,6, 6), ~j E ]Rn j , j E {I, 2}); 

E~l) (t,X;T,~) :=exp { -C(PO(3(t - T, IXI - 61) + pl(3(t - T, IX2 -6 + (t - T)xII) 

+ P2(3(t - T, IX3 -6 + (t-T)X~ + 2- I (t - T?X~ I)) } 
_ { (2) I I • I I 
-exp -C P(3 (t,Xl'X2,X3,T'~1'~2,6) 

(1) /I /I /I /I (0) '" 11/) } +P(3 (t'XI,X2;T'~I'~2)+P(3 (t,xI;T'~I) , 

E~0)(t,XI;T,6) :=exp { -cp~0)(t'XI;T,6)}. 

Lemma 1.9. Let the numbers {nl,n2,n3,n} c N be such that n3 :::; n2 :::; nl, 
nl + n2 + n3 = n, let f3 E (0,1), and M := nlf3 + n2(f3 + 1) + n3(f3 + 2). If the 
kernel (1.3.34) is continuous and satisfies the inequality 

IK(t, X; T, 01 :::; C1 (t - T)-M+x- 1 E~;) (t, X; T, ~), 

(t,X;T,O E P[~o,TI' (1.3.48) 
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with some constants C1 > 0, C1 > 0, and X E (0,1), then there exists the resolvent 
(1.3.36) which is a continuous function, such that 

IR(t, Xi T, 01 :::; C(t - T)-M+x-1 EiO) (t, xli T, 6) 

x ~ ( Or(X)(t - T)X) j (f(jX + 1)) -1 E~~~ (t, Xi T, ~), 

(t,XiT,~) E P[~o,TJ' (1.3.49) 

Here C, 0, and c are certain positive constants, c < C1, f is Euler's Gamma 
function, 80 := min(81 , 82 ) < 1,81 ) and 82 are the constants from Lemma 1.3. 

The proof is carried out, with the use of Lemmas 1.3 and 1.5, by the same 
scheme as the proof of Lemma 1.8. 

The first stage employs the inequalities 

1m:= J Ei;)(t'Xi>"Y)E~~(>"YiT,~)((t - ,\)(,\ - T)) -M dy 

IRn 

:::; Cmc(t - T)-M E~~+l (t, Xi T, ~), 

em := c1(1- (m - 2)E)8~-2, m 2: 2. 

They are obtained consecutively if 1m is written in the form 

- J { (2) , , . ' , 1m - exp -C1P(3 (t,X1,X2,X3,>',Y1,Y2,Y3) 
]R3n3 

(1.3.50) 

and the inequalities (1.3.23)-(1.3.25) are used for the cases, in which n1 - n2, 
n2 - n3 and n3 respectively are put instead of n. 

Just as in Lemma 1.8, using (1.3.37), (1.3.48), and (1.3.50) we obtain the 
estimates 

IK (t X' T C)I < Co(t - T)-M+mx- 1E(l) (t X' T C) rn , , ,'-;, - Cm +l ' , ,~ (1.3.51 ) 
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for m < mo, and 
(1.3.52) 

for m = mo, where mo and £ are chosen as those in Lemma 1.8, while 2c := 
C1 (1 - £O)J~o-l, £0 E (0,1). 

In order to estimate the kernels Km with m > mo, we use the inequalities 

E~~)(t,X;T,~)::; EiO)(t,X1;T,6)Ei1)(t,X;T,~), (1.3.53) 

(1.3.54) 

(1.3.55) 

The inequality (1.3.53) is obvious, the inequality (1.3.54) is a consequence of 
(1.3.13) for n = n1, and the inequalities (1.3.55) are proved by induction, with 
the use of (1.3.13)-(1.3.15) in which n is substituted by n1 - n2, n2 - n3, and n3 
respectively. 

Just as in the proof of Lemma 1.8, the inequalities (1.3.52)-(1.3.55) are em
ployed in the proof, for any j ~ 1, of the bounds 

IKmo+j(t, x; T, ~)I ::; Co ( CoDr(X)(t - T)X r (r(jx + 1)) -1 

(1.3.56) 

in which 

D:= J exp{ -(C1 - 2c) (l17d/(l-m + 11721 1/(1-,8) + 117311/(1-/3)) }d17. 
IRn 

It follows from (1.3.48), (1.3.51), (1.3.52), and (1.3.56), that the series 

Co (~l (t - T)-M+mx-1 E~~) (t, x; T,~) + E~O)(t, Xl; T, 6) 

x ~ ( CoDr(X)(t - T)X) j (r(jx + 1)) -1 E~~~ (t, X; T'~)) 
majorizes the series (1.3.36). Therefore the series (1.3.36) is absolutely and uni
formly convergent on P[~o,Tl for any J E (0, T - to), and its sum has the bound 
(1.3.49). 0 

By Lemma 1.6, if f3 = 1/2, then all the iterated kernels have estimates of the 
same form. As a result, the most precise estimate is obtained. The next lemma 
describes this case. Set 

(2) . ._ {_ ((2) I I • I I Ec (t,X,T,~).- exp C p (t,X1,X2,X3,T'~1'~2,6) 

+p (t,X1,X2;T'~1'~2)+P (t,x 1 ;T'~l) . (1) "" 1/" (0) 1/1 III )} 
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Lemma 1.10. Let the kernel (1.3.34) be continuous and satisfy the inequality 

IK(t, x; T, ~)I :S C1 (t - T)-M+X- 1 E~2l(t, x; T, 0, 
(t,X;T,~) E P[~o,Tl' (1.3.57) 

where C1 > 0, c> 0, M := (n1 + 3n2 + 5n3)/2, X E (0,1). Then the resolvent has 
the bound 

IR(t, x; T, ~)I :S C(t - T)-M+x-1 E~2)(t, x; T, ~), 

(t,X;T,~) E P[~u,Tl. 

Proof. Estimating the iterated kernels we use the equality 

J E~2)(t,x;)..,Y)E~2)(>\,y;T,~)((t - )..)().. - T)) -M dy 
]Rn 

-J { (2) , , . ' , - exp -c p (t,x 1 ,X2,X3')..,Yl'Y2,Y3) 
1R3n3 

) } ( ) 
-(n,-n2)/2 

+p(O)()..,Y~';T,C) (t-)..)()..-T) dy~' 

= CO(t - T)-M E~2) (t, x; T, ~), 

which is a consequence of (1.3.29)-(1.3.31). 

(1.3.58) 

(1.3.59) 

Using the inequality (1.3.57) and the equalities (1.3.40), (1.3.59) we find that 

t 

IK2(t, x; T, ~)I :S C~ J ((t - )..)().. - T)) X-1 d)" J E2l(t, X;).., y) 
T IR n 

X E~2)()..,y;T,~)((t _ )..)().. _ T)) -M dy 

= CfCoB(X, X)(t - T)-M+2X-1 Efl(t, x; T, 0 
= CfCO(r(X)?(r(2X))-1 (t - T)-M+2X-1 E~2) (t, x; T, e). 
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The subsequent iterated kernels are estimated in a similar way. It is then proved 
by induction that for any rn 2': 2 we have the estimates 

which imply the assertion of Lemma 1.10. 

1.3.5. Integrals and integral equations with polar singularities. 

Lemma 1.11. Let 'Y > 1, 

t 

J(x, (, t, T) := J (t - p,)-o.h (p, - T)-f3h dp, 

o 

x J ((t - p,)lh + Ix -ryl) -n-h ((p, - T)lh + Iry _ ~I) -n-b2 dry, 

IRn 

where 0 ::; T < t, b1 , b2 > 0, 0: + b1 < 'Y, and (3 + b2 < 'Y. Then 

J(x, (, t, T) 

::; C {B (1- 0: ~ bl , 1-~) (t _ T)-(o.+f3+bl--ylh ((t _ T)lh + Ix _ ~I) -n-b2 

+B (1 - ~, 1 - (3 ~ b2 ) (t _ T)-(o.+f3+b2--ylh ((t _ T)lh + Ix _ ~I) -n-b1
}, 

(1.3.60) 

where C is independent of n, b1 , and b2 , and B is the beta-function. 

Proof. Let as decompose the domain of integration (T, t) x ~n as Ih U Ib where 

III := (T, (t + T)/2) X ~n, 112 := ((t + T)/2, t) x ~n. 

Further, let 

Now 

IIll := {(p"ry) E IIll(p, - T)lh + Iry - ~I ::; ~ ((t - T)lh + Ix - ~I) }, 
1112 := III \ lin, 

II21 := {(p"ry) EII21(t-p,)lh+lx-ryl::; ~ ((t-T)lh+lx-~I)}, 
II22 := II2 \ 1121 . 

2 

(T,t) X ~n = U IIjk 
j,k=l 

2 

and J(X,(,t,T) = L Jjk , 
j,k=1 

where Jjk is the integral over IIj k. 
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Let us use the easily verified inequality (u - v) P ::::: uP - vP, where 0 ::::: v ::::: u / 2 
and p ::::: 1. If (fl, TJ) E IIll , then fl- 7::::: (t - 7)/2, and 

(t - fl)lh + Ix - TJI = ((t - 7) - (fl- 7))lh + I(x -~) - (TJ - ~)I 

::::: (t - 7)lh + Ix - ~I - ((fl- 7)lh + ITJ - ~I) 

::::: ~ ((t - 7)lh + Ix - ~I) , 
which gives us that 

(t+r)/2 

Jll ::::: 2n +b, ((t - 7)lh + Ix - ~I) -n-b, J (t - fl)-Cth(fl- 7)-f3h dfl 

r 

(Hr)/2 

::::: C(n, b1 , b2 ) ((t - 7)lh + Ix - ~I) -n-h J (t - fl)-ah (fl- 7)-(f3+b2lh dfl. 

r 

After the substitution t - fl = (t - 7)// we get that 

J ll ::::: C(n, b1 , b2 ) ((t - 7)lh + Ix _ ~I) -n-b, 

1 

X (t - 7)-(Ct+f3+b2-'Ylh J //-Ct/'Y(l - //)-(f3+b2l/'Y d// 

1/2 

::::: C(n, b1 , b2 )B (1 - ~,l _ t3 ~ b2 ) 

X (t - 7)-(Q+f3+b2-'Ylh ((t _ 7)lh + Ix _ ~I) -n-b, . 

Further, 

(Hr)/2 

J12 ::::: 2n +b, ((t - 7)lh + Ix - ~I) -n-b2 J (t - fl)-Cth(fl- 7)-f3h dfl 

r 

x J ((t - fl)lh + TJI) -n-b, dTJ. 

ITI.n 

It is proved analogously that 
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Estimating J21 and h2 similarly, we arrive at (l.3.60). o 
Several subsequent lemmas involve the reference function p~O). To simplify 

the notation, in this subsection we drop the sub- and superscripts and write 

( Ix - yl ) 1~i3 
P(t,Xi.A.,y)= (t-.A.)!3 ,0<{3<l. 

Lemma 1.12. For any aI, a2 > 0, any bl , b2 > 0, such that bl + b2 < n, and any 
f.1>0,fE(0,1) 

t 

j(t - .A.)a1-1(.A. _ T)a2 -I 

T 

IRn 

:::; C(f, aI, a2, bl , b2)(t - T)a 1 +a2- l lx - ~Ibl +b2-n exp{ -(1 - f )f.1p(t, Xi T, ~)}. 

(l.3.61 ) 

4 
Proof Writing IRn = U Vk where 

k=1 

VI := {Y E IRnllx - yl > (t - .A.)!3, Iy - ~I > (.A. - T)!3} , 

112 := {y E ]Rnllx - yl > (t - .A.)!3, Iy - ~I :::; (.A. - T)!3}, 

VI := {Y E IRnlix - yl ::; (t - )..)f1, Iy - ~I > ().. - T),B} , 

V4 := {y E IRnllx - yl :::; (t - )..)13, Iy - ~I :::; ().. - T)!3} , 

we decompose the left-hand side in (l.3.61) into the sum of four integrals J I , J2 , 

h, J4 . 

If y E Vi, then Ix - ylb,-n < (t - .A.)!3(b1 -n), Iy - ~lb2-n < (.A. - T)f1(b2 -n), so 
that 

t 

JI :::; j(t - .A.)a1+!3bl- I (.A. - T)a2+!3b2-1((t - .A.)(.A. - T))-n!3 

T 

x j exp{ -f.1(p(t, X;.A., y) + p(.A., Yi T,~))} dy d.A., 
IRn 

and by Lemma l.5 

J I :::; C(t - T)a 1 +a2+(b, +b2- n )!3-I exp{ -(1 - ~ )f1p(t, x; T, ~)}. (l.3.62) 
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(t - -r)(b, +b2-n)(3 exp{ -~tLP(t, x; -r,~)} 

= (p( t, x; -r,~) )(1-(3)(n-b, -b2 ) exp{ - ~tLP(t, x; -r, 0 }Ix _ ~Ibl +b2-n 

:S Clx - ~Ibl +b2-n, 

the inequality (1.3.62) means that J1 does not exceed the right-hand side of 
(1.3.61). 

In order to estimate J2 , we consider two distinct cases. Suppose first that 
Ix - ~I 2 2(t - -r)(3. Then Ix - yl 2 (t - -r)(3, so that by Lemma 1.3, 

h :S (t - -r)f3(b, -n) exp{ -tLP(t, x; -r,~)} 
t 

X f (t - )..)a l -1(>\ - -r)U2- 1 d)" f Iy - ~lb2-n dy 

T {yElRn IIY-~I::;()..-T)/3} 

= C(t - -r)a l +a2-1 (t - -r)f3(b, +b2-n) exp{ -tLP(t, x; -r,~)} 

:S C(c: )(t - -r)a l +a2 - 1Ix - ~Ib, +b2-n exp{ -(1 - c: )tLP(t, x; -r, O}. (1.3.63) 

If Ix - ~I < 2(t - -r)(3, then Ix - yl < 3(t - -r)f3, 

t 

h S exp{ -tLP(t, x; -r,~)} J (t - A)a, -1 (A - -r)U2-1 dA 
T 

x f Ix - ylb,-nl y - ~lb2-n dy, 

{yElRn IIY-~1<3(t-T )#} 

and by Lemma 2 from Chapter 1 of [83] we get 

h :S C(t - -rt' +a2- 1Ix - ~Ibl +b2-n exp{ -tLP(t, x; -r,~)}. 

Together with (1.3.63) this yields the required bound for J2• 

The estimate for h is proved similarly to that of h. 
Let us consider J4 . It follows from the definition of V4 that h = 0 if Ix - ~I 2 

2(t - -r)(3. Therefore we may assume that Ix - ~I < 2(t - -r)(3 and note that 

Then 

t 

J4 :S exp{ -tLP(t, x; -r,~)} f (t - )..)a, -1().. - -r)U2- 1 d)" 

T 
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x J Ix - ylb1-nl y - ~lb2-n dy. 

{yElP1n Ily-€1<2(t-T)i3} 

Using again Lemma 2 from Chapter 1 of [83] we find that 

J4 ::; C(t - T)a 1 +a2 - 1 Ix - ~Ibl +b2 -n exp{ -ttp(t, x; T, ~)}, 

as desired. D 

Remark. If b1 + b2 > n, then the assertion of Lemma 1.12 still holds if the factor 
Ix_~lbl+b2-n is omitted from the right-hand side of (1.3.61). The proof is similar; 
we have only to use the appropriate estimate from the same lemma of [83]. 

Lemma 1.13. If 0 ::; C2 < Cl < 1, I> 0, then 

J Ix - yl-n+'Y exp{ -tt(CIP(t, x; A, y) + C2P(A, y; T,~))} dy 

(1.3.64) 

where the constant depends on C2 - Cl. 

Proof. Let us write the integral in the left-hand side of (1.3.64) as the sum h + h 
of two integrals corresponding to the decomposition IRn = WI U W2 where WI := 

{y E IRnlly - xl::; (t - A)f3}, W2 := {y E IRnlly - xl> (t - A)f3}. 
Using Lemma 1.3, we get 

J 
ly-xl::;(t-A)i3 

= C(t - A)f3'Y exp{ -ttC2P(t, x; T, ~)}. 

Next, again by Lemma 1.3, 

h= J 
{yElP1n Ily-xl>(t-A)i3} 

::; (t - A)-n(3+'Yf3 exp{ -ttC2P(t, x; T,~)} J exp{ -tt(Cl - C2)p(t, x; A, y) dy} 

as desired. D 

The next two lemmas give estimates of the iterated kernels 

t 

Km(t,x;T,~) = J dA J Kl(t,x;A,y)Km_l(A,y;T,~)dy, m 2: 2, (1.3.65) 
T IRn 

where K 1 = K is a given kernel. We treat the cases n 2: 2 and n = 1 separately. 
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Lemma 1.14. Let n ~ 2. Suppose that K(t, x; T,~) is a continuous function on 

such that 

(1.3.66) 

where A1 ,J.1 > 0, ° < vO,vl,{3 < 1, and nv11 is not an integer. Then the series 
00 

R(t, x; T,~) = 2: Km(t, x; T,~) is absolutely and uniformly convergent on Pn n 
m=l 

{(t, x; T,~): t - T ~ 8 > 0, Ix - ~I ~ 8 > O}, and 

(1.3.67) 

with some J.1* E (0, J.1). 

Proof The bounds for the kernels (1.3.65) are obtained by two stages. First we 
use Lemma 1.12. We find, for a small c > 0, that 

and so on, so that 

IKs(t,X;T,~)1 ::; Cs (c)(t - T)svoi3 - 1 Ix - ~1-n+svI exp{ -J.1(I- (s -1 )c)p(t,X;T,~)}, 

(1.3.68) 

whenever -n + SVl < O. Let s* = min{sl- n + SVl > O}. Then by the remark 
after Lemma 1.12, 

(1.3.69) 

where ao := s*vo{3, J.1* := [1- (s* -l)c]J.1. 
For all the next iterations, we use (1.3.66), (1.3.69), and Lemma 1.13. Using 

the identity 

t J (t - ).)a,-lp. - T)a2 -1 d)' = B(al' a2)(t - T)a l +a2-1 

T 

we get by induction that 

IKNm(t, x; r, ,) I " cocr {D B( (vo I v,)P, ao I (Vd v,)(j - 1)) } 

x (t - T)m(vo+v,ji3+ao exp{ -J.1* p(t, x; T, ~)}. (1.3.70) 
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... r(ao)[f((vo + VI}fJ}]m-1 
The product 1ll the nght-hand sIde of (1.3.70) equals r( ( )( }m' 

ao + m - 1 Vo + VI 
This implies the convergence of the series for R The estimate (1.3.67) follows from 
(1.3.68) and (1.3.70). D 

Let us consider the iterations (1.3.65) for n = 1. 

Lemma 1.15. Let n = 1. Suppose that the function K(t, x; T,~) is continuous on 

and satisfies the inequality 

IK(t, x; T, ~)I s:: Al (t - T)'Yf3-f3- I exp{ -J-lp(t, x; T,~)} 

00 

where AI,J-l > 0, 0 < ,,13 < 1.Then the series R(t,X;T,O = L Km(t,X;T,~} 
m=I 

converges absolutely and uniformly on PI n {( t, x; T,~): t - T ~ J > O}, and 

(1.3.71 ) 

with some J-l* E (0, J-l). 

Proof Using Lemma 1.5, we find for any c > 0 that 

t 

IK2(t,xiT,~)1 s:: Ai J((t - ,X)(,X - T)),f3-f3- I d,X 
T 

00 

x J exp{J-l(p(t, Xi.:\, y) + p(.:\, y; T, ~)) dy 
-00 

Repeating the procedure we obtain the inequality 

[1+ 13 ] Let m*:= jj:f + 1. Then 

(1.3.72) 

Setting c:= _1_, p > 2, J-l* := J-l(1- p-l), Ao:= max Am(c), we can rewrite 
pm* lSmSm* 

(1.3.72) as 
(1.3.73) 
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Now, for m > m*, we proceed in a different way, in order to preserve the 
exponential factor /1* in the estimates of further iterated kernels. By Lemma 1.3, 

t 

IK1n*+l (t, x; T, 01 ::; A6 J (t - )..)"1/3-/3-1 d)" 

T 

00 

x J exp{ -/1(p(t, x;).., y) + (1 - p-1 )p().., y; T, o)} dy 
-00 

t 

::; A6F exp{ -/1* p(t, x; T,~)} J (t - )..p/3-1 d)" 

T 

00 {/1 '} where F:= [exp -:plyl1-!3 dy. 

Similarly, we prove by induction that 

IK1n*+j(t, x; T, ~)I 

::; Ao(AoF)j (t - TP/3j {g B(r(3, 1 + 8'"'((3) } exp{ -/1* p(t, x; T, o}· 

Using the identity 
j-1 (f(r(3))j 
II B(r(3, 1 + 8"((3) = r(l + (3.) 
8=0 "( J 

we see that the series for R is majorized by the convergent series 

This implies (1.3.71). D 



Chapter 2 

Parabolic Equations of a 
Quasi-Homogeneous Structure 

2.1 Fundamental solution of the Cauchy problem 
for equations with bounded coefficients 

-+ 
2.1.1. Main assumptions. We start from the case of a 2b-parabolic equation of 
the form (1.1.10), of the first order with respect to the variable t, with bounded 
coefficients, that is the equation 

LN(t,x,8t ,8x )u(t,x):= (I8t - L ak(t'X)8~)U(t,X) 
IIkll9b 

= J(t, x), (t, x) E II(o,T], (2.1.1 ) 

in which N E N, the coefficients ak : II[o,T] -+ C NN , Ilkll :::; 2b, are bounded 
functions, f : II(o,T] -+ CN1 is a given function, U : II(o,T] -+ CN1 is an unknown 
function. 

The main assumptions regarding the coefficients of the equation (2.1.1) are 
as follows. 

-+ 
Since the variables t, Xl, ... , Xn in 2b-parabolic equations have different 

meanings, we shall use the following special distances between the points x and ~, 
(t,x) and (T,~): 

p(x;~) := (t IXj _ ~jI2/mj) 1/2, 
J=l 

pet, x; T,~) := (It - TII/b + (p(x;~) ?)1/2, 

( 
n ) I/q' 

q(x; 0:= ~ Ix] - ~] IqJ (2.1.2) 

Here mj = blbj , j E {l, ... ,n}, b is the least common multiple of the numbers 
bl , ... ,bn , qj = 2bj /(2b j -1), j E {I, ... ,n}, and q' = . max qj. 

]E{l, ... ,n} 

S. D. Eidelman et al. 
© Birkhauser Verlag 2004

Analytic Methods in the Theory of Differential and Pseudo-Differential Equations of Parabolic type
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The functions p and q indeed satisfy the distance axioms. The axioms of 
identity and symmetry are evidently satisfied. The triangle axiom is checked using 
the Minkowski inequality 

(t,(Xj+Yj)"f' ~ (t,x;f+ (t,y,f" 
and the inequality 

(Xl +Yl)s::::: xf +y~, 
which are valid for any Xj ~ 0, Yj ~ 0, r > 1, and s E (0,1]. 

The Holder property of functions will be understood with respect to the 
distance p. 

Increments of functions will be denoted as 

LlU(t, .) := f(t, .) - f( T, .), Llif(" x) := !(-, x) - f(-, ~), 

Ll;,'~f(t,x,.):= f(t,x,') - f(T,~,·). 

Let nand Q be sets of points x E lRn and (t, x) E lRn+l respectively, , be a 
number from (0,1]' H be a positive constant, and {m, r} eN. 

Definition 2.1. 
1) A function f : n ---; Cmr is called Holder continuous on n with the exponent 

, and the constant H, if for any {x,O c n, 
ILlif(x)1 ::::: H(p(x;~))'. 

2) A function f : Q ---; Cmr is called Holder continuous in t, x on Q with the 
exponent, and the constant H, iffor arbitrary (t,X),(T,O E Q, 

ILl;:~f(t,x)l::::: H(d(t,x;T,m'Y· 

3) A function f : Q ---; Cmr is called Holder continuous in x uniformly with 
respect to t on Q with the exponent, and the constant H, if for any (t, x), 
(t,~) E Q, 

ILlif(t,x)1 ::::: H(p(x;~))'. 

4) A function f : Q ---; Cmr is called locally Holder continuous in t, x or in 
x, uniformly with respect to t, if it is Holder continuous in a respective way 
on each compact subset of Q. 

5) We shall call a function Holder continuous in t, x or in x, if it has this 
property with some exponent, and some constant H. 

If the coefficients ak, Ilkll ::::: 2b, of the equation (2.1.1) have the derivatives 
o~ ak, then for such an equation there exists the Lagrange adjoint equation 

L'N(t,x,Ot, Ox)v(t, x) := -Otv(t,x) - L (-ox)k(a~(t,x)v(t,x)) 
IIkl19b 

= g(t,x), (t,x) E TI[O,T), (2.1.3) 
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where the bar over ak means complex conjugation, and the dash means a trans
posed matrix. 

Using the formulas for the expressions LN and L'N from (2.1.1) and (2.1.3), we 
obtain an important "divergent" identity valid for all sufficiently smooth functions 
u and v with values in <eNl : 

Here 

n 

V'LNU - (L'Nv)'u = at{v'u) + LaxjBj[v,uj. 
j=l 

kj-l 
Bj[v,uj := - L L (-ax,)k , ... (-aXj_Jj-l 

O<lIkll:'02b Vj=O 

j E {l, ... ,n}; 

for kj = ° the sum is assumed equal to zero. 
The assumptions regarding the coefficients of (2.1.1) are as follows. 

--+ 

(2.1.4) 

(All) The equation (2.1.1) is uniformly 2b-parabolic on the set II[o,Tj, with the 
--+ 
2b-parabolicity constant 5; 

(Ad the coefficients ak, Ilkll ::; 2b, are bounded, continuous in t (for N > 1 the 
continuity in t of ak with IIkll = 2b is uniform with respect to x E IRn ), 

and Holder continuous in x uniformly with respect to t, with the exponent 
"Y E (0,1) and the constant H, on II[o,Tj; 

(A13) the coefficients ak, IIkll ::; 2b, are bounded and Holder continuous in t,x 
with the exponent "y E (0,1) and the constant H on II[o,Tj; 

(A14) there exist the derivatives a~ak' IIkll ::; 2b, satisfying the conditions A12 . 

2.1.2. The case of an equation whose coefficients do not depend on the spatial 
variables. Here we shall construct and study a FSCP for the equation (2.1.1) for 
the case of the coefficients independent of x. 

For brevity we shall use the following notation: 

A(t, ax) := Ao(t, ax) + Al (t, ax), 

Ao(t, ax):= L ak(t)a;, 
IIkll=2b 

Al (t, ax):= L ak(t)a;; 
IIkll<2b 

n 

res) := L ISjl2bj , 

j=1 
S '= (t- 1/(2b,)s t- 1/(2b n )s ) t . 1, ... , n , 
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Let 7 be an arbitrary fixed number from the interval [0, T). Consider the 
Cauchy problem 

(I8t - A(t,8x))u(t,x) = 0, (t,x) E II(T,Tj, 
u(t,X)lt=T = <p(x), x E IRn, 

(2.1.5) 

(2.1.6) 

assuming that the coefficients of the equation (2.1.5) are continuous on [0, T], and 
-4 

the uniform 2b-parabolicity condition holds with the constant 6, that is A-roots of 
the equation 

det(IA - Ao(t,ia)) = 0 

satisfy the condition 

ReAj(t,a):s:; -6r(a), j E {l, ... ,N}, 

for any t E [0, T] and a E IRn. 
Suppose that for the function <p there exists the Fourier transform 

A solution of the problem (2.1.7), (2.1.8) is sought in the form 

u(t,x) = (F;2x[v(t, O')])(t, x), (t,x) E II(T,Tj, 

where v is an unknown function. 

(2.1.7) 

(2.1.8) 

(2.1.9) 

(2.1.10) 

Substituting the expression (2.1.10) into (2.1.5), (2.1.6), and using (2.1.9) 
and properties of the Fourier transform we come to the problem 

(I! -A(t, itT)) v(t, 0') = 0, (t,O') E II(T,Tj, (2.1.11) 

v(t, O')lt=T = 'l/J(O'), 0' E IRn. (2.1.12) 

for the function v. Its solution is given by the formula 

v(t,O') = V(t, 7, O')'l/J(O'), (t,O') E II(T,Tj, (2.1.13) 

where V is a FSCP for the equation (2.1.11), that is a solution of this equation, 
such that V(7, 7, 0') = I, 0' E IRn. 

Substituting (2.1.13) into (2.1.10) we obtain the formula 

u(t,x) = J G(t,x;7,O<p(~)d~, (t,x) E II(T,Tj, 
IRn 

for the solution of the problem (2.1.5), (2.1.6), in which 

G(t, x,; T,~) := G(t, T, x - ~), 

G(t,7,X):= (F;2x[V(t,T,0')])(t,7,X), 
o :s:; 7 < t :s:; T, {x, 0 C IRn. 

(2.1.14) 

(2.1.15) 

(2.1.16) 
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In order to substantiate the above procedures, proving that the formula 
(2.1.14) indeed determines a solution of the problem (2.1.5), (2.1.6), so that the 
function G is a FSCP, we have first to study properties of the function V.This will 
be based on the following lemmas. 

Lemma 2.1. Consider a matrix A E eN N. Let AI, ... ,AN be its eigenvalues, and 
A := max Re Aj. Then for any t 2: 0, 

jE{l, ... ,N} 

N-1 

I exp{tA} I ~ exp{tA} l)2tIAl)j. 
j=O 

For the proof see Chapter 2, §6 in [88]. 

Lemma 2.2. Let a function f : en -> JR be continuous and homogeneous in the 
following generalized sense: for any s := (Sl, ... , sn) E en and a> 0, 

(2.1.17) 

Suppose that for any a E JRn , 

f(a) ~ -Or (a) (2.1.18) 

with some constant 0 > 0. Then for each 01 E (0,8) there exists such a constant 
C1 > 0, that for all s = a + hE en 

Proof. It is sufficient to show that the function 

is bounded from above by a certain constant c > 0. It follows from the condition 
(2.1.17) with a = (rC'Y))-l that 

where 

g(a, 'Y) = f(((rC'Y))-I/(2b')(al + hI)'''' 

... , rC'Y))-1/(2bn )(an + hn))) + 81(rC'Y))-lr(a) 

= f(~ + if]) + 81r(~) 
=: go(~, f]), 

~:=(6""'~n)' f]:=(f]l, ... ,f]n), 
~j := (rC'Y))-1/(2bj )aj, f]j:= (rC'Y))-1/(2bj )'Yj, 

jE{l, ... ,n}. 
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The function go, hence also the function g, is bounded from above. Indeed, 
if r(~) > R where R is large enough, then due to (2.1.17) the number 

go(~, TJ) = r(O(f(((r(~))-I/(2bI)(6 + iTJl),"" (r(~))-I/(2bn)(~n + iTJn))) + 61), 

for all TJ, such that r(TJ) = 1, is close to the number 

r(~)(f(((r(~))-I/(2b,)~I' ... ' (r(~))-I/(2bn)~n)) + 61), 

which is negative by virtue of (2.1.18). If r(~) ::; R, then the boundedness of the 
function go is a consequence of its continuity. 0 

Lemma 2.3. Let u, v be nonnegative continuous functions on the interval [to, T], C 
be a positive constant. Then the inequality 

t 

u(t) ::; C + J U(T)V(T)dT, t E [to,T], (2.1.19) 

to 

implies the inequality 

Proof. The inequality (2.1.19) can be written as 

( C + j "(T)V( T)dT) -, .(I)v(t) <; v(t), t E [to, T[. 
to 

Integrating it from to to t, we find that 

In (CI j .(T)V(T)dT) -inC <; j v(T)dT, 
to to 

whence, due to (2.1.19), we get 

u(t) <; C + j u( T)V( T)dT <; C exp{ j v( T)dT }. 
to to 

o 

Let us turn to properties of the function V. For fixed t and T, the function 
V(t, T, a), a E jRn, can be extended onto en to an entire function V(t, T, s), sEen, 

a solution of the Cauchy problem for the ordinary differential equation 

(I!-A(t'iS))V(t,T,S)=o, O::;T<t::;T, SEen, (2.1.20) 

with polynomial in s coefficients. Let us give an estimate of this function. 



2.1 The Cauchy problem for equations with bounded coefficients 59 

Define a function 

A(s):= max ReAj(t,s) 
tE[O,Tj,jE{ 1, .. . ,N} 

where Aj, j E {I, ... , N}, are the roots of the equation (2.1.7), in which s is 
substituted for a. This function is continuous and homogeneous in the generalized 
sense; see (2.1.17). By (2.1.8) it satisfies the inequality A(a) ~ -5r(a). Therefore 
by Lemma 2.2, 

(2.1.21) 

Let to be an arbitrary fixed point from [0, TJ. Consider an auxiliary equation 
with constant coefficients 

(I! -Ao(to,iS))V=O, sE<rf. 

Its FSCP is the function 

Vo(t - T, s) := exp{Ao(to,is)(t - Tn, 0 ~ T ~ t ~ T, sEen. 

We apply Lemma 2.1 to this function, taking into account the inequality (2.1.21) 
and the fact that 

IAo(to, is)1 ~ Co L ISllk, .. ·Isnl kn 

Ilkll=2b 
n 

~ Co L L(lsjl2bj kj /(2bj )) ~ C1r(s). 
IIkll=2b j=1 

We have used the inequality 

n 

aj~O,pj~O, jE{l, ... ,n}, LPj=l, 
j=1 

in which aj = ISjl2b j and Pj = kj /(2bj ), j E {l, ... ,n}. Then we find that 

N-1 

(2.1.22) 

1V0(t - T, s)1 ~ exp{ (-51r(a) + c1r(-y))(t - Tn L (2C1 (t - T)r(s))i 
j=o 

(2.1.23) 

where 52 E (0,01)' C2 > C1· 
Since the function V is a solution of the equation (2.1.20), writing the latter 

as 
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and using the function Vo we obtain the equality 

t 

V(t, T, s) = Vo(t - to, s)V(to, T, s) + J Vo(t - 0, s)((Ao(O, is) 
to 

- Ao(to, is) + Al (0, is) )V(O, T, s )dO, 
O~T~to~t~T, sEC. (2.1.24) 

Due to the uniform continuity of the coefficients ak, Ilkll = 2b, for any Tf > 0 
there exists such E > 0 that for all {to, o} C [T, T], Ito - 01 ~ E, and sEen we 
have 

IAo(to,is) - Ao(O,is)1 ~ Tf L ISIlkl .. ·Isnl kn ~ C3Tfr(s). (2.1.25) 
Ilkll=2b 

Let us estimate IAI (0, is)l. Using the boundedness of the coefficients ak, Ilkll < 2b, 
and the inequality (2.1.22) with aj = ISjjllkll/mj, Pj = mjkj/llkll, j E {I, ... , n}, 
Ilkll > 0, we find that 

IAI(O,is)1 ~ C4 L ISIlkl .. ·Isnl kn 
Ilkll<2b 

~ C4 ( L t(ISjlllkll/mjmjkj/llkll)) + 1 
o<llkll<2bj=I 

~ C5 L (r(s))llkII/C2b). 

Ilkll<2b 

If r(s) > R, then 

where the choice of R depends on Tf. 

(2.1.26) 

Let us find a bound for lV(t,T,S)1 as t - to ~ E and r(s) > R. Using the 
relation (2.1.4) and the inequalities (2.1.23), (2.1.25), and (2.1.26) we obtain that 

lV(t, T, s) I ~ C2 exp{ (-82r(lT) + C2r(r) )(t - to)} lV(to , T, s)1 
t 

+ C2(C3 + l)ryr(s) J exp{( -82r(lT) + c2r(r))(t - O)}IV(O, T, s)ldO. 
to 

Set 
u(t) := lV(t, T, s) I exp{ (82r(lT) - C2r(r ))(t - to)}; 

then the last inequality takes the form 

t 

u(t) ~ C2 lV(to, T, s)1 + C2(C3 + l)Tfr(s) J u(O)dO, 
to 
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whence, after using Lemma 2.3, 

u(t) ::; C21V(to, 7, s)1 exp{ Cd C3 + 1 )1]r(s )(t - to)}, 

that is 

By virtue of (1.3.9) we have 

n n 

r(s) = L ISjl2bJ = L(lajl2 + Il'jl2)bj 

j=l j=l 
n 

::; L 2bj - 1(lajI2b j + h'jI2bj) ::; 2b l -l(r(a) + r(-r» , 
j=l 

b':= max bj . 
jE{l, ... ,n} 

Choose 1] in such a way that 82 - 2b'-lC2(C3 -1)1] =: 83 > 0; then 

lV(t, 7, s)1 ::; C21V(to, 7,s)1 exp{(-83r(a) + C3r(-r»(t - to)}, 
t-tO::;E, r(s»R, 

where C3 := C2 + 2b'-lC2(C3 + 1)1]. 

61 

(2.1.27) 

Taking 7,7 + E, . .. ,7 + moE, where mo is the largest integer smaller than 
(t - 7)/E, instead of to, and estimating consecutively V(7 + E, 7, s), ... , V(7 + 
moE,7,s) using the inequality (2.1.27), we get 

lV(t, 7, s)1 ::; c:;o exp{( -8:3r(a) + C3r(-r»(t - 7)}. 

Now for arbitrary 7 and t, 0 ::; 7 ::; t ::; T, we have 

(2.1.28) 

where m is the largest integer smaller than T / E. 

The estimate (2.1.28) was proved under the assumption that r(s) > R. If 
r( s) ::; R, then for any 7 and t, 0 ::; 7 ::; t ::; T, we obtain that 

lV(t, 7, s) 1 ::; C6 ::; C6 exp{ (-83r( a) + C3r(-r) )(t - 7) + 83RT} 
= C7 exp{ (-83r(a) + C3r(-r) )(t - 7)}. (2.1.29) 

The estimates (2.1.28) and (2.1.29) imply the final estimate 

lV(t, 7, s) 1 ::; C8 exp{ (-83r(a) + C3r(-r) )(t - 7)}, 
o ::; 7 ::; t ::; T, sEen. (2.1.30) 
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Taking (t - T)-1/(2bj ) 8j, j E {I, ... ,n}, instead of 8j, we can rewrite this estimate 
for T < t in the following more convenient form: 

Remark 1. If N = 1, the estimate (2.1.31) can be proved without using the uniform 
continuity of the leading coefficients ak, Ilkll = 2b, if we use the formula 

V(t, T, ,) ~ exp{ i A(8, ;')d8}, 
r 

valid for this case. 

It is easy to note that the constants Cs , 53, and C3 from the estimate (2.1.31) 
depend only on 

(2.1.32) 

and, if N > 1, also on the kind of continuity of the leading coefficients. 
The above properties of the function V make it possible to obtain a complete 

analytic description of the function G and its derivatives. 
By (2.1.15) and (2.1.16) we have 

a~G(t, x; T,~) = (F;!'x[(io/V(t, T, u)))(t, T, x - ~) 

= (t - T )-M -lIkll/(2b) (F;!,x[(iut-r )kV(t, T, Ut-r )])(t, T, (x - ~)t-r)' 

O~T<t~T, {x,GC~n, kEZ~, (2.1.33) 

n 

where M:= '2)I/(2bj )). The functions 
j=l 

for fixed t and T, are entire, and the inequality (2.1.31) implies the estimates 

lV(kl(t, T, 8t-r)1 ~ C(k) exp{ -54r(u) + c4r(-y)} , 

O~T<t~T, SEen, kEZ~, (2.1.34) 

where 0 < 54 < 53 and C4 > C3. Applying to these functions Lemma 1.1 with 
Pj = qj = 2bj , j E {I, ... , n}, taking into account the equalities (2.1.33) and the 
estimates (2.1.34), we can give a full description of properties of the function G. In 
particular, we can prove that G is a FSCP for the equation (2.1.5). We formulate 
all the results as the following main theorem. 

Theorem 2.1. Let the coefficients of the equation (2.1.5) be continuous on the 
----> 

interval [0, T], and the uniform 2b-parabolicity condition (2.1.8) holds. Then: 
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1) There exists the unique FSCP G for the equation (2.1.5) determined by the 
formulas (2.1.15) and (2.1.16). 

2) The function G and its derivatives can be extended onto en, and for these 
extensions 

a~G(t, Zi T, () = (t - T)-M-llkll/(2b)nk(t, T, (z - Ot-T)' 

OSoT<tSoT, {z=x+iy,(=~+i7)}Cen, kEZ~, (2.1.35) 

where the functions nk(t,T,Z), Z = (Zl, ... ,Zn) E en, k E Z~, are, for 
fixed t and T, entire functions of Zl, ... ,Zn, with the growth orders ql, ... , qn 
respectively, and the same orders of decrease for real arguments. Here qj = 
2bj /(2b j -1), j E {l, ... ,n}. 

3) G satisfies the estimates 

la~G(t, Zi T, 01 So Ck(t - T)-M- 11kll /(2b) 

x exp { -c t(t - T)l-qj IXj - ~jlqj + c' t(t - T)l-qj IYj - 7)jlqj }, 

OSoT<tSoT, {z,(}cen, kEZ~, (2.1.36) 

where Ck, c, and c' are positive constants depending only on the numbers 
(2.1.32), and, if N > 1, also on the kind of continuity of the leading coeffi
cients. 

4) The formula 

Io(t,T,x):= J G(t,XiT,~)d~ = V(t,T,O), 0 So T < t So T, x E IRn , 

holds implying, in particular, that 

Io(t, T, x) -> I t->T 

uniformly with respect to x E IRn. If in (2.1.5) ao = 0, then 

Io(t,T,x) =1, OSoT<tSoT, xEIRn. 

Corollary 1. Set 

(2.1.37) 

(2.1.38) 

(2.1.39) 

E~O)(t, Xi T,~) := exp{-c t(t -T)l-qj IXj - ~jlqj}, t > T, {x, ° C IRn, 
J=l 

(2.1.40) 
where c is a positive constant. The estimates (2.1.36) imply the inequalities 

la~G(t, Xi T, ~)I So Ck(t - T)-M-lIk ll /(2b) E~O) (t, xi T, ~), 

OSoT<tSoT, {x,OcIRn , kEZ~. (2.1.41) 
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Corollary 2. The equalities (2.1.35) and (2.1.37) imply, for k #- 0, the equalities 

(2.1.42) 

(2.1.43) 

o :::; T < t :::; T, x E lRn. 

Proof of Theorem 2.1. The assertions 2) and 3) are direct consequences of Lemma 
1.1 and the above properties of the function V. The equality (2.1.37) is proved 
with the use of (1.3.1), (2.1.15), and (2.1.16) as follows: 

Io(t, T, x) = J G(t, T, x - Od~ = J G(t, T, x)dx 

= J exp{-i(0,x)}F;2x[V(t,T,0')]dx 

= Fx-.o[F;2x[V(t, T, 0')]] = V(t, T, 0). 

It remains to verify that the function G is indeed a FSCP for the equation 
(2.1.5). 

Using the formulas (2.1.15) and (2.1.16), properties of the function V and the 
Fourier transforms, we show easily that the function G(t, x; T, ~), (t, x) E II(r,Tj, 

with fixed T and ~, is a solution of the equation (2.1.5). 
Let the function r.p : lRn -7 CN1 be continuous and bounded whilc T E [0, T) 

is fixed. Consider the integral (2.1.14). The estimates (2.1.41) ensure the uniform 
convergence in II[r+E,Tj, c > 0, of the integral (2.1.14) and the ones obtained 
by formal differentiation under the integral's symbol. Since the function G is a 
solution of (2.1.5), the function (2.1.14) satisfies the equation (2.1.5) on II(r,Tj' 

Let us prove the equality 

lim u(t, x) = r.p(x) , xElRn , 
t-.r 

(2.1.44) 

which, together with the above results, will mean that G is a FSCP for the equation 
(2.1.5). 

By (2.1.38), in order to prove (2.1.44), it suffices to show that 

lim J G(t, x; T, ~)!l~r.p(~)d~ = O. 
t---"'T ~ 

(2.1.45) 
IRn 

The integral from (2.1.45) can be represented as the sum of the integral h 
over the ball B(x, 8) := {~ E lRn I q(x;~) :::; 8} and the integral hover lRn \ B(x, 8) 
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where q is the distance defined in (2.1.2). Due to the uniform continuity of i.p on 
B(x, 15), we have 1.6.€'i.p(OI ::: w(r5), lim w(o). Since the function i.p is bounded, we 

0-->0 
have 

1.6.€,i.p(~)I:::C\" ~EIRn\B(x,o), xEIRn. 

Now, using the estimate (2.1.41), we find that 

Ih I ::: Cow (0) J (t - 7)-M E~O) (t, x; 7, ~)d~ ::: CoDw(o), 

Ihl::: CoC\, J (t-7)-ME~0)(t,X;7,~)d~ 
IRn\B(x,o) 

::: CoC\, exp{ -(c/2)(t - 7)1-q" oq'} J (t - 7)-M E~~~(t, x; 7, ~)d~ 

= CoC\,Dexp{ -(c/2)(t - 7)1-q" oq'}, 

if t - 7 < 1. We have used the equality 

J (t - 7)-M E~~)(t, x; 7, ~)d~ = J exp{-co t IYjlqj }dY =: D 
IRn IRn )=1 

for Co = c/2, and the inequality 
n n 

L(t - 7)1-qj IXj - ~jlqj ;::: (t - 7)1-q" L IXj - ~jlqj 
j=l j=l 

(2.1.46) 

= (t - 7)1- q" (q(x; ~W' ;::: (t - 7)1- q" oq', (2.1.47) 

t - 7 < 1, ~ E IRn \ B(x, 0), 

where q' = max qj, q" = min qj. The equality (2.1.46) is obtained after 
jE{1, ... ,n} jE{l, ... ,n} 

the change of variables ~j = Xj + (t - 7) 1/(2bj )Yj, j E {1, ... ,n}. 
In order to complete the proof of (2.1.45), we choose, for any E > 0, such 0 

that CoDw(o) < E/2, and then take t - 7 so small that 

CoC\,Dexp{ -(c/2)(t - 7)1-q" oq'} < E/2. D 

--'> 
Example 2.1. For the 2b-parabolic equation 

(iJt - 8;, + 8!Ju = 0, 

in which n = 2, b1 = 1 and b2 = 2, the FSCP has the form 

G(t,X;7,~) = 2- l1f-3/2(t - 7)-3/4 exp{ -(4(t - 7))-1(Xl - 6)2} 
<Xl 

X J exp{ _a4 } cos((t - 7)-1/4(X2 - 6)a)da, 7 < t, {x,O c IR2. 

o 
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Indeed, by the equalities (1.3.2), (2.1.15), and (2.1.16) we have 

G(t, x; 7, 0 = (21f)-2 ! exp{ iX10"1 - (t - 7)O"DdO"l 

IR 

X ! exp{ iX20"2 - (t - 7)0"i}d0"2. 

IR 

The first integral equals 

1f1/2(t - 7)-1/2 exp{ -(4(t - 7))-1(X1 - 6)2}, 

while the second is equal, by virtue of the Euler formula, to 
00 

2(t - 7)-1/4 ! exp{ _a4} cos((t - 7)-1/4(X2 - 6)a)da. 

° 
2.1.3. Properties of the fundamental solution of the Cauchy problem for an equa-
tion with parameters. Let us consider some properties of the FSCP for an equa
tion (2.1.5) with coefficients depending also on the parametric point y E IRn. 
These properties will imply necessary properties of the parametrix of the equation 
(2.1.1). 

Consider the equation 

(fot - A(t, y, ox))u(t, x) = 0, (t, x) E II(o,T], 

where 
A(t,y,ox):= L ak(t,y)O~. 

IIkl19b 

We shall make the following assumptions. 

(2.1.48) 

-+ 
(Bll) the equation (2.1.48) is uniformly, with respect to (t,y) E II[o,T] , 2b-

parabolic with a constant 5; 
(BI2) the coefficients of the equation are bounded and continuous in t, and in 

the case N > 1 the continuity of the coefficients ak, Ilkll = 2b, is uniform 
inyElRn . 

Under these conditions, just as in Section 2.1.2, for the equation (2.1.48) we 
construct a FSCP G(·,·;·,·; y) and give its complete analytic description, which 
implies, in particular, the estimates 

lo~G(t, x; 7,~; y)1 :::; Ck(t - 7)-M- 11 kll /(2b) E~O) (t, x; 7, ~), 

0:::;7 <t:::;T, {x,~,y}clRn, kEZ~, 

where the constants Ck and c depend only on 

n, N, b1 , ... , bn , 5, T, max sup lak(t, y)l, 
Ilkll~2b (t,y)EII[o.T] 

( (2.1.49) 

and for N > 1 also on the kind of continuity in t of the coefficients ak, Ilkl! = 2b. 
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Property 2.1. Let the equation (2.1.48) and the equation 

(lOt - B(t,y,ox))u(t,x) = 0, (t,x) E II(o,Tj' 

B(t,y,ox):= L bk(t,y)O~, 
IIkll9b 

satisfy the conditions Bll and B 12 , and also the inequalities 

ladt,y)-bk(t,y)I:::;E, (t,y)EII[o,Tj, Ilkll:::;2b. 
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(2.1.50) 

Let GA and GB be the FSCP for the equations (2.1.48) and (2.1.50) respectively. 
Then 

IO~(GA - GB)(t, x; T,~; y)1 :::; CkE(t - T)-M-lI kll/(2b) E~°l(t, x; T, ~), 

O:::;T<t:::;T, {x,~,y}clRn, kEZ~. 

Proof. It is sufficient to obtain an estimate for the difference 

where VA and VB are respectively the FSCP for the equations 

Using the identity 

(1 :t -A(t, y, is)) VB = (B(t, y, is) - A(t, y, is))VB, 

we come to the equality 

t 

(VB - VA)(t,T,s;y) = J VA(t,e,s;y)(B(e,y,is) - A(e,y,is))VB(e,T,s;y)de. 
T 

The last integral will be estimated with the use of the estimates for VA and VB 
similar to (2.1.30). We have 

t 

I(VA - VB)(t,T,S;y)1 :::; C~E J eXp{(-03r(a) + C3 r (-y))(t - e)} 
T 

x L ISllk'···lsnlknexp{(-03r(a)+C3r(-y))(e-T)}de 
II k ll:::;2b 

:::; CgEexp{(-04r(a) + C4r(-y))(t - T)}. 

This estimate and Lemma 1.1 imply the assertion of Property 2.1. o 
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The next property is a direct consequence of Property 2.1. 

Property 2.2. If the equation (2.1.48) satisfies the conditions B ll , B 12 , and its 
coefficients are Holder continuous in y uniformly with respect to t with an exponent 
'Y E (0,1] and a constant H on II[o,T] , then 

16.~a~G(t, x; T,~; y)1 :::; CkH(p(y; z)),(t - T)-M- 11k ll /(2b) EiO) (t, x; T, ~), 

0:::; T<t:::;T, {x,~,y,z}clRn, kEZ~. 

Property 2.3. Suppose that the equation (2.1.48) satisfies the conditions B ll , B 12 , 

and its coefficients have continuous and bounded derivatives atak, IIkll :::; 2b, 11111 :::; 
r, r E N. Then there exist the derivatives a~atG, k E Z~, IllIl :::; r, satisfying the 
estimates 

la~atG(t, x; T,~; y)1 :::; Ckl(t - T)-M- 11 k ll /(2b) E~O) (t, x; T, ~), 

O:::;T<t:::;T, {x,~,y}clRn, kEZ~, IIIII:::;r. (2.1.51 ) 

If, in addition, the derivatives of ak, Ilkll :::; 2b, are Holder continuous in y 
uniformly with respect to t with an exponent 'Y E (0,1] and a constant H on II[o,T] ' 

then 

16.~a~atG(t, x; T,~; y)1 :::; CkIH(p(y; z))'(t - T)-M- 11k ll /(2b) x EiO) (t, x; T, 0, 
O:::;T<t:::;T, {x,~,y,z}clRn, kEZ~, IIIII:::;r. (2.1.52) 

Proof. The existence of the above derivatives of G follows from the existence of the 
derivatives at v and properties of the Fourier transform. In order to prove (2.1.51) 
it is sufficient to verify the inequalities 

(2.1.53) 

For 1 = 0 this is proved by the arguments from Section 2.1.2. For an arbitrary 
multi-index l, Illll :::; r, the inequality (2.1.53) is proved by induction, with the use 
of the fact that the function V := a;:'"aYj V, Ilmil :::; r, j E {I, ... , n}, is a solution 
of the Cauchy problem 

(I! - A) V = P(A,v), Vlt=T = 0, 

where 

n 

C~ := II C~j' C~j is the binomial coefficient. Therefore 
j=l 

t 

V(t,T,S;Y) = J V(t,B,s;y)P(A(B,y,is), V(B,T,s;y))dB. 

T 
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This equality, together with estimates similar to those carried out in the proof of 
Property 2.1, and with the assumption of induction, implies the estimates (2.1.53). 

The estimates (2.1.52) are consequences of Lemma 1.1 and the estimates for 
the increments ll~at V. The latter are proved by induction, with the use of (2.1.53) 
and the above method. 0 

Property 2.4. Uniformly with respect to x E IRn, 

J G(t,x;T,~;Y)d~ = V(t,T,O;y) --; I. 
t--->T 

If ao = 0, then 

J G(t,x;T,~;y)d~ = I. 
IRn 

For k #- 0, 

J a~G(t,x;T,~;y)d~ = 0, ° ~ T < t ~ T, {x,y} c IRn. 
IRn 

This is proved just as the similar assertions from Theorem 2.1. 

Corollary. Suppose that the equation (2.1.48) satisfies the conditions from Prop
erty 2.2. Then the FSCP GC';','; y) and its derivatives are given by the formulas 
(2.1.35), in which rh(·,·,·) should be substituted by OkC','; y). The functions Ok 
satisfy the estimates 

and for k #- 0, 

IOk(t, T, x; y)1 ~ Ck exp { -c t IXj Iqj }, 

Ill~Ok(t, T, x; y)1 ~ Ck(p(y; z))1' exp { -c t IXjlqj }, 

° ~ T < t ~ T, {x,y,z} c IRn, 

J ("") (t T X' y)dx ° ° ~ T ~ t ~ T, Y E TTlln. Hk , " =, ill. 

Remark. Similar properties hold for the FSCP G(·,·;·,·; (3, y) for the equation 

(2.1.54) 
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---7 

which is uniformly, with respect to ((3,y) E II[O,Tj, 2b-parabolic, and its coefficients 
are bounded and Holder continuous in (3, y with the exponent "I on II[O,Tj' In par
ticular, in this case the functions Ok, which depend only on x, (3, and y, satisfy 
the estimates 

1~~',~Ok(X;(3,Y)I::; Gk(P((3,y;(,Z))'Yexp{ -c tIXjlqj}, 

x E ]Rn, {((3,y),((,z)} C II[O,Tj' 

2.1.4. Parametrix and its properties. As it was said in Section 1.1.4, as a para
metrix Zo for the equation (2.1.1) we shall take the function (1.1.43), where 
CoC .; ".; y) is the FSCP for the equation (2.1.48) with only leading terms, that is 
the FSCP for the equation (1.1.39). Some properties of the parametrix needed in 
the sequel are as follows. In this section we assume that the conditions of Property 
2.2 hold for the equation (1.1.39). 

Property 2.5. The following estimates are valid: 

(2.1.55) 

I~~' 8~Zo(t, x; T, ~)I ::; Gk(p(x; x') )'0 (t - T)-M-(lI kll+,0)/(2b) E~O) (t, x; T, 0, 
(p(x; X'))2b ::; t - T, (2.1.56) 

I~r 8~ Zo(t, x; T,~) I ::; Gk (t' - t)'Y° (t - T)-M -,0-lI kll/(2b) E~O) (t, x; T, ~), 

t' - t ::; t - T, k E Z+.; (2.1.57) 

V a; Zo(t, x; 7, Y)dyl " G,(t - 7 )-'"'h'/'''', (2.1.58) 

1"";'1 a; Zo(t, ,; T, Y)dyl " G,(p(x; x'))'" (t - T) -'"'hh'/''"', 
(p(x;x')?b::; t - T, (2.1.59) 

1"":'1 a!z,(t, x; T,Y)dyl " Gk(t' - tj"° (t - T )-oo-'"'h'/''"'. 

t' - t ::; t - T, k E Z+' \ {O}, (2.1.60) 

where 0::; T < t < t' ::; T, {x,x',O c ]Rn, "10 is an arbitrary fixed number from 
(o,lJ. 

Proof. The estimates (2.1.55) follow directly from the estimates (2.1.49). In order 
to obtain (2.1.56), one has to use the mean value theorem, the estimates (2.1.55), 
and the inequality 

E(O) (t x"· T t) < GlE(O) (t X' T t) 
c , " ~ - Cl'" ~ 



2.1 The Cauchy problem for equations with bounded coefficients 71 

where x" is a point on the line interval joining the points x and x', Cl E (0, c). The 
last inequality is proved using the first inequality in (1.3.9) and the assumption 
(P(Xi x') )2b ::; t - T. 

By the mean value theorem, the estimates (2.1.55), and the condition t' -t ::; 
t - T we have 

l~r8~Zo(t,xiT,~)1 = I(t' -t)8tIl8~Zo(t",xiT,~)1 

= (t'-t)1 L al(t",~)8~+lZo(t",xiT'~)1 
1111I=2b 

::; C(t' - t)(t" - T)-M-l-lIk ll /(2b) E~O)(t", Xi T,~) 

::; Ck(t' - tpO (t - T)-M-"!o-lIk ll /(2b) E~O) (t, xi T, ~), 

t" E (t,t'). 

Thus, the estimate (2.1.57) has been proved. 
Due to Property 2.4 for Go, 

J 8~ZO(t,xiT,y)dy = J ~~8~Go(t,xiT,YiZ)lz=ydy. 
From this representation, using Property 2.2, the inequality 

(P(Xi y) P E~O) (t, Xi T, y) ::; C(t - TP/(2b) E~~) (t, Xi T, y), 
T<t, {x,y}clRn , clE(O,c), 

and the equality (2.1.46), we obtain the estimates (2.1.58). 
In order to prove the estimates (2.1.59), we use the representation 

(2.1.61 ) 

I 
Xj 

ll:'j a; z,(t, x; T, y)dy ~ t,[ a" (j ai",Go(t, ((j); T, y; Y)dY)d(j, 

h I"(j)._ ( .. I I ) • • were,> .- Xl, ... ,XJ-i'(J'Xj+i"."xn , From Properties 2.2,2.4, the lD-

equality (2.1.61), and the equality (2.1.46) we find that 

I 
x· 

<: c, t,V (j (P(((j);y))' (t - T)-M -(llkli+m , )/(": 
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n 

~ Ck l)Xj -X~ I(t - T)-(lIk ll -T'+mj )/(2b). 

j=1 

Due to the inequality (p(x; x'))2b ~ t-T, we have IXj-x~12bj ~ t-T, j E {I, ... ,n}, 
so that 

n n 

L IXj - x~l(t - T)-m j/(2b) ~ L IXj - x~lT'o/mj(t - T)-T'o/(2b) 
J=1 j=1 

~ C(p(x; x'))'O(t _ T)-T'o/(2b). 

Hence the above estimates imply the required estimates (2.1.59). 
The estimates (2.1.60) are proved as follows: 

t f It.fj a!zo(t,x; x, Y)dyl ~ If a'(j a;ZO(A,X; x, Y)dY) dAI 

t f 

~ If (j t.: a, a! Go (A, x; x, Y; x) Iz~J dA 

t f 

~ Ck J (>, - T)-1- C11 k ll -T')/(2b) d)' 

t 

~ Ck(t - T)-1-(llk ll -T')/(2b)(t' - t) 

~ Ck(t' - t)T'O(t _ T)-T'o-(llk ll -T')/(2b). 

Here we used the definition of Zo, Properties 2.2 and 2.4, the inequality (2.1.61), 
and the equality (2.1.46). 0 

Property 2.6. Let to E [0, T). Suppose that the function f : II[to,Tj -> eNl is 
bounded, continuous, and locally Holder continuous in x, uniformly with respect 
to t, on II[to,Tj. Then the function 

t 

u(t, x; to) := J dT J Zo(t, x; T, Of(T, ~)d~, (t, x) E II(to,TJ' (2.1.62) 

to IRn 

has the continuous derivatives Btu and B~u, Ilkll ~ 2b. The derivatives B~u, Ilkll < 
2b, can be obtained by formal differentiation under the integral symbol, while the 
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derivatives o~u, Ilkll = 2b, and OtU are given by the formulas: 
t 

O!u(t, x; to) = J dT J o!Zo(t,X;T,~),6.U(T,~)d~ (2.1.63) 

to lR'.n 

+ j (J a; Zo (t, X; r,,)d{) f(r, x)dr, (t,x) E rr,,",'1' Ilkll ~ 2b, 
to lR'.n 

and 

t 

Otu(t, x; to) = f(t,x) + J dT J OtZo(t,X;T,~),6.U(T,~)d~ (2.1.64) 

Proof. For to S T < t S T, x E IRn, and Ilkll S 2b, we have 

o! J Zo(t,x;T,~)f(T,~)d~ = J o~Zo(t,x;T,~)f(T,~)d~ 
(2.1.65) 

In order to prove this, we have to verify that the integral I(k) converges, uni
formly with respect to x E IRn , for arbitrary fixed t and T. Making in the integral 
I(k)(t,x;T) the change of variables ~j = Xj + (t - T)l/(2bj)Yj, j E {l, ... ,n}, we 
find that 

I(k)(t,x;T) =(t-T)M J(O~Zo(t,x;T,mf(T,OI, dy, 
lR'.n e=E(i-T,x,y) 

t(t, x, y) := (Xl + t l /(2b')Yl," ., Xn + t l /(2bn )Yn)' (2.1.66) 

Due to the estimates (2.1.55) and the boundedness of the function j, 

lo~Zo(t, x; T, ~)f(T, ~)le=E(t-T'X'Y) I S C(t - T)-M- 11 kll /(2b) exp { -c ~ IYj Iqj }, 

{x, y} C IRn. 

Therefore the integral (2.1.66) converges, uniformly with respect to x E IRn , for 
fixed t, T, and 

II(k)(t,x;T)1 S C(t - T)-lIk ll /(2b), to S T < t S T, x E IRn, Ilkll S 2b. 

(2.1.67) 
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It follows from the equality (2.1.65) and the estimate (2.1.67) that for IIkll<2b, 

t 

a;u(t, x; to) = J dT J a;ZO(t,x;T,Oj(T,Od~, (t,x) E II(to,Tj, 

to IRn 

since for IIkll < 2b the integral 

t J (t - T)-llk ll /(2b)dT 

to 

is convergent for each t E (to, T]. 
If Ilkll = 2b, then the estimate (2.1.67) does not work. It can be improved for 

x E BR := B(O, R) where R is an arbitrary fixed number. In order to do that, we 
write the representation 

(2.1.68) 

By the estimates (2.1.58), for Ilkll = 2b we have 

Ihl ::; C(t - T)-1+")'/(2b) , to::; T < t ::; T, x E ]Rn. (2.1.69) 

Assuming that x E BR, we write h as 

Using the estimates (2.1.55), the Holder continuity of j, the inequality 
(2.1.61), and the equality (2.1.46) we obtain that 

II~I::; c J (t-T)-M-l(p(X;~))"E~O)(t,X;T,~)d~ 

to ::; T < t ::; T, x E BR. (2.1.70) 

We shall employ the inequality 

E~~)(t,x;O,O::; exp{-coCqORq'}, 
t> 0, x E BR , ~ E ]Rn \ B2R , (2.1.71) 
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where Co > 0, qo = q" - 1, if t :::; 1, and qo = q' - 1, if t > 1. It is a consequence of 
the estimates 

n 

I>l- qj lxj -~jlqj 2: eqO(q(x;()F' 

j=l 2: eqO(q((;O) - q(x;O))q' 

2: e qO (2R - RF' 

= t- qO Rq'. 

Using the estimates (2.1.55), the boundedness of f, the inequality (2.1.71), 
and the equality (2.1.46), we get 

II~'I:::; G(t - T)-M-1 J E~O)(t,X;T,()d( 

= G(t - T)-l exp{ -(c/2)(t - T)-qO Rq'} 

:::; G(t - T)-1+')'/(2b) , 

to :::; T < t :::; T, x E BR. 

From (2.1.68)-(2.1.70) and (2.1.72) we obtain the estimate 

II(k)(t,x; T)I :::; G(t - T)-1+,/(2b) , 

to:::; T < t :::; T, x E B R , IIkll = 2b. 

(2.1. 72) 

(2.1. 73) 

This estimate, together with the equality (2.1.68), implies the formula (2.1.63) for 
(t, x) E (to, T] X BR . Since R is an arbitrary positive number, we come to the 
formula (2.1.63) for any (t,x) E II(to,T]. 

Let us prove the formula (2.1.64) for (t,x) E II[t"T] where t1 > to. Consider 
the following family of functions depending on the parameter h: 

t-h 

Uh(t,x,;to):= J dT J Zo(t,x;T,()f(T,~)d(, 
to IRn 

(t,x) E II[t"T] , hE (0,t1 - to). (2.1.74) 

Since the integrand in (2.1. 74) has no singularities, 

t-h 

OtUh(t, x; to) = J Zo(t, x; t - h, ()f(t - h, ~)~ + J dT J OtZo(t, x; T, ()f( T, ~)d( 
IRn to IRn 

=: h(t,x) + Jh(t,X), (t,x) E II[t"T]. (2.1.75) 
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To substantiate the differentiation at under the integral in IRn , it is sufficient 
to prove that the integral over IRn from Jh(t, x) (denote it by JO(t, x; r)) converges 
uniformly with respect to t E [t2 - h/3, min(t2 + h/3, T)], where t2 is an arbitrary 
fixed point from [tI,T], for any fixed r E [to,t2 - 2h/3] and x E ]Rn. The last 
assertion is proved just as we proved the uniform convergence of the integral I(k). 

Here we have to use the equality 

atZO(t,x;r,~) = L ak(t,~)8;Zo(t,x;r,~), 
Ilkll=2b 

to:Sor<t:SoT, {x,(}c]Rn, 

which, by (2.1.55), implies the estimate 

atZo(t, x; r,~) :So C(t - r)-M-l E~O)(t, x; r, 0, 
to:So r < t:So T, {x,(} C ]Rn. 

For the integral JO we have the estimate 

IJO(t, x; r)1 :So C(t - r)-I+'//(2b) , 

to :So r < t :So T, x E B R , 

proved in the same way as (2.1.73). In this case 

(2.1.76) 

(2.1. 77) 

(2.1.78) 

The estimate (2.1.78) for J I is obtained just as the estimate for h, with the use of 
(2.1.77) instead of (2.1.54). In order to estimate J 2, we use the equality (2.1.76) 
and the estimates (2.1.58). 

Note that: 

1) h(t,x) ----+ f(t,x), uniformly with respect to (t,x) E [tI,T] x BR ; 
h--->O 

t-h t 

2) f JO(t,x;r)dr ----+ fJO(t,x;r)dr 
h--->O 

o 0 

= J dr f atZo(t,x;r,~)f}.U(r,~)~+ J(f atZo(t,x;r,~)d~)f(r'X)dr 
o ll!.n ° ll!.n 

uniformly with respect to (t, x) E [tI, T] X BR. 

Using these facts, the equality (2.1.75), and the fact that Uh(t, x; to) ----+ 
h--->O 

u(t,x;to) uniformly with respect to (t,x) E II[t"Tj, and also the arbitrariness of 
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Rand tl in the intervals (0,00) and (0, T) respectively, we obtain the formula 
(2.1.64). 

Let us prove 1) and 2). We have 

J Zo(t, X; t - h, I;,)f(t - h, I;,)dl;, - f(t, x) = J Zo(t, X; t - h, 1;,).6.Lhf(t - h,l;,)dl;, 

+ J Zo(t,x;t-h,l;,)f(t-h,l;,)dl;,+ J .6.~Go(t,x;t-h,l;,;z)lz=d(t,l;,)dl;, 

+ (BJ Go(t,x;t - h,l;,;x)!(t,l;,)dl;, - !(t,X)) =: 't,Lj . 

2R 

Using the estimates (2.1.55), (2.1.61), and (2.1.71), the equality (2.1.46), 
Properties 2.2 and 2.4, as well as the continuity and boundedness of the function 
!, we get 

IL11::;C max I.6.Lhf(t-h,I;,)lh-MJE~O)(h,x;O,I;,)dl;, 
(t,~)E[t, ,Tj x B2R 

= C max I.6.Lh!(t - h, 01 ----; 0; 
(t,OE[t"TjxB2R h--+O 

IL2 1::; Cexp{-(cj2)h- QO RQ'}h-M J E~~~(h,x;O,I;,)dl;, 
=Cexp{-(cj2)h-QO RQ'} ----; 0; 

h--+O 

IL3 1::; CJ(p(X;I;,))'h-ME~O)(h,X;O,I;,)dl;,::; Ch'Y/(2b) ----; 0; 
h--+O 

IL41 = I J Go(t,x;t - h,l;,;x).6.E,J(t,l;,)dl;, 
'B2R 

J Go(t,x;t-h,I;,;X)dU(t,X)I----; 0 
h--+O 

Rn \B2R 

uniformly with respect to (t, x) E [tl' T] x B R (this is proved just as similar results 
for L j , j E {I, 2, 3} ). Thus the statement 1) is proved. 

The assertion 2) is a consequence of the estimate 

lL JO(t, x; T)dTI <; c,j (t - T) -, +"/(") dT ~ Ch"/(") , 

based on the estimate (2.1.78). o 
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Remark 1. The investigation of differential properties of the integrals 

t 

Uy(t,x;to):= J dT J G(t,x;T,~;Y)f(T,~)d~, 
to IRn 

t 

U(3,y(t,x;tO):= J dT J G(t,x;T,~;(3,y)f(T,~)d~, 
to IRn 

(t,x) E ITCto,T), 

where G(·,·;·,·;y) and GC·;·,·;(3,y) are the FSCPs for the equations (2.1.48) 
and (2.1.54) respectively, is carried out as in Property 2.6. Here the arguments are 
simplified, and the formulas for the leading derivatives have the form 

t 

8~uy(t,x;to) = J dT J 8~G(t,X;T,~;y)LlU(T,~)d~, 
to IRn 

t 

8tuy(t,x;to) = f(t,x) + J dT J 8tG(t,X;T,~;y)LlU(T,~)d~, 
to IRn 

t 

8~u(3,y(t,x;to) = J dT J 8~G(t,X;T,~;(3,y)LlU(T,~)d~, 
to IRn 

t 

8tU(3,y(t, x; to) = f(t,x) + J dT J 8tG(t,X;T,~;(3,y)LlU(T,~)d(, 
to ]Rn 

(t,x) E IT(to,T), Ilkll = 2b. 

Remark 2. The function 
t 

u(t,x;to,Y):= J dT J Zo(t,x;T,~)f(T,~;to,y)d~, 
to IRn 

(t,x) EIT(to,T), yEIRn , (2.1.79) 

satisfies a property similar to Property 2.6, if the function f("'; t u,') : ITCto,T) x 
IR" --> eNl is continuous and satisfies the following conditions: 

If(t, x; to, y)1 <::: C(t - to)-M -p/C2b) E~O) (t, x; to, y), 

ILlif(t, x; to, y)1 <::: C(p(x; ~))'o (t - to)-M-(p-/o)/(2b) 

x (E~O)(t,x;to,Y) +E~O)(t,~;to,Y)), 

to < t <::: T, {x,y,O c IRn, 

where C > 0, c> 0, ,0 E (0,1] and p < 2b -,0' 
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Property 2.1. If a function f satisfies the above conditions, then the function 
(2.1.79) has the continuous derivatives OtU and o~u, IIkll ~ 2b. The derivatives 
o~u, IIkll < 2b, can be calculated by direct differentiation under the integrals, while 
the leading derivatives satisfy the formulas (2.1.63) and (2.1.64) with f( T,~) and 
f(T,x) replaced by f(T,~;to,Y) and f(T,x;to,Y) respectively. 

The proof is similar to the one for Property 2.6 and uses the inequality 

J E~al(t, x; T, ~)E~a) (T,~; ta, y)( (t - T)( T - ta) )-M d~ 
IRn C ( )-M (a) ( . ) ~ c t-to Ec(l-E) t,x,to,y, 

to<T<t, {x,~,y}clRn, cE(O,l), (2.1.80) 

implied by the inequality (1.3.23) with n = 1 and jJ = 1/ (2b j ), j E {I, ... , n}. 

Remark 3. If the coefficients of the equation (2.1.1) are Holder continuous not only 
in x but also in t, then, as mentioned in Section 1.4.4, a parametrix can be chosen 
as 

(2.1.81) 

where Ga(·, .; ., .; jJ, y) is the FSCP for the equation (1.1.41) without lower or
der terms. By the remark from Section 2.1.3, Properties 2.5-2.7 hold for the func
tion Zl' 

2.1.5. Fundamental solution of the Cauchy problem for equations whose coeffi
cients depend on all the variables. Let us construct and study the FSCP for the 
equation (2.1.1) for the general case. 

Theorem 2.2. Assume the conditions All and A 12 . Then there exists the FSCP Z 
for the equation (2.1.1) satisfying the estimates 

lo~Z(t, x; T, ~)I ~ C(t - T)-M-lI kll/(2b) E~a) (t, x; T, ~), (2.1.82) 

I~~' o~Z(t, x; T, ~)I ~ C(p(x; x'))"(t _ T)-M-(lIk ll +"Y)/(2b) 

X (E~a)(t,x;T,~) + E~a)(t,x';T,~), 
O~T<t~T, {x,x',~}clRn, Ilkll~2b, 

where the positive constants C and c depend only on 

n,N,b1, ... ,bn,T, max sup lak(t,x)l, 
Ilkll:'02b (t,x)EIT 

(2.1.83) 

the constants 5, 'Y, and H from the conditions All and A12 , and, for N > I, also 
on the kind of the continuity in t of the coefficients ak, Ilkll = 2b. 

Proof. As it was mentioned in Section 1.1.4, the FSCP for the equation (2.1.1) will 
be sought in the form (1.1.45), that is 

Z(t, x; T,~) = Zo(t, x; T,~) + W(t, x; T, ~), 

O~T<t~T, {x,OclRn , (2.1.84) 
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where 
t 

W(t, x; T,~) := J dA J ZO(t, x; A, y)Q(A, y; T, Ody, (2.1.85) 

T rn:.n 

Zo is the parametrix described in Section 2.1.4. The function Q(','; T, 0 : II(r,T] --+ 

CNN must be chosen for the function Z(·,·; T,~) : II(r,T] --+ CN N to be a solution 
of the equation (2.1.1) with f = 0, for any fixed point (T,O E II[o,T)' Let us 
assume that the sought function Q is continuous and satisfies the estimates 

IQ(t,X;T,~)1 S C(t - T)-M-l+y/(2b) E~O)(t,X;T,~), 

I~~' Q(t, x; T, ~)I S C(p(x; x')),! (t - T)-M-1+r2/(2b) 

x (E~O)(t,X;T,~) +E~O)(t,X;T,~)), 

OST<tST, {x,x',Oc]Rn, 

where ,1 E (0,,), ,2 :=, -,1" is the constant from the condition A12 . 

Applying the differential expression 

fat - L ak(t, x)a~ 
IIkll:'02b 

(2.1.86) 

(2.1.87) 

to the function (2.1.84) and using the a priori assumptions regarding Q and Prop
erty 2.7, we obtain the integral equation (1.1.47) for Q, in which 

K(t,X;T,~):= ( L ~~ak(t,X)a~ + L ak(t'X)a~)zO(t,x;T'~)' 
Ilkll=2b Ilkll<2b 

In order to find a bound for K, we use the estimates (2.1.55), the condition A 12 , 

and the inequality (2.1.61). We get 

IK(t,X;T,~)1 S C ((P(x;~))r (t - T)-M-l + L (t - T)-M- 11 k ll /(2bl ) E~O) (t,X;T,O 
Il kll<2b 

S C(t - T)-M-1+r/(2b l E~~l (t,X;T,~), 

OST<tST, {x,OC]Rn. (2.1.88) 

Thus the kernel K satisfies the conditions of Lemma 1.8 with (3j = 1/(2bj ), 

j E {I, ... , n} and X = ,/(2b). By this lemma there exists a resolvent R of the 
equation (1.1.47) satisfying the estimate (1.3.39) with X = ,/(2b). Since (1.1.47) is 
an inhomogeneous equation with the known function K, the solution Q coincides 
with the resolvent R. Therefore the function Q satisfies the estimate (2.1.86). 

Let us prove (2.1.87). If (p(x; X'))2b > (t - T)/2, then the estimate (2.1.87) 
is a direct consequence of (2.1.86). Then it is sufficient to consider the case where 
(p(x; x'))2b S (t - T)/2. 
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First we estimate the difference ~~' K. Using the condition A12 , the in
equalities (2.1.55), (2.1.56), (2.1.61), and the fact that (p(x';~))" S (p(x;x'))" + 
(p(x;~))''Y, {x,x',O C ]Rn, we get 

I~~' K(t, X; T, ~)I 

s L (1~~lak(t'X)118~ZO(t'X;T'~)1 + 1~~lak(t'X')II~~18~ZO(t'X;T'~)I) 
Ilkll=2b 

+ L (I~~/ak(t,x)118~Zo(t,x;T,~)1 + lak(t,x')II~~'8~Zo(t,x;T,~)I) 
Ilkll<2b 

S C(t - T)-M-1(p(X;X'))"Y (1 + (p(x';~))"Y(t - T)-"Y/(2b) 

+ L (t - T)Hlkll/(2b) (1 + (t - T)-"Y/(2b))) EiO) (t, X; T, 0 
Ilkll<2b 

S C(p(x; x'))"Y (t - T)-M-1 Ei~)(t, X; T, ~), 

OST<tST, {x,x',OC]Rn, 

(p(x; x') )2b S t - T, C1 E (0, c). 

In particular, this implies the estimate 

I~~' K(t, X; T, ~)I S C(p(x; X'))"Yl (t - T)-M-I+"Y2/(2b) Ei~)(t, X; T, 0, 

(2.1.89) 

OST<tST, {x,x',OC]Rn, (p(x;x,)?b St - T. (2.1.90) 

Next we consider ~~' Q. By (1.1.47), we write 

~~' Q(t, X; T, 0 = ~~' K(t, X; T,~) 
'7 

+ J d)" J ~~' K(t, x;).., y)Q().., y; T, ~)dy 
T IR.n 

t 

+ J d)" J K(t,x;)..,y)Q()..,y;T,~)dy 
'7 IRTh 

t 4 -J d)" J K(t,x';)..,y)Q()..,y;T,~)dy =: L1j, 
'7 IRTh J=l 

(2.1.91) 

where TJ := t - (p(x;x')?b. The term 11 has been estimated; see (2.1.90). Since 
t -).. 2: (p(X;X'))2b in 12 , using the estimates (2.1.80), (2.1.86), and (2.1.90) we 
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obtain that 

t 

IIzI ::; C(p(X;X'))"l j(t ~ ,\)-1+1'2/(2b)(,\ ~ 7)-1+1'/(2b)d'\ 

T 

(2.1.92) 

where C2 E (0, cd. 
The integrals hand 14 are treated in a similar way. For example, let us 

consider the first one. Due to (2.1.80), (2.1.86), and (2.1.88) we get 

t 

Ihl::; C j((t ~ ,\)(,\ ~ 7))-1+1'/(2b)d'\ j E~~)(t,x;'\,y) 
ry ~ 

x E~O) ('\, y; 7, ~)( (t ~ ,\)(,\ ~ 7))-M dy ::; C(p(x; x'))" 
x (t~7)-M-1+1'/(2b)E(O)(t X·7 t) 

C2 '" ~ , 
(2.1.93) 

since for any ,\ E [17, t] ,\ ~ 7 ~ 17 ~ 7 = t ~ 7 ~ (p(x; X'))2b ~ (t ~ 7)/2 and 

t t 

j ((t ~ ,\)(,\ ~ 7))-1+1'/(2b)d'\ ::; ((t ~ 7)/2)-1+1'/(2b) j (t ~ ,\)-1+1'/(2b)d'\ 

ry ry 

= (2bh)((t ~ 7)/2)-1+1'/(2b)(t ~ 17),,/(2b) 

= (2bh)((t ~ 7)/2)-1+1'/(2b) (p(x; x'))!'. 

From (2.1.90)-(2.1.93) we obtain the estimate (2.1.87) for the case (p(x; x'))2b ::; 
(t ~ 7)/2. 

Note that the function Q is in fact Holder continuous in x with the exponent 
,,(, that is 

I~~' Q(t, x; 7, ~)I ::; C(p(x; x'))!' (t ~ 7)-M-l 

X (E~O) (t, x; 7,~) + E~O)(t, x'; 7, ~)), 
0::; 7 < t::; T, {x,x',O c ]Rn. (2.1.94) 

Indeed, if (p(x; x'))2b > (t ~ 7)/4, then this inequality is a direct consequence 
of the estimate (2.1.86). If (p(x; x'))2b ::; (t ~ 7)/4, we use the equality (1.1.44) 
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and find that 

t, 

+ ! d)...!ItJ.~'K(t,x;)...,Y)IIQ()...'Y;T,~)ldY 
T IRn 

'7 

+ ! d)'" ! 1tJ.~' K(t, x;)..., Y)IItJ.~Q(>'" Y; T, ~)Idy 
t, IRn 

+ ll! tJ.~'K(t'X;)""Y)dYIIQ()...'X;T'~)ld)'" 
t, ~n 

t 

+ ! d)...!IK(t,x;)...,Y)dYIIQ()...'Y;T,~)ldY 
'7 IRn 

t 

+ ! d)'" ! IK(t, X';)..., y)IIQ()..., Y; T, ~)Idy 
'7 IRn 

(2.1.95) 

where t1 := t - (t - T)/2, and 7] is the same as in (2.1.91). 
Let us give estimates for Jj , j E {I, ... , 6}. It follows from (2.1.89) that 

J1 ::; C(P(x; x'»)" (t - T)-M-1 E~O) (t, x; T, 0, 
0::; T < t::; T, {x,x',e c IRn , (p(X;X'»2b::; t - T. 

Using (2.1.61), (2.1.80), (2.1.86), (2.1.87), and (2.1.96) we get 

t, 

h ::; C(p(x; x'»)" ! (t - )...)-1()... - T)-l+i/(2b)d)'" 

T 

t, 

::; C(p(x; x'»)" (t - T)-M-1 ! ()... -T)-l+i/(2b) d)"'E~O) (t, x; T,~) 
T 

(2.1.96) 



84 Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 

1) 

J 3 :::; C(p(X; x')), j(t - A)-l(A - T)-1+'2/(2b) j (p(X; y)),,f(2b) 

t, ~n 

1) 

X ((t - A)(A - T))-Mdy:::; C(p(X;X'))'(t - T)-M j(t - A)-1+,,f(2b) 

t, 

X (A - T)-1+'2/(2b)dAE~O)(t,X;T,~) 

:::; C(p(X; X')), (t - T)-M -1+,/(2b) E~O) (t, x; T, ~), 
t 

J5 :::; C j((t - A)(A - T))-1+,/(2b)dA j E~O)(t,X;A,y) 
1) ~n 

X E~O) (>., y; T, ~)( (t - A)(A - T))-M dy :::; C(t _ T)-M -1+, /(2b) 
t 

X j (t - A)-1+,/(2b)dAE~O) (t, x; T,~) = C(p(X; x'))' (t _ T)-M-1+,/(2b) 

1) 

X E~O) (t, x; T, ~). 

The estimate 

J6 :::; C(p(x; x'))' (t - T)-M -1+, /(2b) E~O) (t, x; T,~) 

is proved in a similar way. 
It remains to obtain an estimate for J4 . First we consider the integral 

J:= J !:l.~' K(t, x; A, y)dy. 

We have 

J = L !:l.~' ak(t,x) J 8~ZO(t,x;A,y)dy+ L ak(t,x')!:l.~' J 8~Zo(t,X;A,y)dy 
Ilkll::;2b ~n Ilkll<2b ~n 

+ L j !:l.~/ak(t,x')!:l.~' 8~Zo(t,X;A,y)dy. 
Il kll=2lJlin 

Using the estimates (2.1.55), (2.1.58), (2.1.59) with /'0 = /" (2.1.56) with /'0> /" 
the condition A12 , and the inequality (2.1.61), we find that 

IJI :::; C(p(X;X'))'(t - A)-1+1/(2b) + C(p(X;X'))'(t _ A)-1+1/(2b) 

+ C(p(x; X'))'O J (p(X'; y))A (t - A) -M -1-10/(2b) E~O) (t, x; A, y)dy 

:::; C(p(x; x'))' (t - A) -1+1 /(2b) + C(p(x; x') )10 (t _ A)-1+h-10)/(2b). 
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From this estimate and (2.1.86) we get 

"I 

J4::; C j((p(X;X'))'(t - A)-1+,/C2b) + (p(X;X')'O 
t, 

Using the inequalities 

t - T::::: A - T::::: tl - T = (t - T)/2, A E [tl,1]L 
"I 

j(t - A)-1+,/C2b)dA = (2bh)((t - td,/C2b) - (t - 'f])'/C2b)) 

t, 

::; (2bh)(t - t1 ),/C2b) 

= (2bh)((t - T)/2),/C2b), 
"I 

j (t - A)-l+Cr-,o)/C2b)dA = (2b/Cr - 'Yo))((t _1])Cr-,o)/C2b) - (t - h)Cr-,o)/C2b)) 

t, 

we obtain that 

::; (2b/Cr - 'Yo))(t - 'f])Cr-,o)/C2b) 

= (2b/Cr - 'Yo))(p(x; x'))'-'o, 

It follows from (2.1.95) and the above estimates of Jj , j E {I, ... ,6}, that 
(2.1.94) holds for the case (p(x; X'))2b ::; (t - T)/4. 

Let us prove now the estimates (2.1.82) for Z. Since the first summand in 
(2.1.84) satisfies (2.1.55), we have to obtain only the estimates for the second 
summand (2.1.85) and its derivatives .. 

We shall use the estimates (2.1.55), (2.1.58), (2.1.61), (2.1.80), (2.1.86), and 
(2.1.94). If Ilkll < 2b, then by Property 2.7 we have 

t 

18~W(t,X;T,~)1 ::; c j(t - A)-llk ll / C2b)(A - T)-1+,/C2b)dA 
T 

::; C(t - T)-M-Cllkll-,)/C2b) E~O) (t, x; T, ~). 
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In the case Ilkll = 2b, by the same property we write the equality 

t, 

8~W(t,xi7,~) = J d>" J 8~Zo(t,x;>",y)Q(>",Yi7,Ody 
T IRn 

t 

+ J d>..J 8~Zo(t,Xi>",y)Ll~Q(>",Y;7,~)dy 
tJ IRn 

+ j (J 8~Zo(t, Xi >.., Y)dY) Q(>", x; T, ~)d>" =: t K j (2.1.97) 
it IRn )=1 

where the number tl is the same as in (2.1.95). The integrals K j are estimated as 
follows: 

tJ 

IKII:::; C J(t - >..)-I(>.. _7)-1+//(2b)d>.. J E~O)(t,x;>",y) 
T IRn 

t 

:::; C(t _7)-M-I J(>.. -7)-1+//(2b)d>"E~O)(t,X;T,~) 
T 

= C(t - T)-M-I+//(2b) E~O) (t, Xi 7, ~), 

t 

IK21 :::; C J d>" J (t - >..)-M-I E~O)(t,x; >.., y)(p(x; y))/(>.. - T)-M-I 
t, IRn 

t 

X J(t->..)-1+//(2b)d>"E~O)(t,x;7'~) 
tJ 

= C(t - 7)-M-1+//(2b) E~O)(t, Xi T, ~), 
t 

IK31 :::; C J (t - >..)-1+//(2b)(>.. - 7)-M-1+//(2b) E~O)(>.., x; T, ~)d>" 
tJ 

t 

:::; C(t - 7)-M-1+//(2b) E~°l(t, x; 7,~) J (t - >..)-1+//(2b)d>" 
t, 
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Hence for W we have the estimates 

la~W(t, x; T, ~)I ::; C(t - T)-M-(lI k ll-I')/(2b) E~O) (t, x; T, ~), 

0::; T < t::; T, {x,O c ]Rn, Ilkll::; 2b. 
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(2.1.98) 

Let us prove (2.1.83). By (2.1.56), the first summand from (2.1.84) satisfies 
the estimates (2.1.83). It remains to consider the differences of derivatives from 
W. We assume that (p(X;X'))2b ::; (t - T)/2. If (p(X;X'))2b > (t - T)/2, then the 
required estimate of the difference ~~' a~W is a direct consequence of (2.1.98). 

Using the formula (2.1.97) we write 

t, 

~~'a~W(t,x;T,~) = J d)" J ~~'a~Zo(t,x;)..,y)Q()..,Y;T,~)dy 
r IRn 

T) 

+ J d)" J ~~'a~Zo(t,x;)"'y)~~Q()..,y;T,~)dy 
t, IRn 

t 

+ J d)" J a~Zo(t, x;).., y)~~Q().., y; T, ~)dy 
T) IRn 

t 

+ J d)" J a~,Zo(t,x';)..,y)~;',Q()..,x';T,~)dy 
T) IRn 

+] ~~'(J a~Zo(t'X;)..,Y)dY)Q()..'X;T,~)d)" 
t, IRn 

+ j (J a~Zo(t,x;).., Y)dY) Q()..,x; T,~)d)" 
T) IRn 

where the numbers t1 and T) are the same as in (2.1.95). 
The summand L1 is estimated with the use of the inequality (2.1.56) with 

/0 = / and (2.1.86), the estimate is 

In order to find an estimate of L 2 , we use (2.1.94) and (2.1.56) with /0 = / 
for Ilkll < 2b, and /0 > / for IIkll = 2b. 
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We have 

1) 

IL21 :s; C(p(x; X'))'O / d)" / (t _ )..)-M-([lk ll +1'0)/(2b) 

t, IRn 

1) 

:s; C(p(X; x') )10 (t - T)-M -1 E~O) (t, x; T,~) / (t - )..)-(llk ll +10- 1 )/(2b) d)". 

t, 

Since 

(t _ )..)-(llkll+10-1)/(2b)d)" < C(t - td , Ilkll < 2b, 
/

1) {(1- ll k ll )/(2b) 

- C(t - TJ)h-10)/(2b), Ilkll = 2b, 
t, 

we get 

The integrals L3 and L4 are treated similarly. For example, consider L 3. 
Using the estimates (2.1.55) and (2.1.94) we find that 

t 

IL 31 :s; C / d)" /(t - )..)-M-lIk ll /(2b)().. - T)-M-1(p(X;y))1 

1) lRn 

t 

:s; C(t - T)-M-1 E~O)(t, x; T, 0 / (t - )..)-(llk ll - 1 )/(2b)d)" 

1) 

= C(t - T)-M-1(t - TJ)1-(llkll-1)/(2b)E~0)(t,X;T,~) 

:s; C(p(x; X'))1 (t - T )-M -lIkll/(2b) E~O) (t, x; T, ~). 

By the estimates (2.1.86) and (2.1.59) with {O = { for Ilkll E (0,2b), and 
{o > { for Ilkll = 2b, arguing as for L 2 , we obtain for the case Ilkll E (0,2b] that 

1) 

IL51 :s; C(p(x; x'))"'l° (t - T)-M-1+1/(2b) E~O)(t, x; T,~) / (t - )..)-(lIkll+10-1)/(2b)d)" 

t, 

:s; C(p(x; X'))1 (t - T) -M -(llkll-1)/(2b) E~O) (t, x; T, ~). 

If Ilkll = 0, then 
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since in this case we obtain from (2.1.56) that 

I~~I J Zo(t, x; >., Y)dyl :::; C(p(x; x'))" J (t - >.)-M -'Y/(2b) E~O) (t, x; >., y)dy 
~n ~n 

:::; C(p(x; x'))'! (t _ >,)-'Y/(2b), 

0:::; >. < t:::; T, {X,X'} C ]Rn, (p(x;x' ))2b:::; (t - >'). 

It remains to consider the integrals L6 and L7 . Since the procedures are quite 
similar, we shall deal only with L6 • By (2.1.58) and (2.1.86) we find for Ilkll E (0,2b] 
that 

t 

IL61 :::; C J (t - >.)-(llk ll -'Y)/(2b) (>. - T)-M-1+'Y/(2b) E~O) (>', x; T, Od>' 

'1 

t 

:::; C(t - T)-M -1+'Y/(2b) E~O) (t, x; T,~) J (t - >.)-(llk ll -'Y)/(2b) d>' 

'1 

= C(t - T)-M -1+'Y/(2b) E~O) (t, x; T, ~)(t _ 1])1- Cl1 k ll -'Y)/(2b) 

:::; C(p(x; x'))" (t - T)-M -(llkll-'Y)/(2b) E~O) (t, x; T, ~). 

If Ilkll = 0, then by (2.1.55), 

t 

IL61 :::; C(t - T)-M-1+-r/(2b) E~O) (t, x; T,~) J d>' 

'1 

= C(t - T)-M-1+'Y/(2b) EiO)(t, x; T, ~)(p(x; X' ))2b 

:::; C(p(x; x'))" (t - T)-M E~O) (t, x; T, ~). 

Therefore 

I~~' 8~W(t, x; T, ~)I :::; C(p(x; X'))'Y (t _ T)-M-lIk ll /(2b) 

X (E~O)(t,X;T,~) +E~O)(t,x';T,~)), 

O:::;T<t:::;T, {x,x',(}C]Rn, Ilkll:::;2b. (2.1.99) 

The estimates (2.1.83) follow from the inequalities (2.1.56), (2.1.99), and the 
formula (2.1.84). 0 

Remark 1. Using the equality 

( /8t - L ak(t, X)8x) Z(t, x; T,~) = 0, 
IIkl19b 

O:::;T < t:::;T, {x,~}c]Rn, (2.1.100) 
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the estimates (2.1.82), (2.1.83), and the condition A 12 , we obtain also the following 
estimates: 

IOtZ(t, x, i T, ~)I ::; C(t - T)-M-1 E~O) (t, Xi T, ~), 

I~~' OtZ(t, xi T, ~)I ::; C(P(Xi x'))'(t - T)-M-1-,!(2b) 

x (E~O) (t, xi T,~) + E~O) (t, X'i T,~)), 

O::;T<t::;T, {x,x',Oc]Rn. (2.1.101) 

~ 

Remark 2. Let N > 1, and let the equation (2.1.1) be a uniformly strongly 2b-
parabolic system on II[o,T] , that is there exists such a constant 6 > 0 that for any 
(t, x) E II[o,T], U E]Rn and a E eNl 

(2.1.102) 

where 
Ao(t,xiia):= L ak(t,x)(is)k, 

Ilkll=2b 

(".) is the inner product in eNl , while the function r was defined in Section 2.1.2. 
Then the PSGP can be constructed without the assumption that the continuity of 
leading coefficients in t is 11niform with respect to x (under all other assumptions 
of Theorem 2.2). 

Indeed, consider the system dual to (1.1.39) in the sense of the Fourier trans
form: 

(1 :t - Ao(t'Y'iS))V = O. 

Let Vj be the j-th column of the normal fundamental matrix of solutions V(t,T,SiY) 
for this system. Then 

1 
Re(Ao(t,y,is)Vj, Vj) = '2((Ao(t,y,is)Vj, Vj) + (Ao(t,y,is)Vj, Vj)) 

= ~ ( (! Vj, Vj ) + (Vj, :t Vj ) ) 

= ~ :t IVjI2. 

It follows from (2.1.102) and Lemma 2.2 that for any s = u + hE en, 
Re (Ao(t, y, is)Vj, Vj) ::; (-61 r(u) + c1rb) )IVj 12 , 

61 E (0,6), Cl > O. 

Hence 
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so that 

whence 

IV(t, T, s; y)1 ::; C exp{ (-Olr(a) + Cl r( 'Y) )(t - T)}, 
O::;T<t::;T, sERn . 
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(2.1.103) 

Thus, the main estimate (2.1.103) has been obtained without the assumption 
of the uniform, with respect to x, continuity in t of the coefficients. Since that as
sumption was needed only to obtain the estimate (2.1.103), the FSCP for strongly 
----t 
2b-parabolic systems can be constructed without it. 

Remark 3. If, in addition to the conditions of Theorem 2.2, the coefficients of the 
equation (2.1.1) are Holder continuous in t, that is instead of the condition Al2 
the condition A13 is satisfied, then the FSCP Z can be constructed also in the form 

t 

Wl(t,X;T,~):= J d)" J ZI(t,X;)..,y)Ql()..,y;T,~)dy, 
(2.1.104) 

where ZI is a parametrix defined by the formula (2.1.81), and, by Remark 3 from 
Section 2.1.4, possessing Properties 2.5-2.7. The function Ql satisfies the inequal
ities (2.1.86), (2.1.87), and (2.1.94). Therefore the estimates (2.1.98) and (2.1.99) 
hold for the function WI. 

Note that in the present case the derivatives of Z are Holder continuous not 
only in x, but also in t, that is, in addition to the estimates (2.1.82), (2.1.83), and 
(2.1.101) we have the estimates 

I~r 8~o8:Z(t, x; T,~) I ::; C(t' - t)l-ko-(llk ll -'Y)/(2b) ((t - T) -M -1-'Y/(2b) 

X E~O)(t,X;T,~) + (t' _T)-M-l-'Y/(2b)E~O)(t',X;T,~)), 
0::; T < t < t'::; T, {x,O eRn, 0 < 2bko + Ilkll ::; 2b. (2.1.105) 

It is sufficient to prove them for the case t' - t ::; t - T, since if t' - t > t - T, 
then the estimates (2.1.105) are direct consequences of (2.1.82) and (2.1.101). 

Using (2.1.103) and Property 2.7, we write 

tl 

+ J d)" J f':l.r8:Z1(t,X;)..,y)Ql()..,y;T,~)dy 
T nrn 
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i 

+ J d)" J ~r8~Zl(t,X;)..,y)~~Ql()..,y;T,~)dy 
tl IRTt 

t 

+ J (~r J 8~ZI(t'X;)..,Y)dY)QI()..'X;T,~)d)" 
t1 ~n 

t' 

- j d)..j 8~ZI(t',X;>"y)~~QI(>"y;T,~)dy 
t ~n 

t' 

- j ( j 8~ZI (t', X;).., Y)dY) QI().., x; T, ~)d>., 
t ~n 

tl := (t + T)/2, 0 < IIkll :::; 2b. 

The first summand satisfies the estimate (2.1.57). Using it, as well as the estimate 
(2.1.60), we find bounds for other summands, just as it was done for the summands 
L j from the proof of Theorem 2.2. The estimate (2.1.105) for ko = 1 is obtained 
with the use of the equality (2.1.100), the estimates (2.1.105) with ko = 0, and 
the condition A 13 . 

Note that the function WI satisfies the estimates 

l~r8~Wl(t,x;T,~)I:::; C(t' - t/-(llk ll - i )/(2b)((t _ T)-M-l 

x E~O) (t, x; T,~) + (t' - T)-M-l E~O) (t', x; T, m, 
O:::;T<t<t':::;T, {x,Oc]Rn, 0<llkll:::;2b. 

Corollary. The results described in Remark 3, together with Property 2.5 for the 
parametrix ZI, imply the following estimates: 

I~;'~X' 8~Z(t, x; T, ~)I :::; C(p(t, x; t', x'))'((t - T)-M-(llk ll +i )!(2b) E~O) (t, x; T, 0 
+ (t' - T)-M-(llk ll +i )!(2b) E~O) (t', x'; T, m, 

Ilkll :::; 2b, (2.1.106) 

V a; Z(t, x; x, Y )dyl ~ C(t - x)-(II'II-o/(o')), 

0< Ilkll :::; 2b, 

1 Ll.::;1 a;Z(t, x; x, Y )dyl ~ C(P(t, x; t', x'))' (t - x)-II'II/(") 

0< Ilkll :::; 2b, 

in which 0:::; T < t < t':::; T, and {x,x',O c ]Rn. 

(2.1.107) 

(2.1.108) 
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Remark 4. Looking carefully into the proof of Theorem 2.2 and the derivation 
of the results of Remark 3, we notice that the estimates (2.1.105) with ko = 0 
remain valid if only the conditions All and A12 are satisfied. Thus the estimates 
(2.1.106)-(2.1.108) hold in this situation too. 

Remark 5. If, in addition to the conditions of Theorem 2.2, the condition A14 is 
satisfied, then for the equation adjoint to (2.1.1), 

(2.1.109) 

where L'N was defined in (2.1.3), there exists the FSCP defined as a function 
Z*(T,~; t, x), 0 S; T < t S; T, {~, x} eRn, such that the formula 

v( T,~) = j Z· (T,~; t, x )'P(x )dx, (T, 0 E II[o,t), 

IRn 

determines a solution of the equation (2.1.109) on II[o,t), satisfying the condition 

for any t E (0, T] and an arbitrary continuous bounded function 'P. This follows 
--+ 

from Theorem 2.2, since the equation (2.1.109) is inversely 2b-parabolic, that is 
--+ 

becomes 2b-parabolic with respect to the new independent variable -T. 

Consider some properties of the FSCP. Their proofs will be based on the 
following Green-Ostrogradsky formula obtained by integrating the equality (2.1.4): 

t2 

j dB j (v' LNu - (L'Nv)' u)(B, y)dy (2.1.110) 

t, BR 

t2 n 

= jCv'u)(t2,Y)dY- jcV'u)(t1,Y)dY+ j dB jZ;Bj[V,U](B,y)j-tjdSy , 

BR BR t, rR J-

where h < t2, (j-tl,"" j-tn) is a unit vector of the outer normal to the boundary 
rR of the ball BR . 

Property 2.8. Assume the conditions All,A12' and A 14 • Then the FSCPs Z and 
Z· for the equations (2.1.1) and (2.1.109) respectively satisfy the equalities 

Z'(T,~;t,X) = Z'(t,X;T,~), 

Z(t,X;T,O = j Z(t,x;)..,y)Z()..,y;T,~)dy 
IRn 

where o:s; T <).. < t:s; T, {x,O eRn. 

(2.1.111) 

(2.1.112) 
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The equality (2.1.111) means the property of normality of the FSCP, while 
the equality (2.1.112) is called the convolution formula. 

Proof. The formula (2.1.111) is obtained if we put in the formula (2.1.110) t1 = T+ 
E, t2 = T - E, where E is a sufficiently small positive number, u(O, y) = Z(O, y; T, ~), 
v(O, y) = Z*(O, y; t, x), and pass to the limit first as R ~ 00, and then as E ~ o. 
Here we use the estimates (2.1.82) and similar estimates for Z'. The equality 
(2.1.112) is proved similarly, only instead oft1 in the formula (2.1.110) we take).. 
and use the formula (2.1.111). 0 

2.1.6. The fundamental solution and the Green matrix of the Cauchy problem for 
an equation of an arbitrary order in the time variable. Results similar to those of 

~ 

Sections 2.1.1 2.1.5 are valid also for a general 2b-parabolic equation 

(2.1.113) 

where the elements LNjl of the matrix differential expression LN are of the form 

LNj1(t, x, at, ax) := Ojla? - L a{~k(t, x)a:oa~, 
2bko+llkI19bT[ 

(ko <rtJ 

{j,l} C {I, ... ,lV}. 

The next theorem deals with the existence and estimates of the FSCP for 
such an equation. 

~ 

Theorem 2.3. Let the equation (2.1.113) be uniformly 2b-parabolic in the layer 
II[o,Tj, the coefficients a{~k be bounded, continuous in t (for lV > 1 the continuity 

in t of a{~k with 2bko+ Ilklt = 2brl is assumed to be uniform in x E IRn), and Holder 
continuous in x uniformly with respect to t with the exponent"( E (0,1) on II[o,Tj. 

Then there exists a FSCP, a matrix Z whose elements Zjl, {j, l} C {I, ... , lV}, 
satisfy the estimates 

[[)ko[)k Z.l(t x· T t)[ < C(t - T)rj-1-M-ko-lIkll/(2b) E(O)(t x· T t) 
t x J , , ,~ - c "'~, 

[~~' [):O[)~Zjl(t, x; T, ~)[ S; C(p(x; x')P(t - Trr1-M-ko-(llkll+,)/(2b) 

x (E~O) (t, x; T,~) + E~O) (t, x'; T, m, 
OS; T < t S; T, {x,x',O C IRn, 2bko + [[kit S; 2brj, 

where C and c are positive constants depending on the same parameters as the 
constants of Theorem 2.2. 

Proof. The scheme of the proof is the same as in Theorem 2.2. First we consider 
the case, in which the coefficients do not depend on x. In this case we obtain 
a theorem, similar to Theorem 2.1, about a complete analytic description of the 
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FSCP defined by the formulas (2.1.15) and (2.1.16), in which V is a solution of 
the following Cauchy problem for an ordinary differential equation: 

s E {l, ... ,rj}, {j,l} C {I, ... ,fV}, 

where Vjz are elements of the matrix V. The function V is studied by the techniques 
used in Section 2.1.2 for a first order equation in t, and in [45J for a general 
equation, parabolic in the sense of Petrovsky. 

After that we investigate properties of the FSCP for the equation 

whose coefficients depend on t and the parameter y E ]Rn. That is done just as in 
Section 2.1.3. This investigation is basic for studying properties of the parametrix 
and implementing the Levi method. We take as a parametrix the function (1.1.43) 
where GoC·;·,·;y) is the FSCP for the equation Lfjy(t,y,Ot,ox)u = 0, in which 
Lfjy is a matrix differential expression with the elements 

Lfjyjz(t, y, Ot, ox) := (jjzo? - L a~~k(t, y)o~oo~, {j, l} C {I, ... ,fV}. 
2bko+llkll=2br l 

(ko<rLJ 
o 

Let us consider the Cauchy problem for the equation (2.1.113) with the initial 
conditions (1.1.20). Proceeding from the definition and properties of the FSCP Z 
in the same way as for the case of general Petrovsky parabolic equations [45, 52]' 
we can prove that for any sufficiently smooth functions fz and IPr' , l E {I, ... ,fV}, 
with compact supports, the components of the solution u := (U1,"" UN)' of the 
problem (1.1.20), (2.1.113) with f := (il, ... ,fN)' and IPz = 0, s E {I, ... , rz -I}, 
I E {I, ... , fV}, can be represented as 

Uj(t,x) = t( j dT J Zjz(t,x;T,~)fz(T,~)d~ + J ZjZ(t,x;O'~)IPr'(~)d~), 
Z=l 0 Rn Rn 

(t, x) E II(o,T], j E {I, ... ,fV}. (2.1.114) 

Solutions of the Cauchy problem with general initial conditions are repre
sented with the use of the Green matrix of the Cauchy problem. 

Definition 2.2. The Green matrix of the Cauchy problem (1.1.20), (2.1.113) is the 
matrix 
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such that the components of the solution u of this problem, for arbitrary sufficiently 
smooth functions !l and !.pi, s E {I, ... , r/}, I E {I, ... , N}, with compact supports, 
can be represented as 

Uj(t,x) ~ t.( I dT 1 GOj,(t,x; T,()f,(T,()dJ; + tJ G,j,(t,X;(M()dJ;), 

(t,X)EII(o,:L'), jE{I, ... ,N}. (2.1.115) 

Under some additional (compared to Theorem 2.3) assumptions on the co
efficients of the equation (2.1.113) we obtain the following result on the existence 
and structure of the Green matrix. 

Theorem 2.4. Suppose that the conditions of Theorem 2.3 are satisfied and, in 
addition, the coefficients of the equation (2.1.113) have, on the layer II[o,TJ' the 
bounded, continuous in t, and Holder continuous in x, uniformly with respect to t, 
derivatives 8;o8~a{~k' 2bko+ Ilkll ~ 2brl, {j, l} c {I, ... , N}. Then there exists the 
Green matrix of the Cauchy problem for the equation (2.1.113), whose elements are 
expressed via elements of the FSCP Z and coefficients of the equation as follows: 

GOj/(t, Xj T,~) = Zj/(t, Xj T, ~), 

G1js(t, Xj~) = ~ (OIP( -o/3Y'-s Zjp(t, Xj /3,~) 

- B(rl - s -1) L (-8/3)kO(-O~)k(Zjp(t,Xj/3,~)a(~O+S)k(/3,~))) I ' 
2bko+llkI19bh-s) /3=0 

(ko<T[-s) 

O:::;T < t:::;T, {x,OClRn, sE{I, ... ,rz}, {j,I}C{I, ... ,N}, (2.1.116) 

where B is the Heavyside function. 

Proof. We give only a scheme of the proof. For the detailed proof see [109]. We 
reduce the problem (1.1.20), (2.1.113) to the problem with the zero initial data. 
In order to do that, consider the functions 

Ujh(t,X) := ((t/h)uj(t,x), (t,x) E II(o,TJ, j E {I, ... ,N}, 

where h is a number from (0, T), (is a sufficiently smooth function on [0, (0), such 
that (= 0 on [0,1/2]' and (= 1 on [1, (0). Since the functions Uj, j E {I, ... , N}, 
are components of the solution of the problem (1.1.20), (2.1.113), for Ujh, j E 
{I, ... , N}, we obtain the following problem with the zero initial data: 

N 

LLNj/(t,x,Ot,Ox)Ulh(t,X) = iJh(t, x), (t,x) E II(o,T], 

1=1 
8:- 1Ujh(t,x)lt=0=0, xElRn, sE{I, ... ,rj}, jE{I, ... ,N}, 



2.2. Cauchy problem for equations with bounded coefficients 97 

where 
N 

fjh(t,X):= ((t/h)fj(t,x) + L,(LNj1(t, x, Ot, Ox)(((t/h)Ul(t, X)) 
1=1 

- ((t/ h)LN jl (t, x, Ot, Ox)Ul(t, x)). 

By (2.1.114), we have the equalities 

N t 

Ujh(t,X) = L, J dT J Zjl(t,X;T,~)flh(T,~)d~, (t,x) E II(o,TJ' j E {l, ... ,N}. 
1=1 0 IRn 

for components of the solution of this problem. If we fix an arbitrary point (t, x) 
inside the layer II(o,T] , assume that hE (0, t), and pass to the limit as h ---) 0, we 
obtain the formulas (2.1.115), in which the kernels of the integrals are given by 
the equalities (2.1.116). 0 

2.2 Cauchy problem for equations with bounded coefficients 

2.2.1. Function spaces. We begin with the definition of function spaces for the 
Cauchy problem for the equation (2.1.1) with bounded coefficients. As we noted 
in Section 1.1.3, for such an equation it is natural to consider the spaces of func
tions which increase rapidly as Ixl ---) 00, with the growth type determined by 
the vector-function k(t,ii) := (k1(t,a1), ... ,kn(t,an)), t E [O,T] where the func
tions kj, j E {1, ... , n}, are defined by the formulas (1.1.34). There we assume 
CO,a1, ... ,an to be fixed numbers, such that Co E (O,c), aj ::::: 0, j E {l, ... ,n}, 
T < min (co/aj?bJ -1/2, where c is the smallest of the constants c in the 

jE{l, ... ,n} 

estimates (2.1.82), (2.1.83), and (2.1.106); i1:= (a1,"" an). 
Let us introduce the following weight functions: 

wv(t, x) := exp { /.I t kj(t, aj)lxj Iqj }, (t, x) E II[o,TJ' /.I E {-1, 1}. (2.2.1) 

The behaviour of functions from the spaces defined below, as Ixl ---) 00, will be 
described by the function 'Ill' 

Note that the functions kj, j E {l, ... ,n}, are the functions defined by the 
formula (1.3.18), with 0, 1/(2bj ), and aj substituted for j, (3, and a respectively. 
Therefore, by the definition, the equality from (1.3.19), and Lemma 1.4, these 
functions possess the following properties: 

k(O,ii) = ii, 
kj (t - T, kj (T, aj)) = kj (t, aj), j E {1, ... , n}, 

E~~)(t,X;T,~)W1(T,~) ~ W1(t,X), 
O~T<t~T, {x,Oc]Rn. 

(2.2.2) 

(2.2.3) 

(2.2.4) 
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Recall that the function E~~) was defined in (2.1.40). 
Below we assume that p is a number from the interval [1,(0) or p = 00, >. is 

a number from (0,1), m is a number from NU{O}, and i.i is the vector from (2.2.2). 
We use the following spaces of functions: 

<p : lR" ---+ C Nl, 

f.J: Bn ---+ CN1 , 

U : II[o,T] ---+ C Nl, 

U : II(o,T] ---+ C Nl, 

where Bn is the CT-algebra of Borel sets in lRn : 

(2.2.5) 

(2.2.6) 

(2.2.7) 

(2.2.8) 

L: and L~k(T,a), the spaces of the Lebesgue measurable functions (2.2.5) 
with finite norms 

respectively, where Lp(lRn) is the Lebesgue Lp-space of functions (2.2.5); 
M a, the space of CT-additive set functions (2.2.6) (generalized Borel measures 

on lRn) satisfying the condition 

11f.Jlla:= J W_l(O,x)dlf.Jl(x) < 00, 

IRn 

where 1f.J1 is the full variation of f.J; 
e~k(T,a), the space of continuous functions (2.2.5), with the property 

1<p(x)IW1(T,x) -+ ° 
Ix 1--->00 

(for <p E e~k(T,a) we set 1I<pII~k(T,a) := sup (1<p(x)lwl(T,x))); 
xEIRn 

eg,o and eg,)." the space of continuous functions (2.2.5), for which the norms 

11<pllg,o and 11<pllg,)., := 11<pllg,o + (<p)~ respectively are finite. Here 

1I<pllg 0:= sup (1<p(x)IW-l(O,X)), (<p)~ 
, xEIRn 

'= sup ( 16.~' <p{x) I ) . 
. {x'~'}CIRn (p(x;x'))).,(Wl(O,X) + Wl(O,X')) , 

xfx' 

e! 0 and e! )." the space of functions (2.2.5) with the continuous derivatives 
8~<p, IIIII':::; m, and' the finite respective norms 

1I<p11~,o:= L 118;'<pllg,o and 
1111I:::;m 

11<p1I~,).,:= L 118;'<pllg,).,; 
11111:::;m 
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CkUi) ek(.,a) d ek(.,a) h f' f . (2 2 7) . h 
0,0,0' O,O,A' an 0,A/(2b),A' t e spaces 0 contmuous unctIOns .. Wlt 

the finite respective norms 

lIull~~'~) := sup (lu(t,x)lw-l(t,x)), 
, , (t,x)EII[o.Tj 

II Il k(.,a).- II Ilk(.,a) + ( )k(,a) u O,O,A .- U 0,0,0 U A ' 

and 
II Il k(.,a) II Ilk(.,a) II \\k(,a) u 0,A/(2b),A:= u 0,0,0 + \\u// A , 

where 

(( )) k(·,a) ._ t,x , . - (l!::J.t',x' u(t x)1 ) 
U A .- {(t,x).(t,~~0\CIIIO.Tj (p(t,x;t',x'))A(Wl(t,X) + Wl(t',X')) , 

(t,x)#(t' ,x') 

e k(.,a) ek(.,a) d eke-,a) th f f t' (2 2 7) 'th th 
m,O,O' m,O,A' an m,A/(2b),A' e spaces 0 unc IOns .. Wl e con-

tinuous derivatives o~u, IllIl ~ m, and the finite respective norms 

Ilullk(.,a):= ~ 1101 ullk(.,a), 
m,O,O ~ x 0,0,0 

II I lI:'O:m 

and Ilull~:).a)(2b),A:= L Ilo~ull~:~;t2b)'A; 
II I lI:'O:m 

6~,b·a) and 6~\,a), the spaces of continuous functions (2.2.8), for which the 

numbers Ilu(t, ')II~~,a), Ilu(t, ')II~:1,a) for any t E (0, TJ, respectively, and the norms 

where 

are finite. 

T T 

-kc,a). J k(t,a) lIullo,o .= Ilu(t, ')110,0 dt, 
-kc,a). J k(t,a) Ilullo,A .= Ilu(t, ')llo,A dt, 

° ° 

Ilu(t, ')II~~,a) := sup (lu(t,x)IW-l(t,x)), 
, xEIRn 

(( )lct,a)._ ( 1!::J.~'u(t,x)1 ). 
u t,' A .- {x,~~~lRn (p(x;X'))A(Wl(t,X) + Wl(t,X')) , 

x#x' 
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6!(6a), the space of functions (2.2.8) belonging, together with the derivatives 

8~u, IllIl ::; m, to the space 6g.b,a) thus having the finite norm 

-k(.,a) __ k(-,a) 

Ilullm,o := L 118~ullo,o ; 
1111I:":m 

H">-' and ifT'A, ° < ..\ ::; 'Y < 1, the spaces of functions (2.2.7) and (2.2.8) 
respectively, possessing the derivatives 8~u, Illll ::; 2b, which belong to the spaces 

C k(-,a) d C' ke,a) . 1 'f Illll 2b d h Ck(-'a) d O"j(2b)" an 0" respectIve y, I <, an to t e spaces o,>-.j(2b),>-. an 

6~,\,a), if III II = 2b. The norms are defined by the equalities 

lIullm,A:= L 118~ull~~';{2b)" + L 118~ull~~';{2b),>-.' 
1111I<2b 111I1=2b 

__ k(.,a) __ k(.,a) 

Ilullfl"Y,A:= L 11 81u llo" + L 11 81u llo,>-. ; 
1111I<2b 1111I=2b 

h H >-. >-. ek(,a) 
note t at ' = 2b,>-.j(2b),>-.' 

In the above expressions for norms p(x;x') and p(t,x;t',x') denote the dis
tances defined by the formulas (2.1.2). 

Apart from the above norms, we shall use also the following norms for the 
Lebesgue measurable in x functions (2.2.8): 

Ilu(t, ·)II~(t.a) := Ilu(t, ,)W_I(t, ')IILp(I~n), t E (0, T], p E [1,00]. 

2.2.2. Properties of the Poisson integrals. Consider some properties of the Poisson 
integrals generated by the FSCP for the equation (2.1.1) according to (1.1.24) and 
(1.1.25). We assume the conditions of Theorem 2.2, so that for the equation (2.1.1) 
there exists the FSCP Z, with the properties described in Section 2.1.5. 

Let us study the Poisson integral 

u(t,x):= (Pcp)(t,x):= J Z(t,x;O,E)cp(OdE, (t,x) E II(o,Tj, (2.2.9) 

IRn 

of a function cp, and the Poisson integral 

uo(t,x):= (P/l)(t,x):= J Z(t,x; 0, E)d/l(E) , (t,x) E II(o,Tj' (2.2.10) 

IR" 

of a generalized measure /l. 
The proofs of the lemmas below employ systematically the estimates (2.1.82), 

for Z, the inequality (2.2.4), and the equality (2.1.46). Therefore we shall not 
mention their use each time. 
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Lemma 2.4. If cP E C8,0, then the function (2.2.9) has the following properties: 

1) there exists such a constant C > ° that for any t E (0, T] and l E Z~, 

IIlll :::; 2b, 
118;u(t, ')II~,~,a) :::; Clicpllg,orlllll/(2b); 

2) for any compact set K c jRn, 

u(t,x)---'CP(x) uniformly withrespectto xEK. 
t--->O 

Proof. 1) For (t,x) E II(o,T] , we have 

18;u(t,x)1 :::; crM-1111I/(2b) 

(2.2.11) 

(2.2.12) 

x J E~~co (t, X; 0, ~)(E~~) (t, X; 0, ~)w 1 (o,~) )(Icp(~) I'll -1 (o,~) )d~ 

= Cllcpllg,orlllll/(2b)W1(t, x), Illll:::; 2b, 

which implies the estimates (2.2.11). 
2) First we prove that, uniformly with respect to x E jRn, 

J Z(t, x; 0, ~)~ ---. I. 
t--->O 

By (1.1.41) and (2.1.84) we have 

(2.2.13) 

J Z(t,x;O,~)d~ = J Go(t,x;O,~;x)d~ + J ~~GO(t,x;O'~;Y)1 d~ 
IRn IRn IRn y=f; 

3 

+ J W(t,x;O,~)d~ =: LIj(t,x). (2.2.14) 
IRn )=1 

Using Properties 2.2 and 2.4, the inequalities (2.1.61) and (2.1.98) we find that 

h (t, x) ---. I uniformly w.r.t. x E jRn; 
t--->O 

(2.2.15) 

Ih(t,x)1 :::; C J rM(p(x;~))'E~O)(t,x;O,~)d~ 

xEjRn, c1E(O,c); (2.2.16) 
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(2.2.17) 

(2.2.14)-(2.2.17) imply (2.2.13). 
Due to (2.2.13), in order to prove (2.2.12), it suffices to show that the function 

is such that 

v(t,x) := J Z(t,x;O,~)L\.~'P(~)d~, (t,x) E II(o,TJ' 
JRn 

v( t, x) -4 ° uniformly with respect to x E K, 
t-->O 

that is for any E > ° there exists such a 15 E (0, T) that for any t E (0,15) and 
xEK 

Iv(t,x)1 <E. (2.2.18) 

Let K' be such a compact set in ]Rn that K c K', and E > ° be a given 
number. Due to the uniform continuity of the function 'I' on K', for any El > ° 
there exists such 'r/ > ° that for all x E K and ~ E B(x, 'r/), 

(2.2.19) 

Represent v (t, x) as 

v( t, x) = J Z( t, x; 0, ~)L\.E 'P(~)d~ + J Z( t, x; 0, ~)L\.E '1'( ~)d~ 
B(x,1)) JRn\B(x,1)) 

and use the inequalities (2.1.47) and (2.2.19). Then 

Iv(t, x)1 ~ GEl J eM E~O)(t, x; 0, ~)d~ + G J eM (E~~co (t, x; O,~) 
JRn JRn\B(x,1)) 

X (Ei~) (t, x; 0, ~)Wl (0, m(I'P(~) I'll -1 (O,~)) 

+ EiO) (t, x; 0, ~)w 1 (0, x )(I'P(x) I'll -1 (0, x))) 

~ GlEl + Goll'Pllg,OWl(t,X) exp{ -Clt l - q" 'r/q'} 
..... 1 II I 

~GlEl+GolI'Pllo,owoexp{-clt -q 'r/q}, 

where Cl := (c - co)/2, Wo:= maxWl(T,x). 
xEK 

Let the number El > ° be such that GIEI < E/2, and let 'r/ correspond to it 
in accordance with (2.2.19). Choose a small number 15 > ° in such a way that for 
all t E (0,15), 

Goll'Pllg,owo exp{ -Clt l - qll ,,/} < E/2. 

Then we obtain the required inequality (2.2.18). o 
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Lemma 2.5. Let <p E L~, p E [1,00]. Then the function (2.2.9) has the following 
properties: 

1) there exists such a constant G > ° that for any t E (0, T] and I E Z~, 
11111 ::; 2b, 

(2.2.20) 

2) ifp E [1,(0), then 

}~ Ilu(t,.) - <p(')II;(t,il) = 0, (2.2.21) 

while for p = 00 u( t, .) ~ <p('), that is for any 'l/J E L~k(T,il) , 
t-+O 

limj'l/J'(X)fl(t,X)dX = j'l/J'(X)i{J(X)dX, 
t-+O 

(2.2.22) 

where, as usual, the dash means taking the conjugate matrix while the bar 
denotes the complex conjugation. 

Proof. 1) Below I is a multi-index with 11111 ::; 2b. Consider first the case p = 00. 
For (t,x) E II(o,T], we have 

18~u(t,x)1 

::; Gt-M-IIIII/(2b) j E~~co (t, x; 0, O(E~~) (t, x; 0, OWl (0, m(I<p(~)lw-l (0, 0 )d~ 

which implies the estimates (2.2.20) for p = 00. 
If p E (1, (0), then using the Holder inequality we obtain that 

18~u(t,x)1 

::; GeM -11 11I/(2b) J (I<p(~) IW-l (o,~) )(Ei~) (t, x; 0, ~)Wl (o,~) )E~~co (t, x; 0, Od~ 

x (j Ei~~,")" /, (t, X; 0, ,),- M d{) W 

~ C,-IIIII/("hji, (t, x) (j (11'«) 1 'Ii ~,(O, ,))p Ei:~," ),/, (t, X; 0, ,),-M d{) '/', 
(t,x) E II(o,T]' Here p' = p/(p -1). 
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It follows that 

118;u(t, ')II~(t,a) 

:s cr"'"/('" (j (j (I~«)I"_'(O, m' Ei:'~,pI,(t,x; O,,)rM d,)dx ) 'I, 

~ Crll'II/('" (j (I~«) I'L, (0,<))' (j Ei:'~'/,(t, x; 0,0'- M dx ) <J<) 'I, 

= clI'PlI~elllll/(2b), t E (0, T]. 

Similarly, if p = 1, then 

18;u(t,x)1 

:S Ct- M -II I II/(2b) J (1'P(~)lw -1 (o,~) )(E~~) (t, x; 0, ~)w 1 (0, 0 )E~~co (t, x; 0, ~)d~ 

:S celllll/(2b)W1(t,X) J(I'P(~)lw-1(0,mE~?}co(t,X;0,~)d~, (t,x) E II(o,'l'j, 

IRn 

whence 

118~u(t, ·)//f(t,a) :::; ce lllll/ (2b) J (/'P(E,)/'l! -1 (0, m ( J E~~co (t, Xj 0, E,)e M dX) dE, 

IRn IRn 

= C1i'Plift-IIIII/(2b), t E (0, T]. 

2) Let p E [1,00). We have to prove that for any c > ° there exists such 
5 E (0, T) that for all t E (0,5), 

II (P'P)(t, .) - 'P(')II~(t,a) < c. (2.2.23) 

For R > 0, consider the function 'P(R) defined by the equalities 

(2.2.24) 

where BR := B(O, R). We have 

II (P'P)(t, .) - 'P(')II~(t,a) :::; II (P('P - 'P(R)))(t, ')II~(t,a) 

+ II (P'P(R))(t, .) - 'P(R) (.) 1I~(t,a) + II'P - 'P(R) 1I~(t,a), 

t E (0, T]. (2.2.25) 
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By (2.2.20), 

II (P('P - 'P(R))) (t, ·)II~Ct,a) :::; GII'P - 'PCR) II!, t E (0, T]. (2.2.26) 

The inequalities (2.2.25) and (2.2.26) imply the inequality 

II(P'P)(t,·) - 'P(·)II~Ct,a) :::; (G + 1)1I'P - 'PCR) II! + 11(P'PCR))(t,.) - 'PcRl(.)II~Ct,a), 
t E (O,T]. 

Let E > ° be a given number. Choose R > 0 in such a way that 

Since 

(2.2.23) will be proved if we prove the existence of such a /j E (0, T), that for any 
t E (0, /j), 

J1/p < E/2. (2.2.27) 

Represent J as J = J 1 + J 2 where 

J,,~ I II Z(t,x'O,,}~(R)(,}d{I' dx, 
IRn \B2R 'BR 

h:= J I J Z(t, x; 0, ~)'PCR) (~)d~d~ - 'PeR) (x) I
P 
dx. 

B2R 'BR 

Note that for any C1 > 0, t E (0,1]' x E IRn \ B2R and ~ E B R , 

(2.2.28) 

This inequality follows from the definition (2.1.40) of the function Ei~), and the 
inequalities 

n n 

2: t 1- qj IXj - ~j Iqj 2: t 1- q" 2: IXj - ~j Iqj = t 1- q" (q(x;~) )ql 
j=l j=l 

2: t 1- q" (q(x; 0) - q(~; O))ql 2: t 1- q" (2R - R)ql = Rql t1- q". 

We used the definition (2.1.2) of the distance q and its properties. 



106 Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 

If p = 1, using the inequality (2.2.28) with C1 = c - Co, we obtain for t ::; 1 
that 

J1 ::; C J (J 14?(R)(~)IE~O)(t,x;O'~)CMd~)dX 
IR n \E2R ER 

= C J 14?(R)(~){ J E~O)(t,x;O,OCMdx )d~ 
ER IRn \E2R 

::; C exp{ -(c - co)Rq' t1- qfl } J 14?(R)(~){ J E~~) (t, x; 0, ~)CM dX) d~ 
IRn IRn 

(R) '1 " = CII4? IIL1(lRn ) exp{ -(C - co)Rq t -q }. (2.2.29) 

If p > 1, we use the Holder inequality and the inequality (2.2.28) with C1 = 
(c - co)/2. For t E (0,1] and x E IRn \ B2R, we find that 

I J Z(t, x; 0, ~)4?(R) (~)d~1 
'BR 

::; C J E~O)(t,x;O,~)I4?(R)(~)lcMd~ 
ER 

whence 

it ::; c J (J 14?(R) (~)IP E~~~co)P/2(t, x; 0, ~)t-M d~) dx 
IR n \E2 R En 
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x exp{ -(c - co)pRq' t1- qll /2} 

~ Cllip(R)llt(Jl~n) exp{ -(c - co)pRq't1- Q"/2}, t E (0, 1j. (2.2.30) 

Let us estimate J2. Let ip~R) be the averaging for the function ip(R) [214j. It 
follows from properties of the averaging that 

(2.2.31) 

Since ip~R) is an infinitely differentiable function with a compact support, we find, 
due to (2.2.12), that for a fixed h > 0, uniformly with respect to x E B 2R , 

If . (R) (R)( 1 ~n Z(t,x,O,~)iph (~)d~ - iph x) ~O. (2.2.32) 

We have 

JY' ~ (L V Z(t, x; 0, ,)( "R) (€)- ,in) (<))<1<1' ,]x )'/, 

+ CL V Z(t, x; 0, ,),;,R) «)<1< - ~iR) (x) I' dx f' 

Repeating for the first summand the estimates similar to the ones carried out in 
the proof of the estimates (2.2.20), and using the relations (2.2.31) and (2.2.32), 
we come to the existence of such a constant 82 > ° that for any t E (0,82), 

h < (1/2)(c:/2)P. (2.2.33) 

The inequalities (2.2.29) and (2.2.30) imply the existence of such a 81 > ° 
that for all t E (0,81), 

h < (1/2)(c:/2)P. 

Together with (2.2.33) this shows that for all t E (0,8), 8 := min(81 , ( 2), the 
inequality (2.2.27) holds. Hence, we have proved (2.2.21). 

Let us prove (2.2.22). Note first of all that the integrals from (2.2.22) 

make sense for any ip E L'fx" 'lj; E L~k(T,a), and t E (0, Tj, since by (2.2.20), 

Ilu(t, .) II~t,a) < 00 for any t E (0, T], if ip E L'fx,. Indeed, since W1 (0, x) ~ w(t, x) ~ 
w1(T,x), t E (O,T], we have 

V ,p' (x)u(t, X)dxl 'S j (1)I>(x)I''' (T, x ))(I"(t, x)I" -, (t, x))dx 
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::; Ilu(t, ')II~t,a)II'l/JII~k(T,a) < 00, 

V ,p' (x)~(x )""1 So i (I,p(x) I'"' (1', x) )(I~(x) 1'''-, (0, x))dx 

::; Ilcpll~II~II~k(T,a) < 00. 

Due to (2.2.9), in order to prove (2.2.22), it suffices to show that 

J(v(t,~) - 'l/J(~))'45(~)df. ~O 
IRU 

where 

v(t,~):= J Z'(t,x;O,~)'l/J(x)dx, (t,O E II(o,Tj' (2.2.34) 

Since cp E L~, we find that 

and (2.2.22) will be proved if we prove that 

(2.2.35) 

IRU 

Consider the functions 

lj(t,aj):= cokj(T,aj)(c~bj-l + (kj(T,aj))2bj-l t )1-Qj, j E {l, ... ,n}, 

[(t,o:):= (h(t,aj), ... ,ln(t,an)), t 2': 0, (2.2.36) 

and also, by analogy with (2.2.1), the weight functions 

Since aj < kj (T, aj), j E {I, ... ,n}, there exists such a 'Y > 0 that for all t E [0, 'Y), 

hence also the inequalities 

(2.2.38) 
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Therefore, to prove (2.2.35) it is sufficient to show that for any E > ° there exists 
such a 6 E (0,,) that for all t E (0,6), 

(2.2.39) 

The proof of (2.2.39) is similar to the one for the inequality (2.2.23). Just 
as it was done there, we introduce, for R > 0, a function 'Ij;(R) by the equalities 
(2.2.24), with 'Ij; substituted for cpo For t E (0,,), we obtain that 

I
I II-nt,a) Ilv(t")_1t{)II~nt,a):::; ~ Z'(t,x;O,e)('Ij;-'Ij;(R))(x)dx 1 

I~ II
-nt,a) 3 

+ J Z'(t, x; 0, e)'Ij;(R) (x)dx - 'Ij;(R) (e) + 11'Ij; - 'Ij;(R)II~nt,a) =: ~Kj' 
n 1 J-1 

(2.2.40) 

Let us give an estimate for K 1 . We have 

v. Z' (t, X; 0, ,)(., - .,( R»)( x )dxl 

:::; C J E~~co (t, x; 0, e)(E~~) (t, x; 0, e)w -1 (T, x))(I('Ij; - 'Ij;(R))(x)lw1 (T, x))C M dx 

:::; CW- 1(t,e) J E~~co(t,x;O,e)(I('Ij; - 'Ij;(R))(x)l wl(T,x))C M dx, (2.2.41) 
IRn 

due to the inequality 

(2.2.42) 

proved just as (2.2.4). It follows from (2.2.40) that 

(2.2.43) 

By the inequalities (2.2.38), K3 :::; 11'Ij; - 'Ij;(R) II~k(T,a), t E (0, ,), so that 

K1 + K 3 :::; (C + 1)11'Ij; - 'Ij;(R)II~k(T,a), t E (0,,). 

Since 

11'Ij; - 'Ij;(R)II~k(T,a) = J 1'Ij;(x)lw1(T,x)dx ----+ 0, 
R-->oo 

IRn\BR 
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we get 

Kl + K3 -----7 0, t E (0, ,,). 
R--+oo 

(2.2.44) 

Consider the expression K 2 . We rewrite it as 

K2 = ; I; Z'(t,x;o,O~t/R)(X)dXI~l(t,~)d~ 
IKn\B2R ~n 
I L V Z' (t, x; 0, ,)¢(H) (x)dx - ¢(R) «) I'" (t, ,)d< 

=:K~ +K;. 

The inequality 

which is proved just as (2.2.43),implies 

K;-----70, tE(O,,,). 
R--+oo 

(2.2.45) 

For K; we have 

K; ::; ; If Z'(t,x;O,~)'lj;(R)(x)dx - 'lj;(R)(~)ld~. 
B2R ~ 

The arguments similar to those for h show that K; -----70, R > 0. Together with 
t--+O 

(2.2.29), (2.2.44), (2.2.45) this implies the inequality (2.2.39). 0 

Lemma 2.6. If fl E Ma, then the function (2.2.10) has the following properties: 

1) there exists such a constant C > ° that for any t E (0, T] and I E Z~, 
11111 ::; 2b, 

(2.2.46) 

2) u(t,·) ~ fl, that is, for any'lj; E C~k(T,a), 
t--+O 

lim; 'lj;'(x)u(t, x)dx = ; 'lj;'(x)dp(x). 
t--+O 

(2.2.47) 
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Proof. 1) For l E Z~, IIlll ::; 2b, and (t,x) E II(o,TI we have 

18;u(t, x)1 ::; ceM-IIIII/(2b) 

III 

x ! E~~co (t, x; 0, ~)(E~~) (t, x; 0, ~)I}i 1 (0, ml}i -1 (0, ~)dIJlI (~) 

::; ce lllll /(2b) I}i 1 (t, x) ! eM E~~co (t, x; 0, ~)I}i -1 (0, ~)dIJlI(~), 
IRn 

whence 

II a: u( t, .) II:' ',m <; c,- (1'(1/ ''') j (j E;m~ (t, x; 0, ,)r M dx ) 'L, (0, ,)dl"1 «) 

= CIIJlllaelllll/(2b), t E (0, T], Illll::; 2b. 

2) The integrals from (2.2.47) make sense for any 'I/J E cok(T,a) , Jl E Ma, and 
t E (0, T]. Indeed, using (2.2.46) we find that 

V ~'(x )u( t, x )dXI <; j (I~(x) I"', (T, x) )(Iu(t, x) I'" -, (t, x))dx 

::; 11'l/Jllok(t,a)llu(t, ')II~(t,a) 

::; CII'I/Jllok(T,a) IIJllla < 00, 

V ~'(x)dp(x) I <; j (I~(x) I"', (T, x))'" -, (0, x )dl"1 (x) <; 11~II~k(",..m """' < 00. 

By virtue of the formula (2.2.10) we obtain that 

V ~'(x )u(t, x)dx -1 ~'(x)dp(x) I <; IIv(t,·) - ~o 11,;,'11""', 

where v is the function (2.2.34). Therefore it suffices to prove that 

(2.2.48) 

where the functions f and ~ 1 were defined in (2.2.36) and (2.2.37). 
Suppose that R > 0, OR is a function from the space COO (lRn ), such that 

0::; OR ::; 1 on lRn , OR = Ion BR/2' and OR = 0 on lRn \ BR· Set 'l/JR := OR'I/J. For 
t E (0,,) we have 

I
I ll-ret,a) 

Ilv(t")-'l/JOII;;;(t,a)::; J Z'(t,x;O,~)('I/J-'l/JR)(x)dx 00 
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(2.2.49) 

Just as in the proof of the inequality (2.2.41), we obtain that 

111 z' (t, x; 0, ,l( 'i' - 'i'n)(x ldxll 

::; G111/1 - 1/1RII~k(T,a) ~ -1 (t,~) J E~~cO (t, x; 0, e)CM dx, 

which implies the inequality L1 ::; CII1/1 - 1/1RII~k(T,a), t E (0,,). Due to the 

inequalities (2.2.38), L3 ::; 111/1 - 1/1RII~k(T,a), so that L1 + L3 ::; (C + 1)111/1 -
.1. II-k(T,a) (0) S' 'l'R 00 , t E ". mce 

we get 
L1 + L3 ----+ 0, t E (0, ,). 

R-+oo 

Next, 

where Co := exp{ max kj (T,aj)(2R)Q'}, because, due to (2.2.38), 
jE{1, ... ,n} 

~1(t,e) ::; \]i1(T,O::; exp{ max kj(T,aj)(q(e;O))q'} 
jE{l, ... ,n} 

::; Co, t E (0, ,), e E B2R · 

Using the inequalities (2.2.28) and (2.2.42) we find that 

L~::; sup (cJ E~~co(t,x;O,e)(E~~)(t,x;O,e)\]i-l(T,x)) 
~ElRn\E2R 

ER 

X (I1/1R(X)I\]il(T'X))CMdX~l(t,O) 

(2.2.50) 

(2.2.51) 
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S CII7fII~k(T,il) exp{ -(c - co)Rq' t1-q" /2} t=;; 0, R> o. (2.2.52) 

Since 7fR is a bounded and continuous function, we prove, as in the proof of 
(2.2.12) that 

L~ ----4- 0, R > 0. 
t-->O 

(2.2.53) 

The required relation (2.2.48) follows from (2.2.49)-(2.2.53). 

Remark. The functions (2.2.9) and (2.2.10), for any fixed cp and f..t from the spaces 
C8,0, L~, p E [1,00], and Mil respectively, are solutions of the equation (2.1.1) 
with f = 0. This is proved using properties of the FSCP, just as in the proof of 
Theorem 2.1. 

2.2.3. Lemmas about integrals similar to derivatives of volume potentials. The 
proofs of theorems about the correct solvability of the Cauchy problem for the 
equation (2.1.1) will be based on properties of volume potentials generated by 
the corresponding FSCPs. Before turning to these properties, we give some lem
mas about integrals similar to derivatives of volume potentials, which are also of 
independent interest. 

We shall consider integrals of the form 

t 

u(t,x):= J dT J K(t,X;T,~)f(T,~)d~, (t,x) E II(o,T]. (2.2.54) 

o lRn 

First we consider the kernel 

K(t,X;T,~):=Ko(t-T,X-~), OST<tST, {x,OclR.n , (2.2.55) 

with the properties of derivatives of the FSCP G for the equation (2.1.5) with 
constant coefficients. 

Let us describe properties of the function Ko. We assume the representation 

(2.2.56) 

n 

where, as before, M = ~)I/(2bj)), Xt = (C 1/(2bd x1 , ... , t- 1/(2bn )xn ), v E (0,1]' 
j=l 

the function D : IR.n -+ CNN is continuous and satisfies the following conditions 
(with certain constants C > 0, c> 0, and 1'0 E (0,1]): 

J D(x)dx = 0, (2.2.57) 

lRn 
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and for any {x,x'} c ]Rn, 

1f/(x)1 :::; cexp { -c t IXj1qj}, (2.2.58) 

I~~' f/(x) I :::; C(p(x; x'))'!o (exp{ -c ~ IXj Iqj } + exp { -c ~ Ix~ Iqj } ). (2.2.59) 

For v = 1, the integral (2.2.54) with the above kernel is understood as the 
limit 

t-h 

lim J dTJKo(t-T'X-~)f(T,~)d~, 
h....,O 

o IRn 

existing for an appropriate f due to (2.2.57). 
We describe properties of the integral (2.2.54) stating that the function u 

belongs to an appropriate space, depending on a space to which f belongs. In 
t · 1 th Ck(-,a) Ck(-,a) Ck(.,a) d C~ k(-,a) d fi d· par ICU ar, we use e spaces 0,0,0' 0,0,.>-' 0,'>-/(2b),.>-' an 0,.>-' e ne In 

Section 2.2.1. Note that the constant Co in the expression for the function k(., a) 
will be a fixed positive constant, smaller than the constant c from the estimates 
(2.2.58) and (2.2.59). 

We have the following estimates for the function Ko: 

IKo(t - T, x - ~)I :::; C(t - T)-M-v E~O)(t, x; T, ~), (2.2.60) 

I~Kol :::; CI P6° (t - T)-'!o/(2b) ((t - T)-M -v E~~) (t, x; T,~) 

+ (t' - T)-M-v E~~)(t',x'; T,~)), 
Cl E (co, c), T < t:s t', {x,x'} c ]Rn, (2.2.61) 

where 
t' x' I I 

~Ko:= ~t ~ Ko(t - T,X - ~), Po:= p(t,x;t ,x). (2.2.62) 

Indeed, the equality (2.2.56), the estimate (2.2.58), and the definition (2.1.40) 

of the function E~O) imply the estimate (2.2.60) directly; the latter implies the 
estimate (2.2.61) for the case where P6h 2: t - T. 

Suppose that P6b < t - T. By (2.2.56) and (2.2.58), we have 

I~Kol :::; ~f (t - T)-M-vlf/((x - ~)t-T)I + (t' - T)-M-vl~f/1 

:s C(t' - t)(t - T)-M-v-l E~O) (t, x; T,~) + (t' - T)-M-v I~f/I 

:::; CpJo (t - T)-M-v-'!o/(2b) E~O) (t, x; T,~) + (t' - T)-M-vl~f/I. (2.2.63) 
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Let us give an estimate for ~n. Using (2.2.59) we find that 

l~nl(E~O) (t, x; T,~) + E~O) (t', x'; T, 0)-1 

::; C(p((x - ~)t-T; (x' - ~)tl-T))'Y° 

::; C((t - T)-I'O/(2b) (p(x; x'))I'O 

+ (t' - t)'o/(2b)(t - T)-l'o/(2b)(t' _ T)-l'o/(2b)(p(X';~))'O) 

::; CP6°(t - T)-I'O/(2b) (1 + (t' - T)-l'o/(2b)(p(x';~))'O). 
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Together with the inequality (2.1.61), this gives the required estimate of ~n. The 
latter estimate and the estimate (2.2.63) imply (2.2.61) for this case. 

Lemma 2.7. The integral (2.2.54), with the kernel K satisfying (2.2.55)-(2.2.59), 
has the following properties: 

1) if 1 - 1/ - 'Yoj(2b) > 0 and f E cg~,g), then u E Cok(.,a/)(2b) ,and 
, , ,/'0 ),0 

II Il k(.,a) Gllfllk(.,a) 
u 0,l'o/(2b),l'o ::; 0,0,0 ; (2.2.64) 

2) if f E Gg~,~), ,\ E (0,1), then for 1- 1/ - ho - '\)j(2b) > 0 u E Gok(.,a/)(2b) , 
1 1 ) 'Yo ,,0 

and 
Ilull~~oa)(2bJ"o ::; G ((f))~(.,a) , 

while for 1 - 1/ - ho - '\)j(2b) < 0 u E C;\/~)2b)'A' and 

II Il k(.,a) C Ilf" k(.,a) 
u O,A/(2b),A::; \\ II A • 

(2.2.65) 

(2.2.66) 

Proof. We shall use the inequalities (2.2.4), (2.2.60), (2.2.61), and the equality 
(2.1.46). 

1) We have for (t, x) E II(o,T] that 

t 

lu(t,x)l::; C j(t-T)-VdT j(t-T)-ME~?Jco(t'X;T'~) 
o IRn 

t 

::; Cllfll~~',~\111(t,x) j(t - T)-VdT = Cllfll~~',~)\[I1(t,x)t1-V, (2.2.67) 
o 

whence 
Ilullk(-,a) ::; Gllfllk(.,a). 

0,0,0 0,0,0 (2.2.68) 

Let (t, x), (t', x') be arbitrary points of the layer II(o,T], with t ::; t', and let 

Po be the distance (2.2.62) between them. Consider the difference ~;:;Xl u. 
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If P6b 2: t, then due to (2.2.67) and the fact that 1- v - '"'(0/ (2b) > 0, we have 

(2.2.69) 

For the case where P6b < t we get 

t 

..::: J dT JIl:!.~:~XIKo(t-T'X-Ollf(T,I;')ld~ 
o IRn 

t ' 

+ J dT J IKo(t' - T,XI - Ollf(T,Old~ 
t IRn 

t 

+ Wl (tl, Xl)) (pJO J (t - T)-ro/(2b)dT ( J (t - T)-M-v Ei~~co (t, x; T, ~)d~ 
o IRn 

+ J (t' - T)-M-v Ei~~co (tl, Xl; T, ~)d~) 
IRn 

t ' 

+ J dT J (t' - T)-M-v EiDJco (tl, Xl; T, ~)d~) 
t IRn 

t t ' 

..::: Cllfll~~',~) (Wl (t, x) + Wl (tl, Xl)) (PJO J (t - T)-V-ro/(2b)dT + J (t l - T)-V dT) 
o t 

..::: CIIfll~~'~)pJo x (Wl(t,X) + Wl(tl,xl))(tl-v-ro/(2b) + (t l - t)1-v-ro/(2b)) 

..::: Cllfll~~',~)pJO(Wl(t,X) + Wl(tl,XI)). (2.2.70) 

It follows from (2.2.69) and (2.2.70) that 

((u))~~·,a) ..::: CIIfll~,~',~), 

which, together with (2.2.68), implies the estimate (2.2.64). 

2) By virtue of the condition (2.2.57) we can rewrite the integral (2.2.54) as 

t 

u(t,x) = J dT J Ko(t - T,X - ~)l:!.U(T,Od~ (2.2.71) 

o IRn 
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and carry out the estimates similar to those for the case 1). As a result, using the 
inequality (2.1.61), we obtain that 

lu(t,x)1 s: C((f))~(·,i1) 'h(t,x)t1- v+,\/(2b), (t,x) E II(o,Tj, (2.2.72) 

whence 
(2.2.73) 

Consider the difference b.r~x' u. If p2b 2: t, then by (2.2.72) we have 

Ib.r~x' u(t, x) I ::::; C ((1))~(.,i1) (w I (t, x) + WI (t', x')) 

whence 

x { P6'°tl-v-ho-,\)/(2b) , 1 - /I - ('yo - ),.)/(2b) > 0, 
p~tl-v, 1- /1- ('yo - ),.)/(2b) < 0, 

(2.2.74) 

where a = 'Yo for 1-/1- ('yo - ),.)/(2b) > ° and a =),. for 1-/1- ('yo - ),.)/(2b) < 0. 
It remains to study the case P6b < t. Let tl := t - P6b . Using the equality 

(2.2.57), we write 

t, 

b.Lx'u(t,x) = J dr J b.r~x'Ko(t-r,x-Ob.U(r,~)d~ 
o IRn 

t 

+ J dr J Ko(t - r,x - ~)b.U(r,~)d~ 
t, IRn 

~ 3 -J dr J Ko(t' - T, x' - ~)b.{ f( r, ~)d~ =: L Ij . 

t, IRn J=l 

Let us give an estimate for h. Since (p(x;O)'\ ::::; (p(x,;~)),\ + (p(x;x'))\ 
p~ = (t-t1),\/(2b) s: (t_r)V(2b), and (t'-r),\/(2b) s: (t'-t),\/(2b) + (t-T),\/(2b) s: 
p~ + (t - r)V(2b) ::::; 2(t - r)'\/(2b) , r E [0, tIl, we have 

t, 

Ih I s: C ((1))~( .. i1) pJo (W 1 (t, x) + WI (t', x')) J (t - r)-iO/(2b) 
o 

x ((t - r)-v+V (2b) + (t' - r)-v+V (2b) + p6(t' - r)-V)dr 
t, 

::::; C ((1)) ~(.,i1) pJo (w I (t, x) + WI (t', x')) J (t - r)-v-C/o-A)/(2b) dr. 

o 
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If 1 - v - ("(0 - >..)/(2b) > 0, then 

t, 

j (t - T)-v-(TO-A)/(2b)d-r :::; CtI- v-(To-A)/(2b), 

o 

while for 1- v - ("(0 - >..)/(2b) < 0 we have 

t, 

j (t - T)-v-(To-A)/(2b)dT :::; Cp~1-V)/(2b)-'YO+A :::; CtI-VpO'YO+\ 

o 

so that we come to the estimate 

Next, for h we get 

t 

Ihl :::; C ((f))~("a.) WI(t,X) j(t - T)-v+A/(2b)dT 

t, 

= C ((f))~(-,a.) WI (t, X )p~b(l-V)+A 

:::; C ((f))~("a.) POWI(t,X), 

while for Is, in a similar way, 

Ihl S C ((f))~(-,a.) POW1(tl, Xl). 

The estimates (2.2.73), (2.2.74), and the estimates for I j , j E {I, 2, 3}, imply 
(2.2.65) and (2.2.66). 0 

Lemma 2.8. Suppose that the kernel of the integral (2.2.54) is a function 

K(t, x; T,~) := Ko(t - T, X -~; t, x) := (t - T)-M- vr2((x - ~)t-T; t, x), 

OST<tST, {x,OclRn, 

where v E (0,1]' and r2(x;(3,y), as a function of x, satisfies the conditions 
(2.2.57) -(2.2.59) uniformly with respect to ((3, y) E I1[O,T] , and also, with some 
constants C > 0, c> 0, >.. E (0,1), the condition 

I~g:/ r2(x; (3, y)1 S C(p((3, y; (31, yl))A exp { -c t IXj Iqj }, 

x E IRn, {((3,y),((3I,yl)} C I1[O,T]' 

Then the assertion 2) of Lemma 2.7 is valid. 
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The proof is similar to that of Lemma 2.7, except the emergence of the 
additional term 

in the course of estimating D.;'~x' u. It is treated as in (2.2.72). 

Lemma 2.9. The assertion 1) of Lemma 2.7 is valid for the integral (2.2.54) if its 
kernel satisfies, with some constants C > 0, c> 0, l/ E (0,1], and '"Yo E (0,1], the 
inequalities 

IK(t, x; T, ~)I :::; C(t - T)-M-v E~O) (t, x; T, ~), 

lD.f~XI K(t, x; T,~) I :::; C(p(t, x; t', x'))ro ((t - T)-M -v-ro/(2b) 

x E~O) (t, x; T,~) + (t' - T)-M-v- ro/(2b) E~O)(t', x'; T, m, 
0:::; T < t:::; t':::; T, {x,x',O c ]Rn. (2.2.75) 

If, in addition, K satisfies the conditions 

V. K(t, x; T, ()d{;1 " Crt - T)-"+V("', 

11i::;"'j K (t, x; T, ()d{; I " C (P( t, x; t', x')) '" (t - T) -"-h,,-"/('" , 

O:::;T<t:::;t':::;T, {x,x',OC]Rn, (2.2.76) 

with some>. E (0,1), then the assertion similar to the assertion 2) of Lemma 2.7, 
with the estimates 

II Ilk(-,a) Cllfllk(.,a) 
u 0,ro/(2b),ro :::; 0,0,>. and II Ilk(-,a) Cllfllk( .. a) 

u 0,>./(2b),>. :::; 0,0,>. , 

instead of (2.2.65) and (2.2.66), holds for the integral (2.2.54). 

The proof of Lemma 2.9 is based on the representation 

u(t,x) = J dT J K(t,X;T,~)D.U(T,~)d~+ J(J K(t,x;T,~)d~)f(T'X)dT' 
o IRn 0 IRn 

A bound for the first summand is obtained like the bound for the corresponding 
integral from Lemma 2.7. The inequalities (2.2.75) yield the required estimates of 
the second summand. 
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Lemma 2.10. Let u be the function defined by the formula (2.2.54) with a kernel K 

satisfying the conditions (2.2.55)~(2.2.59). If 1 - v -io/(2b) > ° and f E C§~,a), 
'k( -) then u E C ',a and 

0'10 ' 

Mk(.,a) s; cfft(·,a). 
0,10 0,0 (2.2.77) 

If f E C~S:a) and 1 - v - ("(0 - >')/(2b) > 0, then u E C~\~a) and 

T 

M~,~~a) s; C jU(t, .))~(t,a)dt. (2.2.78) 

a 

Similar assertions are valid for the integral (2.2.54) with a kernel satisfying 
the conditions (2.2.75) and (2.2.76) with t' = t, if the estimate 

is substituted for the estimate (2.2.78). 

Proof. We shall dwell only on the proof of the lemma for the case where K satisfies 
the conditions (2.2.55)~(2.2.59). Using the inequalities (2.2.4), (2.2.60), and the 
equality (2.1.46) with 1 - v -io/(2b) > 0, we find that 

t 

lu(t,x)1 S; CW1(t,X) j (t - T)~Vllf(T, ')II~:;,a)dT, 
o 

1.0.~'u(t,x)1 S; C(p(x;X'))1°(Wl(t,X) + Wl(t,X')) 
t 

X j(t - T)~l/~1o/(2b)llf(T, ')II~~,a)dT, 
o 

which implies the inequalities for t E (0, T]: 

t 

Ilu(t, ')II~,~,a) S; C j(t - T)~Vllf(T, ')II~,~,a)dT, 
o 

t 

(u(t, .))~~t,a) S; C j(t - T)~V~1o/(2b)llf(T, ·)II~~,a)dT. 
o 

Integrating these inequalities in t E (0, T] and changing the order of integration 
we obtain 

T 
-k(-,a) -k(-,a) 
lI u llo,o S; Cllfllo,o , j (u(t, .))~~t,a)dt S; cfJTi~~,a) 

o 

respectively. These inequalities imply the estimate (2.2.77). 
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Suppose that 1- v - (')'0 - )..)/(2b) > O. Using the representation (2.2.71) as 
above, we come first to the inequality 

t 

lu(t, x) I S; Cw 1 (t, x) j (t - T)-v+>-'/(2b) U( T, . ))~(T,ii) dT, 
o 

and then to the estimate 
T 

~f(.,ii) j f(T ii) Ilullo,o S; C U(T, ·)h ' dT. 
o 

(2.2.79) 

(2.2.80) 

In order to obtain an estimate for .6.~/U(t,X), we distinguish between two 
cases, p(x; x') 2: t1/(2b) and p(x; x') < tl/(2b). 

In the first case, using the inequality (2.2.79) we get 

1.6.~/U(t,x)1 S; C(p(x;x')PO(Wl(t,X) + Wl(t,X')) 
t 

x j(t - T)-v+>-.f(2bl C'lo/(2blU(T, .))~(T,iildT 
o 

S; C(p(x;x'))'YO(Wl(t,X) + Wl(t,X')) 
t 

X j (t - T)-v-(')'o->-.)/(2b) U( T, . ))~(T,ii) dT. (2.2.81 ) 

o 
For the second case, we use the representation 

t, 

.6.~' u(t, x) = j dT j .6.~' Ko(t - T, X - ~).6.U(T, Od~ 
o IRn 

t 

+ j dT j Ko(t - T, X - ~).6.U(T, ~)d~ 
t, IRn 

t 

- j dT j KO(t-T,X'-~).6.{f(T,~)d~, 
it IRn 

where tl := t - (p(x; x')?b. The integrals are estimated as above, which results in 
the inequality 

1.6.~/U(t,x)1 S; C(p(x;x')PO(Wl(t,X) + Wl(t,X')) 
t 

x j(t - T)-v-(')'o->-.)/( 2bl U(T, .))~(T,ii)dT. (2.2.82) 

o 

The inequalities (2.2.80)-(2.2.82) imply the estimate (2.2.78). 
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Remark. Since the conditions (2.2.55) and (2.2.76) were not used for 1 - 1/ -

'Yo/(2b) > 0, the corresponding statements of Lemmas 2.7-2.10 remain valid also 
for 1/ = 0. 

2.2.4. Properties of volume potentials. Let us consider some properties of volume 
potentials generated by the FSCP Z for the equation (2.1.1), that is the integrals 

t 

u(t,x):= J dT J Z(t,x;T,~)f(T,~)d~, (t,x) E II(o,T]' (2.2.83) 

o IRn 

We assume that the coefficients of the equation (2.1.1) satisfy the conditions 
Al1 and A 12 , or All and A 13 . The norm and spaces used below were defined in 
Section 2.2.1. 

The conditions used for the density f of the potential (2.2.83) are as follows. 

(D ll ) The function f : II(o,T] -+ CN1 is continuous, locally Holder continuous in 
x uniformly with respect to t, and for any t E (0, T] the expressions 

t 

Fo(t) := J(t -T)-Hl/(2b)llf(T, ')II~:~,a)dT 
a 

are finite. 

(D12p) The function f : II(o,T] -+ iCN1 is continuous, locally Holder continuous in 
x uniformly with respect to t, and for any t E (0, T] the expressions 

t 

IIf(t")II~(t,a), Fp(t):= J(t-T)-Hl/(2b)lIf(T")II~(T,a)dT' 
o 

where p E [1,00], are finite. 

f E ek(.,a). 
0,0" ' 

f E 6;,\,a). 
Lemma 2.11. Suppose that f satisfies one of the conditions Dll , D 12p , D 13 , or D14 . 

Then the function u defined by the formula (2.2.83) has continuous derivatives o~u, 
Ilkll :::; 2b, OtU, where the derivatives o~u, Ilkll < 2b, can be obtained by the formal 
differentiation under the integrals while the derivatives o~u, Ilkll = 2b, and OtU are 
calculated by the formulas 

t 

o~u(t,x) = J dT J o~Z(t,X;T,~)t:.U(T,~)d~ 
o IRn 
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+ J ( J 8;7:(" x; T,,)d1;) f(T, X)dT, IIkll ~ 2b, 
o IRn 

t 

Otu(t,x) = f(t,x) + I d1' I OtZ(t,x;1',~)!:1U(1',~)d~ 
o IRn 
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+ J ( J 8,Z(t, x; T, ,)d1;) f( T, X)dT, (t, X) E II(o,n (2,',84) 
o IR n 

The proof is similar to the proof of Property 2.6 for the parametrix. 

Lemma 2.12. If the condition Dll or D 12p is satisfied, then the function (2.2.83) 
has, for any t E (0, T] and I E Z~, 11111 < 2b, the estimate 

(2.2.85) 

or 

(2.2.86) 

respectively. 

Proof. We use the inequalities 

(2.2.87) 

(2.2.88) 

which are valid for 0 s: l' < t s: T and can be proved with the use of (2.2.3) and 
(2.2.4), just as the inequalities (2.2.11) and (2.2.20). 

Using (2.2.87) we have 

Ilo;u(t")II~,~,a) s: 1111 O;z(t";1"~)f(1"~)d~llk(t,a)d1' 
o ~n 0,0 

t 

s: C I(t - 1')-1I111/(2b) Ilf(1', ')II~:;,a)d1' s: CFo(t), t E (0, T]. 
o 
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Similarly, from the Minkowski inequality and (2.2.88) we get 

t 

S G j(t - T)-II III/(2b)llf(T, ')II~(T,a)dT 
o 

t E (O,T]. o 

Lemma 2.13. Let the conditions All, A 13 , and D13 be satisfied. Then the function 
(2.2.83) belongs to the space H"!'( with any 'Y' E (0, 'Y), and 

Proof. By Lemma 2.11, the integral (2.2.83) and its derivatives are integrals of the 
form (2.2.54) with K(t, x; T,~) = 8~Z(t, x; T, ~), 11111 S 2b. Now the assertion of 
Lemma 2.13 is a consequence of Lemma 2.9 and the remark from Section 2.2.3. 
Indeed, the conditions of the latter Lemma are satisfied for 8~Z - the inequalities 
(2.1.82), (2.1.106)-(2.1.108) imply the inequalities (2.2.75) and (2.2.76) with 'Yo = 

A = 'Y for v = IIlll/(2b) < 1, and 'Yo = 'Y' < 'Y, A = 'Y for v = Illll/(2b) = 1. 0 

Lemma 2.14. If the conditions All, A 12 , and D14 , are satisfied, then the function 
u from (2.2.83) belongs to the space Ipd with any 'Y' E (O,'Y), and 

The proof is based on Lemma 2.10 and the fact that the inequalities (2.1.106)
(2.1.108) with t' = t hold if the conditions All and A12 are satisfied. 

Lemma 2.15. Let G(·,·; ".; (3, y) be the PSGP for the equation (2.1.54) satisfying 
the conditions stated in the remark from Section 2.1.3. If the condition Dl3 is 
satisfied, then the integral 

t 

v(t,x;(3,y) := j dT j G(t,x;T,~;(3,y)f(T,~)d~, (t,x) E II(O,Tj, 

o IRn 

has the following property: the functions VI(t,X) := 8~G(t,x;T,~;(3,y)I(i3,y)=(t,x), 

(t, x) E II(o TJ' Illll S 2b, belong to the space G~(-/,a(~b) ,and , n n 

" II Ilk(.,a) Gllfllk(-,a) ~ VI O,,,!/(2b),,,! S O,O,,,! . 

1Ill19b 
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Proof. We use Lemma 2.8, with K(t, x; r, 0 = 8;G(t, x; r,~;,6, y)IcB,y)=(t,x)' Ac
cording to the remark from Section 2.1.3, 

,,1 G( . t. f.I )1 - ( _ )-M-IIIII/(2b)n (( _ t) . ) 
U x t, x, r, ,-, /-" Y ((3,y)=(t,x) - t r HI x '- t-T) t, X , 

0< Illll :::: 2b, 

where nl satisfy the conditions of Lemma 2.8 with an arbitrary /0 E (0,1] and 
A =,. Applying that lemma with /0 = A = / for 11111 < 2b,and /0 > /, A = / for 
Illll = 2b, and taking into account the remark from Section 2.2.3, we come to the 
required result. 0 

2.2.5. Integral representations of solutions of the Cauchy problem. Here we shall 
deal with representations of solutions of the Cauchy problem for the equation 
(2.1.1) by Poisson integrals and volume potentials. In this section we assume the 
conditions An, A12 , and A14 • 

Lemma 2.16. Suppose that the function u belongs to the space ctb'g) , and that u 

is a solution on II(o,TJ of the equation (2.1.1) with j E 6§,b,a). Then 

u(t,x) = J Z(t,x;O,~)u(O,~)d~ 
t 

+ J dr J Z(t,x;r,~)j(r,~)d~, (t,x) E II(o,TJ' (2.2.89) 

a IRn 

Proof. We shall use the Green-Ostrogradsky formula (2.1.110). Denote VR := 

(0, T] x BR , ( a smooth enough function on [0,00), such that ( = 1 on [0,1/2]' 
( = 0 on [3/4,00), and (' :::: 0, (R(X) := ((q(x; 0)/ R); (t, x) an arbitrary fixed point 
from VRo/4 where Ra is an arbitrary positive number. Substitute in the formula 
(2.1.110) h, t - 1.0, r, ~, u(r,~), and v(r,~) = Z'(r,~;t,x)(R(~) for t l , t 2 , 0, y, 
u(O, y), and v(O, y) respectively. Here R :::: Ra, 0< h < t/2, 0 < 1.0 < t/2, and u is 
a function satisfying the conditions of the lemma. Using properties of the function 
(R, the equality (2.1.111), and the fact that LNu = j, we obtain that 

t-E 

= J Z(t,x;h'~)(R(~)u(h,~)d~+ J dr J Z(t,x;r'~)(R(~)j(r,~)d~ 
IRn h IR n 

t-E 

-J dr J 
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which results, after passing to the limit as E -+ 0, in the equality 

t 

u(t, X) = J Z(t,X;h'~)(R(~)u(h,~)d~+ J dT J Z(t,X;T'~)(R(~)f(T,Od~ 
Rn h Rn 

3 

=' "'I(R) 
.~ J . 

j=l 

Pass in (2.2.90) to the limit as R -+ 00. The integral I~R) tends to 

h := J Z(t, x; h, ~)u(h, ~)d~. 

(2.2.90) 

Indeed, using the inequalities (2.1.82), (2.2.4), and the equalities (2.1.46) we get 

II, - IlR'1 ~ V Z(t,X;h,<)(l-(R(mU(h,,)d,1 

~C J (t_h)-ME~~co(t,x;h,~)(E~~)(t,x;h,0\I11(h,~)) 

x (lu(h,~)I\I1_1(h,~))d~ 

~ Cllu(h")II~r;,a)\I11(t,X) 

xexp{-Cl(R/4)q'(t-hr}J(t-h)-ME~~)(t,X;h,~)d~ --+ 0, 
R--+oo 

since for x E BRo/4' ~ E ]Rn \ B R/ 2 , and R?: Ro 

E~~) (t, x; h,~) ~ exp{-cl (R/4)Q' (t - h),,}, 

where Cl = (c - co)/2, r = 1 - q" for t - h ~ 1, and r = 1 - q', if t - h > 1. The 
proof of this inequality is the same as the one for (2.2.28). 

Similarly we show that 

t 

I~R) --+ JdTJZ(t'X;T,~)f(T,~)d~. 
R--+oo 

h IR.1t 

Let us prove now, that I~R) --+ 0. Since L'NZ* = 0, the expression 
R--+oo 
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is a sum of products of expressions like a~(R(~) and a~(ii~ (T, ~)z* (T,~; t, x)), 0 < 
Ilkll ::; 2b, 11111 < 2b, with constant coefficients. Using the equality (2.1.111), the 
estimates (2.1.82), we find that for R 2: 1, 

IL 'N(Z* (T,~; t, X )(R(~)) I ::; C(t - T)-M -1+1/(2b) E~O) (t, x; T, ~), 

~ E B3R/4 \ B R/ 2 · 

Applying this estimate just as in the course of estimating h - fiR), we have 

If~R) I ::; CIIull~~',~)Wl(t, x) exp{ -Cl (R/4)ql (t - hr} 
t 

x j(t - T)-1+1/(2b)dT j(t - T)-M E2~)(t,x;T,~)d~ R~ O. 

h IRn 

Hence, after passing to the limit in (2.2.90), as R --+ 00, we obtain the equality 

t 

u(t,x) = j Z(t,x;h,~)u(h,~)d~+ j dT j Z(t,x;T,~)f(T,~)~. (2.2.91) 

IRn h IRn 

Now, if we pass to the limit in (2.2.91), as h --+ 0, we come to the formula 
(2.2.89). D 

Lemma 2.17. Suppose that the solution u and the right-hand side f of the equation 
(2.1.1) satisfy the following conditions with some p E [1,00]: 

1) there exists such a constant C > 0 that for any t E (0, T] the inequality 

Ilu(t, ')II~(t,a) ::; C holds; 

2) u satisfies the initial condition, in the sense of the relations (2.2.21), if p E 

[1,00), or (2.2.22), ifp= 00, in which cp E L~; 

3) the function f : II(o,TJ --+ CN1 is continuous, and the integral 

is finite. 

Then 

T 

j Ilf(t, ')II~(t,a)dt 
o 

t 

u(t, x) = j Z(t,x;O,~)cp(~)d~ + j dT j Z(t,x;T,~)f(T,Od~, 
IRn 0 IRn 

(t,x) E II(o,TJ' (2.2.92) 



128 Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 

Proof. As in Lemma 2.16, we prove, for a given solution, the formula (2.2.91). The 
representation (2.2.92) will be obtained if we pass to the limit in this formula, as 
h --+ 0. In order to do that, it suffices to prove the relation 

lim J Z(t, X; h, ~)u(h, ~)d~ = J Z(t, X; 0, ~)<p(~)d~ h--+O 
(2.2.93) 

for any fixed point (t, X) E II(o,T]. 

We use the inequality 

1~~Z(t,x;h,~)I:::; chrM-1Ei°l(t,x;0,~) (2.2.94) 

valid for any t E (0, T], {x, 0 c JR." and h E (0, t/2). This inequality is proved, 
with the use of the normality property of Z (2.1.111) and estimates of the FSCP 
Z* for the adjoint equation (2.1.109), as follows: 

1t.%Z(t,X; h,OI ~ II 8"Z(t,x; r,<ldrl 
h 

:::; C J(t-T)-M-1EiO)(t'X;T,~)dT 
o 

:::; cheM-1E~O)(t,x;0,~), 

since t ~ t - T ~ t - h ~ t/2 for T E (0, h) and h E (0, t/2). 
Using the inequalities (2.1.82) and (2.2.94), and also the inequality 

E~O) (t, X; 0, ~)W1 (h,~) = E~~)(t + h, X; h, OWl (h,~) 

:::;w1(t+h,x), 

which is valid due to (2.2.4), we have 

I t.h I ,~ V Z (t, X; h, ,Jut h, ,)<11; - j Z( t, X; 0, ,)",«)<11; I 

(2.2.95) 

:::; J 1~~Z(t, X; h, Ollu(h, ~)Id~ + J IZ(t, X; 0, ~)llu(h,~) - <p(~)ld~ 

x W1(h,~))(lu(h,~) - <p(~)IW-1(h,~))~ 

+ C(hrM- 1Jih) + eM J~h))W1(t + h,x) (2.2.96) 
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where 

JJh) := J E~~co(t,x;O,~)(lu(h,~) - rp(~)IW_l(h,~))d~. 
IRn 

For p = 1 we have 

(2.2.97) 

whereas for p E (1,00) we get by the Holder inequality that 

J(h) < (JE(O) (t x·o C)t-MdC)l/P'tMIP'IIU(h ')llk(h,ii) 
1 - (c-co)p' , , ,."." , P 

IRn 

= etMlp'lIu(h")II~(h,ii), 

JJh) ::; etM1p'lIu(h, .) - rp(.) 1I~(h,ii). (2.2.98) 

By our assumptions for p E [1,00), the relation (2.2.93) follows from the 
inequalities (2.2.96)-(2.2.98). 

This relation is valid also for p = 00. Indeed, write the difference i::J..h as 

i::J..h = J i::J..~Z(t, x; h, Ou(h, ~)d~ + ( J Z(t, x; 0, OU(h, ~)d~ 
IR.n IRn 

-j Z(t, X; 0, ()~(()d() 
=' K(h) + K(h) 

. 1 2' 

Just as in (2.2.96), we have 

lKih) I ::; ehcM-1Wl(t + h,x)Jih), 

and by the condition 1) of the lemma, 

Jih)::; etMllu(h")II~h,ii)::; etM, h > 0, 

so that 

(2.2.99) 

(2.2.100) 

lim K(h) = O. (2 2 101) h_O 1 .. 

Since the function 'Ij;(~):= Z'(t,x;O,~), ~ E ]Rn, due to the estimate (2.1.82) 
and the inequality (2.2.95) with h = T, is such that 

(2.2.102) 
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hence 'lj; E L~k(T,a) (in fact, each column of the matrix belongs to this space, if 
N> 1), it follows from (2.2.22) that 

lim K(h) = O. 
h-->O 2 

Together with (2.2.99), (2.2.101), this implies the relation (2.2.93) for p = 00. D 

Lemma 2.18. If the solution u and the right-hand side f of the equation (2.1.1) 
satisfy the conditions 1) and 3) of Lemma 2.17 with p = 1, and also the relation 
(2.2.47), with It E M a, holds, then 

t 

u(t,x) = J Z(t,x;O,Odlt(~) + J dT J Z(t,x;T,~)f(T,~)d~, 
IRn 0 IRn 

(t,x) E II(o,TJ. (2.2.103) 

Proof. Just as in Lemma 2.17, the solution can be represented by the formula 
(2.2.91). If we pass to the limit there, as h --> 0, we obtain (2.2.103). In order to 
substantiate that, it is sufficient to prove the relation 

lim J Z(t, x; h, ~)u(h, ~)d~ = J Z(t, x; 0, ~)dlt(~)· 
h-->O 

(2.2.104) 

Consider the difference 

(2.2.105) 

where Kih) is from (2.2.99), and 

k~h) := J Z(t, x; 0, ~)u(h, ~)d~ - J Z(t, x; 0, ~)dlt(~)· 

For Ki h ) we have the inequality (2.2.100), in which Ji h ) satisfies the estimate 
(2.2.97). By the condition 1) of Lemma 2.17 we get 

1· K(h) - 0 1m 1 - . 
h-->O 

(2.2.106) 

It follows from the inequality (2.2.102) that the function 'lj; from Lemma 2.17 (or 

each column of the matrix 'lj;, if N > 1) belongs to the space Cok(T,a). Therefore, 
due to (2.2.47), 

lim k(h) = O. 
h-->O 2 

Now (2.2.105)-(2.2.107) imply the relation (2.2.104). 

(2.2.107) 

D 
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Remark. Lemmas 2.162.18 obviously imply results regarding the uniqueness of a 
solution of the Cauchy problem for an equation (2.1.1) possessing the Lagrange 
adjoint equation. Using them, in Section 2.2.6 we shall establish the uniqueness of a 
solution of the Cauchy problem under the only assumption of the Holder continuity 
of the coefficient. Of course, the uniqueness classes will be more narrow. 

2.2.6. Correct solvability of the Cauchy problem. Below we give theorems on the 
correct solvability of the Cauchy problem for the equation (2.1.1), which are based 
on results from Sections 2.2.2-2.2.5. 

Theorem 2.5. Suppose that the conditions All, A 12 , A14 for the coefficients of the 
equation (2.1.1), and the condition Dll for f hold, and 'P E cg o. Then the formula 
(2.2.92) determines the unique solution of the equation (2.1.1), which satisfies the 
following conditions: 

1) there exists such a constant C > 0 that for any t E (0, TJ and l E Z~, 

Illll < 2b, 

Ila~ u(t, .) 11~~,a) :::; C(lI'P118,oC 1I11l/(2b) + Fo(t)), 

where the function Fo appears in the condition Dll ; 
2) for any compact set KeIRn u(t, x) ----+ 'P(x) uniformly with respect to x E K. 

t--+O 

Proof. The assertions that the Poisson integral (2.2.9) and the volume potential 
(2.2.83) are solutions of the homogeneous and inhomogeneous equations respec
tively, are consequences of the remark from Section 2.2.2, Lemma 2.11, and the 
fact that the FSCP Z(·,·; T,~) is a solution of the homogeneous equation. The 
statement 1) of the theorem follows from Lemmas 2.4 and 2.12. The statement 
2) for the Poisson integral was proved in Lemma 2.4. It follows from the estimate 
(2.2.85) for the volume potential u, that u(t,x) ----+0 uniformly with respect to 

t--+O 

x E K. The uniqueness of a solution from the class under consideration follows 
from Lemma 2.16. 0 

Theorem 2.6. If the conditions All, A 12 , A14 for the coefficients of the equation 
(2.1.1), and the condition D12p for f hold, and 'P E L~ with some p E [1,00]' 
then the formula (2.2.92) determines the unique solution of the equation (2.1.1) 
satisfying the following conditions: 

1) there exists such a constant C > 0 that for any t E (0, T] and l E Z~, 

Illll < 2b, 
Ila~u(t, ')II~(t,a) :::; C(II'PII!CIIIII/(2b) + Fp(t)), 

where the function Fp appears in the condition D 12p; 
2) ifp E [1,00), then 

!~ Ilu(t,') - 'POII~(t,a) = 0, 

whereas for p = 00, 
u(t,·) ~ 'P('), 

t--+O 

that is the relation (2.2.22) holds. 
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Proof. The assertions of Theorem 2.6 follow from Lemmas 2.5, 2.11, 2.12 and 
2.17, just as the corresponding assertions of Theorem 2.3 are the consequences of 
Lemmas 2.4, 2.11, 2.12, and 2.16. D 

Theorem 2.7. Suppose that the conditions All, A12 , A14 for the coefficients of the 
equation (2.1.1) and the condition D121 for f hold, and the generalized measure f.1 
belongs to Ma. Then the formula (2.2.103) determines the unique solution of the 
equation (2.1.1) satisfying the following properties: 

1) there exists such a constant C > 0 that for any t E (0, T] and l E Z~, 

Illll < 2b, 
Ilo~u(t, ·)II~(t,a) S; C(IIf.1l1aClllll/(2b) + Fl(t)); 

2) u(t,·) ~ f.1, that is the relation (2.2.47) holds. 
t-->O 

Proof. The assertions of the theorem are proved with the use of Lemmas 2.6, 2.11, 
and 2.18 similarly to the proofs of the preceding theorems. D 

The following theorems will deal with the Cauchy problem for the equation 
(2.1.1) with the initial condition 

u(t,x)lt=o = rp(x), x E lRn , (2.2.108) 

to be satisfied at least as in Theorem 2.3. 

Theorem 2.8. If the coefficients of the equation (2.1.1) satisfy the conditions All 

and A 13 , r.p E C~b" and f E C~,~:~), then the problem (2.1.1), (2.2.108) has the 

unique solution u E C:~,·~'(2b)", satisfying the estimate 

(2.2.109) 

Proof. By the change of variables u = r.p + v the problem (2.1.1), (2.2.108) is 
reduced to the problem 

where 

LN(t,x,Ot,ox)v(t,x) = g(t,x), (t,x) E I1(O,TJ' 

v(t,x)lt=o=O, XElRn , 

g(t,x) := f(t,x) + L ak(t,x)O~r.p(x). 
Ilkll::;2b 

(2.2.110) 

Due to our assumptions, g E C§,~:~). Therefore, by Lemmas 2.11 and 2.13 the 
function 

t 

v(t,x):= J dT J Z(t,x;T,~)g(T,~)d~, (t,x) E I1(O,TJ' 

o IRn 
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is a solution of the problem (2.2.110) from the space H'Y,Y' with any"(' < ,,(, and 

IIvllm,'Y' ~ CIIgll~~',~. 
Hence, the function u := <p + v is a solution of the problem (2.1.1), (2.2.108), it 
belongs to the space H'Yd, and 

(2.2.111) 

To complete the proof, we have to show that each solution of the Cauchy 
problem (2.1.1), (2.2.108) belonging to the space H'Yd and satisfying the inequal-

ity (2.2.111), belongs to the space H'Y,'Y = C;~',ii/)C2b) ,and satisfies the estimate 
)/ " 

(2.2.109). In order to do that, it suffices to prove that for such a solution the 

derivatives o~u, Illll = 2b, belong to the space C~,~/ii(2b),'Y' and 

(2.2.112) 

We substitute a solution u with the above properties into the equation (2.1.1), 
and write the resulting identity as 

Otv(t,x) - L ak((3,Y)O~v(t,x) = h(t,x;(3,y) + h(t,x;(3,y), 
Ilkll=2b 

(t,x) E IlCO,Tj, 

where ((3, y) is an arbitrary fixed point of the layer Il[o,Tj, 

v := u - <p, 

(2.2.113) 

h(t,x;(3,y):= f(t,x) + L ak(t,x)O~u(t,x) + L ak((3,y)O~<P(x), 
Ilkll<2b Ilkll=2b 

h(t, X; (3, y):= L f).f:; ak(t, x)a~u(t, x). 
IIkll=2b 

Since the coefficients of (2.2.113) do not depend on x, so that this equation 
possesses an adjoint one, and vlt=o = 0, we have by Lemma 2.16 that 

t 

u(t, x) = <p(x) + J dr J G(t,x;r,~;(3,y)h(r,~;(3,y)d~ 
o IRn 

t 

+ J dr J G(t,x;r,~;(3,y)h(r,~;(3,y)d~, (t,x) E IlCO,Tj, 

o IRn 

(2.2.114) 

where G(·,·; ','; (3, y) is the FSCP for the equation Ot V = L ak((3, y)o~v. 
Ilkll=2b 
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According to Remark 1 to Property 2.6 from Section 2.1.4, the first integral 
from (2.2.114) has the derivatives of the form a~, Illll = 2b, at every point (t, x) E 

II(O,TI' for any fixed point (/3, V). It is easy to see, repeating the proof of Property 
2.6, that 

a~ j dT J G(t,x;T,~;/3'Y)h(T,~;/3,Y)d~1 
a IRn (t,x)=(/3,y) 

~ I dT 1 a;G(p,x; T,(;P, Y)I,~,f,(T'(;P' y)d( 

so that we obtain a representation 

a~u(t,x) = a~<p(x) + a~ j dT J G(t,x;T,~;/3'Y)h(T,~;/3,Y)d~1 
a IRn (/3,y)=(t,x) 

+ L j dT J a~G(t,x;T'~;t'Y)1 ~~,~ak(T,~)a~u(T,~)d~, 
Ilkll=2b 0 IRn y=x 

(t,x) E II(O,TI' Illll = 2b. 

We apply Lemma 2.15 to the second summand, and Lemma 2.9, with 
K(t,X;T,~) = a~G(t,x;T,~;t,Y)ly=x~~,~ak(T,O, f(t,x) = a~u(t,x), l/ = 1-
, / (2b), 'a = " A = ,', to the integrals from the third summand. Using the 

I Cke-,a) d h assumptions regarding the solution u, we find that axu E O,,/(2b),,' an t e 
estimate (2.2.112) holds. 0 

Theorem 2.9. Suppose that the coefficients of the equation (2.1.1) satisfy the con

ditions All and A12 , <p E C/f." and f E 6§,\,a). Then the formula (2.2.92) deter
mines the unique solution of the Cauchy problem (2.1.1), (2.2.108), belonging to 
the space 1fT,,' with any,' E (0,,), and satisfying the estimate 

~ ~k(-,a) 

Iluilin.·" ~ C(II<pllo" + Ilfllo" ). (2.2.115) 

Proof. Denote the first integral from (2.2.92) by Ul, and the second integral by U2. 

According to the remark from Section 2.2.2, Lemmas 2.4 and 2.11, the function 
(2.2.92) is a solution of the problem (2.1.1), (2.2.108). By Lemma 2.14, U2 E H',,' 
and 

(2.2.116) 
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We write the derivatives of Ul as 

O~Ul(t,X) = J o~Z(t,x;O,~)Ll~'P(~)d~ + (J O~Z(t'X;O,~)d~)'P(X)' 
IRn lRn 

(t,x) EII(o,T]. 

Using the estimates (2.1.106)-(2.1.108) and the method of proof of Lemmas 2.4 
and 2.10, we get 

I/o~ Ul (t, .) I/~,~,a:) :::; CII'PI/3"C 1I111/(2b), lilil < 2b, 

Ilo~ul(t,·)II~~;a:) :::; CII'P113"cl+,-,', IIIII = 2b, 

which implies the estimate IluIilH"d :::; CIi'Pllg", and, together with (2.2.116), 
also the estimate (2.2.115). 

The uniqueness of the solution is a consequence of the next theorem. D 

Theorem 2.10. If the coefficients of the equation (2.1.1) satisfy the conditions All 
and A12 , then any solution of the problem (2.1.1), (2.2.lO8) with f = 0 and'P = 0 

belonging to the space 6~~'-oa:), equals zero identically. 

Proof. Let y be a fixed point in IRn. Substituting the solution u into the equation 
(2.1.1) we obtain the equality 

Otu(t,x) - L ak(t,Y)O~u(t,x) = f(t,x;y), (t,x) E II(o,T], 

IIkl19b 

where f(t,x;y);= L Ll~ak(t,x)O~u(t,x). By Lemma 2.16, we have the repre
Il kll:S2b 

sentation 

t 

u(t,x) = J dr J G(t,x;r,~;y)f(r,~;y)d~, (t,x) E II(o,T], 

° IRn 

where G(-,';','; y) is the FSCP for the equation (2.1.48). 
By virtue of the Remark 1 to Property 2.6 from Section 2.1.4, lower deriva

tives of u satisfy the formulas 

t 

o~u(t,x) = J dr J o~G(t,x;T,~;Y)f(T,~;y)d~, 
o IRn 

(t,x) E II(o,T], IIIII < 2b, (2.2.117) 

for any fixed point y E IRn. We cannot use the formulas for the leading deriva
tives from the above remark, since they require the Holder continuity in x of the 
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function f; meanwhile f contains the derivatives of u, whose Holder continuity is 
not assumed. However, as in the proof of Theorem 2.8, it is easy to see that for 
x = y there exist the leading derivatives of the integral from (2.2.117), which are 
determined by the formulas 

t 

a~u(t,x)lx=y = j dT j a~G(t,x;T,~;y)lx=yf(T,~;y)d~, Illll = 2b. (2.2.118) 
o IRn 

Since the equalities (2.2.117) and (2.2.118) are valid for any y E IRn , substi
tuting there x for y we obtain the relations 

a~u(t,x) = L j dT j a~G(t,x;T'~;Y)1 tlEak(T,~)a~U(T,~)d~, 
IIkl19b 0 IRn y=x 

(t,x) E II(o,Tj, 

Illll :s; 2b. Using these relations and performing the usual estimates carried out, for 
example, in the proof of Lemma 2.10, we come to the inequality 

where 

t 

W(t) :s; C j (t - T)-1+,/(2blW(T)dT 

o 

W(t):= L Ila~u(t, ·)II~:~,a). 
1Ill19b 

Integrating we obtain that 

t t ~ 

j W(,6)d,6 :s; C j ( j (,6 - T)-1+,/(2blW(T)dT) d,6 
000 

~ c j ( j(~ -T)- '+'/(")d~) W(T)dT 

o T 

t 

= Co j(t - T),/(2b)W(T)dT 
o 

t 

:s; Cot,/(2b) j W(T)dT. 

o 
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t 

It follows from this inequality that J W(T)dT = 0 for all t E (O,to]' if to 

o 
satisfies the condition Cotri/(2b) < 1. Repeating, if necessary, these arguments we 

t 

find that J W(T)dT = 0 for all t E (O,Tj. Hence u = 0 on Il[o,Tj' 0 

o 
2.2.7. Integral representations and the sets of initial values for solutions defined 
on an open layer. The next theorem is, in a certain sense, converse to Theorems 
2.6 and 2.7. Its analog, for the case of a homogeneous equation parabolic in the 
sense of Petrovsky, is the second part of Theorem 1.1. 

Theorem 2.11. Let the coefficients of the equation (2.1.1) satisfy the conditions 
All, A12 , and A14 , while its right-hand side f satisfies the condition D 12p with 
some p E [1,ooj. Let u be a solution of the equation (2.1.1) defined on the layer 
Il(o,Tj and satisfying the condition 

Ilu(t, ')II~(t,a) S; C, t E (0, Tj, (2.2.119) 

with some constant C > O. Then, for p E (1,00]' there exists the unique function 
'P E L~, or, for p = 1, the unique generalized measure J.l- E Ma, such that the 
solution u admits the representation (2.2.92) and (2.2.103) respectively. 

Proof. Set 
t 

v(t,x):= u(t,x) - J dT J Z(t,x;T,~)f(T,~)d~, (t,x) E Ileo,Tj' 

o IR n 

It follows from the condition (2.2.119) and Lemma 2.12 that 

Ilv(t")II;(t,a) S; C, t E (O,T], 

and v is a solution on Ileo,Tj of the homogeneous equation (2.1.1). 

(2.2.120) 

Thus, in order to prove the theorem, it suffices to prove the following: let v be 
a solution of the homogeneous equation (2.1.1) satisfying the condition (2.2.120); 
then, for p E (1,00], there exists the unique function 'P E L~, and, for p = 1, 
there exists the unique generalized measure J.l- E Ma, such that the solution v is 
represented as the Poisson integral of the function 'P, 

v(t,x) = J Z(t,x;O,~)'P(~)d~, (t,x) E Ileo,Tj, (2.2.121 ) 

IRn 

and the generalized measure J.l-, 

v(t,x) = J Z(t,x;O,~)dJ.l-(~), (t,x) E Ileo,Tj' (2.2.122) 

respectively. 
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Suppose first that p E (1,00]. It follows from the condition (2.2.120) that the 
sequence of functions 

{V(l/V,X)W_l(l/v,x),x E JRn: v 2:: I} (2.2.123) 

is bounded in the space Lp(JRn ). This space is isometric to the conjugate of the 
space L p ' (JRn) , p' = p / (p - 1). By the theorem of compactness of a bounded 
subset of a conjugate space, the sequence (2.2.123) is weakly compact in Lp(JRn ). 

Therefore it has a subsequence 

{v(l/v(r),x)W_l(l/v(r),x),x E lRn : r 2:: I} (2.2.124) 

weakly converging to some function X E Lp(JRn ), that is 

(2.2.125) 

for each function 'ljJ E Lp,(JRn ). 

Set cp(~) := X(~)Wl(O,~), ~ E JRn. Then cp E L~, and the relation (2.2.125) 
can be written as 

= J ~'(~)w_l(O,~)cp(~)d~, 'ljJ E Lp,(lRn ). (2.2.126) 

IRn 

Take a fixed point (t,x) E II(o,T] and consider the function 

(2.2.127) 

It follows from the estimate 

(2.2.128) 

which is obtained using the equality (2.1.111), the estimate (2.1.82), and the in
equality (2.2.4), that 'ljJ E Lp,(lRn ) . Therefore by (2.1.111) and (2.2.126) we have 

}!...~J Z(t,x;O,~)Wl(O,~)W_l(l/v(r),~)v(l/v(r),~)d~ = J Z(t,x;O,~)cp(~)d~. 
(2.2.129) 

We may assume that l/v(r) :::; t/2, r 2:: 1. Just as we proved the formula 
(2.2.91), we can show that 

v(t,x) = J Z(t,x; l/v(r),~)v(l/v(r),~)d~. (2.2.130) 

IRn 
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Due to this equality, 

v(t,x) - J Z(t,x;O,~)ip(~)d~ = J D.~Z(t'X;T'~)1 v(l/v(r),~)d~ 
~n ~n T=I/v(r) 

+ J Z(t,x;O,~)(l- Wl(O,~)W-l(l/v(r),O)v(l/v(r),Od~ 

+ (1 Z(t, x; 0, ,)'ii, (0, ,)'ii -, (1/"(,), ,)v(l/v(,), ,)d< 

-1 Z(t, x; 0, ')~«)d<) ~; t, Tj", r ? 1. (2.2.131 ) 

To prove the representation (2.2.121), it is sufficient to show that for j E 

{I, 2, 3}, 

lim I(r) = O. 
r~CXJ J 

(2.2.132) 

The relation (2.2.129) implies (2.2.132) for j = 3. Let us prove (2.2.132) for 
j = 2. Using the Holder inequality and the estimate (2.2.120) we find that 

(2.2.133) 

where Yr(~) := IZ(t,x;O,~)IP'lwI(1/v(r),~) - WI(O,~)IP', ~ E lRn , r?1. 
Let us study properties of the functions Yr , r ? 1. Using the inequalities 

(2.1.82), (2.2.4), and (2.2.95) we obtain that 

(Yr(~)//p' :::; Ct- M (WI (t + l/v(r), x) + Wl(t, x))E~~co (t, x; O,~) 

:::; crM (WI(t + l/v(l), x) + WI (t, x))E~~co (t, x; 0, ~), 
~ElRn, r?l, 

which implies the existence of an integrable majorant for the sequence {Yr : r ? I}. 
Since for each ~ E lRn lim Yr(~) = 0, by the Lebesgue majorated convergence 

r->oo 
theorem, 

lim J Yr(~)d~ = O. 
r->oo 

~n 

This, together with (2.2.133), implies (2.2.132) for j = 2. 
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Finally, we prove the relation (2.2.132) for j = 1. Using the inequalities 
(2.2.94), (2.2.95), and (2.2.120), we have 

IIt)1 ~ C(1/v(r))t-M-1W1 (t + l/v(r),x) 

x j E~~co(t,x;O,~)(lv(1/v(r),~)lw-1(1/v(r),~))d~ 

~ C(1/v(r))CM- 1w1(t + l/v(r),x)llv(l/v(r), ')II~(1/v(r),a) 

x (j Ei:l"" l" (t, X; 0, ,)<1() W ,-::;;, O. 

Suppose that p = 1. It follows from the condition (2.2.120) that the sequence 
(2.2.123) is bounded in L1 (JRn ). This space is not a conjugate of any Banach space 
but it can be imbedded into the space M(JRn ) of all the generalized measures 
A : Bn -> CN1 with the finite full variation IAI(lR"). If we introduce a norm of 
A by the formula IIAII := IAI(JRn), then M(JRn ) becomes a Banach space. This 
space is isometric to the conjugate of the space Co (JRn ) of continuous functions 'IjJ : 
JRn -> CNl tending to zero at infinity. The boundedness in L1 (JRn ) of the sequence 
(2.2.123) implies the boundedness of the corresponding sequence of elements of 
the space M (JR n ), hence the weak compactness of the latter sequence. Thus there 
exists a subsequence (2.2.124) and a generalized measure A E M(JRn ), such that 

for any function 'IjJ E Co (JR n ). 

For bounded sets A E Bn we define fL(A) := j w1(O,x)dA(X); then 

A 

j w_1(O,x)dfL(X) = A(A). 

A 

(2.2.134) 

If A is an unbounded set from Bn , we consider a monotone non-decreasing sequence 
00 

of bounded sets Ak E Bn , k ~ I, such that U Ak = A, and put 
k=1 

j W-1(O,X)dfL(X):= lim jW-1(O,X)dfL (X) = lim A(Ak) = A(A). 
k~oo k---+oo 

A Ak 
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The function f../" just defined, belongs to the space Ma, and the equality (2.2.134) 
is written as 

(2.2.135) 

It follows from the estimate (2.2.128) that the function (2.2.127) (if N > 1, 
each column of this matrix) belongs to Co(lRn ), for any fixed point (t,x) E II(o,T]' 

Therefore, by the equalities (2.1.111) and (2.2.135) we obtain that 

}~~J Z(t,x;O,e)Wl(O,OW-l(l/v(r),e)v(l/v(r),e)de = J Z(t,x;O,e)df../,(e)· 
Rn RR 

(2.2.136) 

The subsequent reasoning is the same as for the case p > 1: using (2.2.130) 
we write the equality 

v(t,x)- J Z(t,x;O,~)df../,(~)=I~r)+I~r)+jy), r?:l (2.2.137) 

Rn 

where Iyl, j E {I, 2}, are the same as in (2.2.131), while 

next we prove the relation (2.2.132) for j E {I, 2}. Since, by (2.2.136), lim j~r) = 
r-+oo 

0, the representation (2.2.122) follows from (2.2.137). 
The uniqueness of the function cp and the generalized measure f../, from the 

representations (2.2.92) and (2.2.103) follows from Theorems 2.6 and 2.7. D 

The next result follows from Theorems 2.6,2.7, and 2.11. 

Corollary. Under the assumptions regarding the coefficients and the right-hand 
side f of the equation (2.1.1) from Theorems 2.6, 2.7, and 2.11, the following 
assertions are valid: 

1) the spaces L~ and M a are the sets of initial values of solutions of the equation 
(2.1.1) if and only if the solutions satisfy the condition (2.2.119) for p E (1,00] 
and p = 1 respectively; 

2) a solution of the equation (2.1.1) can be represented in the form (2.2.92) or 
(2.2.103) with cp E L~ and f../, E Ma, if and only if the condition (2.2.119) is 
satisfied. 
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2.3 Equations with growing coefficients 

2.3.1. Assumptions and auxiliary results. We shall consider the equation (2.1.1) 
from the class E 12 . For such an equation, the coefficients of its junior terms grow, 
as Ixl -> 00. As we mentioned in Section 1.1.1, the main notion for equations from 
the class E12 is the notion of dissipation. 

We make the following assumptions regarding the coefficients of the equation 
(2.1.1): 

-> 
(A15) The equation (2.1.1) is dissipative 2b-parabolic on II[o,Tj, with the dissi-

pation characteristic D; 

(Al6) The coefficients ak, Ilkll :s; 2b, have continuous derivatives 8~ak' Illll :s; 2b, 
satisfying the estimates 

18;,ak(t,x)l:S; C(D(X)?b-lIkll+lllll(l-c), (t,x) E II[o,Tj, 

where C > 0, € E (0,1); the functions bdt,x) := ak(t,x)(D(x))lI kll-2b , 
(t,x) E II[o,Tj, IIkll :s; 2b, are continuous in t, uniformly with respect to 
x E lR"; 

(Al7) The derivatives 8~ak, IIkll :s; 2b, Illll :s; 2b, are locally Holder continuous in 
x, uniformly with respect to t, with the exponent ,. 

There exists another set of assumptions which does not require a high smooth
ness of the coefficients, but a special restriction is imposed upon the dissipation 
characteristic D: 

(B13) The condition A15 holds; 

(B14) The coefficients ak, Ilkll :s; 2b, satisfy the inequality 

1~~ak(t,x)l:S; C(p(x;y)),((D(x))2b- lI kll + (D(y)?b-11k ll ), 

{(t, x), (t, y)} C II[o,Tj, 

in which C > ° and 'Y E (0,1); the functions bk, Ilkll :s; 2b, are continuous 
in t uniformly with respect to x E lRn; 

(B15) the dissipation characteristic satisfies the condition D(x) :s; CD(y) for any 
{x, y} C lRn, such that q( x; y) :s; 1, and the condition 

where C > ° while c is a sufficiently small positive number (to be chosen 
in specific situations), if q(x; y) > 1. 

Let g : lRn -> [1,00) be a function connected with the dissipation character
istic D via one of the following sets of conditions: 
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g(x) --+ 00; there exist the derivatives 8~g, ° < Ilkll :::; 4b, locally Holder 
Ixl--+oo 

continuous with the exponent I from the condition A 17 , which are con-
nected with the dissipation characteristic via the condition 

where C > 0, c; E (0,1), 'T] is a sufficiently small positive number, to be 
chosen in specific situations; 

g(x) --+ 00; there exist the derivatives 8~g, ° < Ilkll :::; 2b, satisfying the 
Ixl--+oo 

inequalities 

18~g(x)1 :::; C'T](D(x))llkll, 

1~~8~g(x)1 :::; C'T](p(x;y))'Y((D(x))llkll + (D(y))lIkll), 

{x,y} c JRn, 

where C > 0, A is the number from the condition B 14 , 'T] is a sufficiently 
small positive number, to be chosen in specific situations. 

Below we construct a FSCP for a dissipative equation (2.1.1) for the cases 
where the coefficients are sufficiently smooth (the conditions A15-A17 are satis
fied), or where they are Holder continuous ( the conditions B1rB 15 are satisfied). 
Levi's method will be used in both cases but, naturally enough, the parametrices 
will be chosen differently. 

In order to define the parametrix, we consider an auxiliary equation 

( l8t ~ L bdt'X)8~(~i8xn+Jkn+l)V(t,x,xn+l) = 0, 
Ilkll+kn+l=2b 

(t, x, xn+d E II(o,T] x JR, (2.3.1 ) 

where y is a fixed point from the space JRn . If the condition A15 is satisfied, and 
the coefficients bk, II kll :::; 2b, are continuous in t uniformly with respect to y E JRn, 
then, due to the results from Section 2.1.3, there exists a FSCP G(t, x; 'T,~; Xn+l ~ 
~n+1;Y)' ° :::; 'T < t :::; T, {x,~,y} c JRn, {Xn+l,~n+l} C JRn, for the equation 
(2.3.1), satisfying the estimates 

18~8~~!~G(t,X;'T,~;Xn+l ~~n+1;y)1 
:::; Ckkn +1 (t ~ 'T)-M-(llk ll +kn+l+1)/(2b) 

X E~O) (t, x; 'T,~) exp{ ~c(t ~ 'T )l-qlxn+l ~ ~n+llq}, 

k E Z~, kn+l E Z~, 

where CkkntI and c are positive constants, q := 2b/(2b ~ 1). The derivative 
8k C' (t . c. .) .- . if" f . . (t )-1/(2b) x ,x, 'T, <", Zn+l, Y ,Zn+l .- Xn+l +ZYn+l ElL-, as a unctIOn In ~'T Zn+l 
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with fixed t, T, x,~, and y, is entire and 

lo~G(t, x; T,~; Zn+l; y)1 S; Ck(t - T)-M-Cllkll+l)/C2b) EiO)(t, x; T, 0 

x exp{ -e(t - T)l-Qlxn+lIQ + e'(t - T)l-Q IYn+lI Q}, 

OS;T<tS;T, {x,OC~n, Zn+lEC, 

where Ck > 0, c > 0, and c' > O. 

(2.3.2) 

Let G(t,X;T,~;7];y) := FZn+l ..... 1][G(t,x;T,~;Zn+l;y)], where FZn+1 ..... 1] is the 
Fourier transform in the variable Zn+l' Then the function G(t, x; T,~; 7]; y), 0 S; 
T < t S; T, {x, 0 C ~n, is a FSCP for the equation 

( lOt - L bk(t,y)7]kn+l0~)V(t,X) = 0, (t,x) E Il(o,T), 
Ilkll+kn+l =2b 

for arbitrary fixed points 7] E ~ and y E ~n. By Lemma 1.1, the estimates (2.3.2) 
imply the estimates 

lo~G(t, x; T,~; 7]; y)1 S; Ck(t - T)-M- 11 k ll /(2b) EiO)(t, x; T,~) exp{ -e(t - T)7]2b}, 

OS;T<tS;T, {x,~,y}C~n, 7]E~, 

which, in turn imply the estimates 

lo~Go(t, x; T,~; y)1 S; Ck(t - T)-M-lIk ll / C2b) EiO)(t, x; T,~) exp{ -e(t - T)(D(y))2b}, 
OS;T<tS;T, {x,~,y}C~n, kEZ~, (2.3.3) 

where we denoted 

GO(t,X;T,~;y):= G(t,x;T,~;D(y);y). 

Note that the function GO(t,x;T,~;y), 0 S; T < t S; T, {x,~} C ~n, is a FSCP for 
the equation 

LN(t,y,Ot,ox)v(t,x) = 0, (t,x) E Il(O,T), (2.3.4) 

where LN was defined in (2.1.1), y is an arbitrary fixed point in ~n. 

The following properties of the function Go will be important in the sequel. 

Property 2.9. Suppose that the conditions A15 and A16 are satisfied. Then there 
exist the derivatives o~otGo, {k,l} C Z~, Illll S; 2b, for which 

lo~otGo(t, x; T,~; y)1 S; Ckl (t - T)-M -Cllkll+lllll(1-e)/(2b)) 

X E~O)(t, x; T,~) exp{ -c(t - T)(D(y)?b}, 
OS;T<tS;T, {x,~,y}c~n. (2.3.5) 
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If, in addition, the condition A17 is satisfied too, then for any R > 0 there 
exists such a constant Ckl > 0 that for all {y, z} C B R, 

1~~8~8tGo(t,x;r,~;y) I::; Ck1(P(Y;z))'"I (t - r)-M -(llkll+lllII(l-c))/(2b) EiO) (t,x;r,~), 

0::; r < t::; T, {x,O c IRn. (2.3.6) 

In the estimates (2.3.5) and (2.3.6), E and 1 are the numbers from the con
ditions A 16 and A 17 . 

The proof of this property is similar to that of Property 2.3. The emergence 
of the factor (t - r)-1111I(1-c)/(2b) in the estimates (2.3.5) and (2.3.6) is caused 
by the fact that, due to the condition AlG , derivatives of the coefficients of the 
equation (2.3.4) are estimated via powers of D(y). 

The following property is proved similarly. 

Property 2.10. If the conditions B13 and B14 are satisfied, then 

1~~8~Go(t, x; T,~; y)1 
::; Ck(p(Y; z))'Y (t - r)-M -llkll/(2b) E~O) (t, x; T, 0 

X (exp{ -e(t - r)(D(y))2b} + exp{ -c(t - T)(D(z))2b} )((D(y)?b + (D(Z))2b), 

0::; r < t:::; T, {x,~,y,z} c IRn. 

Property 2.11. All the assertions from Property 2.4 are valid for the function Go. 

Let us define the functions 

Zo(t,x;r,~):= GO(t,X;T,~;X), 

Zo(t, x; T,~) := Go(t, x; r,~; ~), 
O::;r<t::;T, {x,OclRn , 

(2.3.7) 

(2.3.8) 

which will be taken for parametrices, provided the conditions A 15-A17 and B 13-

B 15 respectively are satisfied. 
The equality 

8~Zo(t, x; r,~) = L Ck8~-18tGo(t, x; r,~; y)ly=x, 
l<O;k 

and the estimates (2.3.5) imply the estimates 

18~Zo(t, x; r, ~)I :::; C(t - r)-M- 11 kll /(2b) EiO) (t, x; r,~) exp{ -e(t - r)(D(x)?b}, 

0:::; r < t:::; T, {x,O c IRn , IIkll:::; 2b, (2.3.9) 

while the estimates (2.3.3) give the inequalities 

18~Zo(t, x; r, 01 :::; Ck(t - r)-M- 11kll /(2b) EiO) (t, x; r,~) exp{ -e(t - T)(D(~))2b}, 

0:::; r < t:::; T, {x,O c IRn, Ilkll E Z~. (2.3.10) 
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The next statements describe differential properties of the integrals 

t 

u(t,X;1',~):= j dA j Zo(t,x;)""y)Q()...,Y;1',~)dy, (2.3.11) 

r rnc n 

t 

u(t, x; 1',~):= j dA j Zo(t, x; A, y)Q()..., y; 1', ~)dy, (2.3.12) 

0:::; l' < t:::; T, {x,OclRn , 

where Q is a continuous function with values from CNN satisfying certain condi
tions. 

Property 2.12. Suppose that the conditions A15 and A16 are fulfilled, while the 
function Q satisfies the estimate 

IQ(t, x; 1', ~)I :::; C(t - 1')-M-1+x/(2b) E~O)(t, x; 1', ~), 

0:::;1'< t:::; T, {x,OclRn , 

(2.3.13) 

with some constants C > 0, c> 0, X E (0,1), and, for any R > 0, the estimate 

1~~Q(t,X;1',~) I:::; C(p(X;y))" (t _1')-M -1+'1'2/(2b) (E~O) (t,X;1',~) + E~O) (t,y;T,~)), 
O:::;T<t:::;T, {x,y}cBR , ~ElRn, (2.3.14) 

with constants C > 0, c > 0, /'1 E (0, X) and /'2 := X - /'1, which may depend 
on R. Then the function (2.3.11) possesses the continuous derivatives involved in 
the equation (2.3.4). The derivatives 8~u, Ilkll < 2b, are obtained by the formal 
differentiations under the symbols of the integrals while the leading derivatives can 
be found by the formulas 

to 

8~U(t,X;T,~) = j dAj 8~Zo(t,x;)..,y)Q()..,y;1',~)dy 

t 

+ j dAj 8~Zo(t,x;A,y)~~Q(A,y;T,~)dy 
to rnc n 

+ j (/ &:,Zo(t, x; A,Y)dY) Q(A,X; T, ()d)" 
to rnc n 

Ilkll = 2b, (2.3.15) 
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to 

(M1.(t,X;1',~) = Q(t,X;1',~) + J d)" J 8t ZO(t,X;)..,y)Q()..,y;1',Ody 

t 

+ J d)" J 8tZO(t,X;)..,y)6.~Q()..,y;1',~)dy 
to ]Rn 

+ j ( J a,ZO(t, x; A, Y)dY) Q(A, Y; T, ,)dA, 
to ]Rn 

o ~ l' < t ~ T, {x,n c ]Rn, (2.3.16) 

where to := (t + 1')/2. 

Property 2.13. If the conditions B I3 -BI5 are fulfilled, and the function Q satisfies 
the estimates 

IQ(t, x; 1', 01 ~ Gl((t - 1')-M-H,!(2b) exp{ -c(t - 1')(D(~))2b} 

+ (t - 1'P!(2b) (D(m-I)E~O) (t, x; 1', ~), (2.3.17) 

l6.iQ(t, x; 1', ~)I ~ Gl(p(x; y))" ((t - 1')-M-I+/'2!(2b) exp{ -c(t - 1')(D(~))2b} 

+ (t - 1')'2!(2b)(D(m-I)(E~0)(t, x; 1',~) + E~O) (t, y; 1', ~)), 
(2.3.18) 

O~1'<t~T, {x,y,nc]Rn, 

with some constants Cl > 0, c > 0, 1'1 E (0,1'), and 1'2 := l' -1'1, where 1 is 
an arbitrary fixed positive number, then the function (2.3.12) has the continuous 
derivatives involved in the equation (2.3.4). The derivatives 8~u, IIkll < 2b, are 
obtained by the formal differentiations under the symbols of the integrals while the 
leading derivatives are computed by the formulas which differ from (2.3.15) and 
(2.3.16) only by the substitution of u and Zo for u and Zo respectively. 

Properties 2.12 and 2.13 are proved by the method used in the proof of 
Properties 2.6 and 2.7. We show only how the integrals 

are estimated. 

I(k):= J 8~Zo(t,x;)..,y)Q()..,y;1',~)dy, 
o ~ l' < to ~ ).. < t ~ T, 

{x,n c ]Rn, Ilkll = 2b. 
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By Property 2.11 and the formula (2.3.8) we may write 

I(k) = J 8~ZO(t,X;)."y)b.~Q(A,Y;T,~)dy 
+ (1 ,,;8!C,(t, x;,\, y; z)iF,dy )Q(,\, x; T,{I 

=: h + hQ()."X;T,O· (2.3.19) 

Using (2.1.46), (2.1.61), (2.1.80), (2.3.10), (2.3.18), and the fact that 

(t - T)/2 S; >. - T S; t - T and exp{ -c(t - A)(D(y)?b} S; 1, 

we have 

x ((>. - T)-M-1+/2/(2b) exp{ -C(A - T)(D(~))2b} 

+ (>. - T)'2/(2b)(D(m-I(E~O) (A, y; T, 0 + E~O)(>., X; T, ~))dy 

S; Cl(t - A)-1+/,j(2bl((t - T)-M-1+/2/(2b) exp{ -Cl(t - T)(D(~))2b} 

+ (t - T)'2/(2b)(D(~))-I)E~~)(t,X;T,~), 

OS; T < to S; >. < t S; T, {x,O c ]Rn. (2.3.20) 

By (2.1.46), (2.1.61), and Property 2.10, 

Ih I S; C(t - >.)-1+//(2b) J (t - A)-M E~~) (t, X; )." y)( (D(x) )2b + (D(y) )2b)dy 

IR" 

= C(t - >.)-1+//(2b) ((D(X))2b + J (t - A)-M E~~)(t, X; >., y)(D(y))2bdy 

B(x,l) 

+ J (t_>.)-ME~~)(t'X;>"Y)(D(y)?bdY). 
]R"\B(x,l) 

It follows from the condition B 15 that D(y) S; CD(x) if y E B(x, 1). For y E 

]Rn \ B(x, 1) we use the Young inequality and find that 

(D(y))2b S; cexp { 2bc t((t ->.)-1/(2bj )lxj - yjl)((t - >,)1/(2b j )(D(X))m j )} 

S; CE~O~bE:/qll (t, X; A, y) exp{2bM c(t - >.)(D(x) )2b}. (2.3.21) 
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Therefore choosing c in such a way that C1 - 2bc/q" > 0, we get 

Ihl :::; G(t - A)-H1'!(2b)((D(x))2b + exp{2bMc(t - A)(D(x))2b}). 

The estimates (2.3.13) and (2.3.22) imply the estimate 
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(2.3.22) 

IhQ(A, Xi T, ~)I :::; Gz(t - A)-H1'!(2b) ((t - T)-M-1+1'!(2b) exp{ -C1(t - T)(D(~)?b} 

+ (t - T)1'!(2bl(D(m- 1 E~O) (t, xi T, ~)((D(x))2b 

+ exp{2bM c(t - T)(D(x))2b}), (2.3.23) 

O:::;T<to:::;A<t:::;T, {x,OclRn , 

while (2.3.19), (2.3.20), and (2.3.23) lead to 

II(k) I :::; Gl(t - A)-H1'1!(2b) ((t - T )-M -H1'2!(2b) exp{ -C1 (t - T)(D(~) )2b 

+ (t - T)1'2!(2b) (D(m-I)E~~) (t, Xi T, ~)( (D(x) )2b 

+ exp{2bMc(t - T)(D(x))2b}), 

O:::;T<to:::;A<t:::;T, {x,OclRn . 

2.3.2. Fundamental solution of the Cauchy problem for dissipative equations. The 
next two theorems deal with the FSCPs for dissipative equations (2.1.1) with 
sufficiently smooth coefficients and with Holder continuous coefficients. 

Theorem 2.12. Suppose that the conditions A 15 -A17 are satisfied. Then there exists 
a FSCP Z for the equation (2.1.1), such that 

18!Z(t, Xi T,~) I :::; G(t - T)-M -ll kll!(2b) E~O) (t, xi T,~) (2.3.24) 

and 

18~Z(t,xiT,~)1 
Ilkll 

:<::: G ~)t - T)-M-(llk ll - j )!(2b) (D(X))j(l-c) E~O) (t, Xi T,~) exp{g(x) - g(~)}, 
j=O 

(2.3.25) 

where G and c are certain positive constants, 9 is an arbitrary function satisfying 
the condition A 18. 

Proof According to Levi's method, we seek a FSCP for the equation (2.2.1) in the 
form 

t 

Z(t,XiT,O = ZO(t,XiT,~) + J dA J Zo(t,xiA,y)Q(A,YiT,~)dy, (2.3.26) 
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Assuming that the unknown function Q is continuous and satisfies the estimates 
(2.3.13) and (2.3.14), and using Property 2.12, we obtain the integral equation 
(1.1.47) for Q, in which 

K(t,X;T,~):= L ak(t,x) LcL8~8:-1Go(t,X;T,~;Y)IY=x. 
O<llkll9b l<k 

Due to the condition for the coefficients ak, Ilkll S 2b, and the estimates 
(2.3.5), we have 

IK(t, x; T,~)I S C L (D(x)?b-lIk ll L(t - T)-M-(IIZlI+llk-l ll (1-E)/(2b)) 

o<llkl19b l<k 
x E~O)(t, x; T, 0 exp{ -c(t - T)(D(x))2b} 

S C L L(t - T)-M-1+(llkll-IIZlHk-III(1-E))/(2b) E~O) (t, x; T,~) 
IIkll9b l<k 
X exp{ -Cl (t - T) (D(x) )2b} S C(t - T)-M+x.- l E~O) (t, x; T, ~), 

OST<tST, {x,OClRn , 

where Cl E (0, c), X:= min (mjlo). 
jE{l, ... ,n} 

The last estimate makes it possible, just as in the proof of Theorem 2.2 
for the equation (2.1.1) with bounded coefficients, to prove the solvability of the 
integral equation (1.1.47) and the estimate (2.3.13) for Q. The proof of the estimate 
(2.3.14) for Q and the estimates (2.3.24) for Z is carried out like the proof of the 
corresponding estimates in Theorem 2.2. The arguments must be modified to take 
into account the new conditions upon the coefficients. For the detailed proofs see 
[179] 

Note that the estimates (2.3.24) do not contain the dissipation characteristic 
D. Therefore they should be refined. For this purpose we introduce in the equation 
(2.1.1) a new unknown function v setting 

u(t,x) = eg(x)v(t,x), (t,x) E II(o,T] , (2.3.27) 

where the function g satisfies the condition A18 . Then we obtain an equation for v: 

where 

( l8t - L adt'X)8~)V(t,X) = j(t,x), (t,x) E II(o,T] , 
IIkl19b 

(2.3.28) 

ak(t,x):= L Clkal(t,x)e-g(x)8~-keg(x), j(t,x):= e-g(x) J(t,x). 
l~k, 

IIZlI9b 

Let us prove that the coefficients ak, Ilkll S 2b, satisfy the conditions A 15-A17 . 
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Let us verify A15 . The functions 

bk(t,x) := ak(t,x)(D(x))lIk ll -2b = L Clkbl(t,x)e-9(X)a~-ke9(X)(D(x))lIklHllll, 
l?k, 

Illll:<:;2b 

(t, x) E II[o,Tj, I/kll::; 2b, 

are bounded, since 

Ibk(t,x)1 ::; C L Ibl(t,x)I(D(x))-lll-kIIE::; C, I/kl/::; 2b, 
l?k, 

Illil:<:;2b 

due to the boundedness of the functions bl , Illll ::; 2b, and the condition A18 . For 
the equation (2.3.28) the characteristic equation from Definition 1.5 has the form 

or 

det(IP- L bk(t,X)(iollln+l) =0 
Ilkll+kn+l =2b 

det(IP - L bk(t, x) (iolp,kn+1 

IIkll+kn+l =2b 

L L Clkbl(t, x)(D(x))llk ll - lI l ll e-9(X)a~-keg(x)(iol p,kn+l) = O. 
IIkll+kn+l=2b l>k, 

II I 11:<:;2b 
(2.3.29) 

By the condition A15 for the equation (2.1.1), the equation (2.3.29) without the 
third summand satisfies the 2B-parabolicity condition. Since the terms of the 
sum from the third summand contain at least one differentiation of the function 
e9 , by the condition A 18 they are estimated via the parameter 'TI, so that, for a 
sufficiently small "1, p-roots of the equation (2.3.29) maintain their proper location. 

--+ 
Hence, the equation (2.3.28) is a dissipative 2b-parabolic equation on II[o,Tj with 
the dissipation characteristic D. 

Let us verify the condition A 16 . Due to the condition A16 for ak, I/kl/ ::; 2b, and 
the condition A18 , the coefficients ak, I/kl/ ::; 2b, have the continuous derivatives 
a~ak' Illll ::; 2b, and 

18~ak(t,x)1 = ILL L c;"crc[_pa~-p-ram(t'X)8~e-g(X)8;:+p-keg(X)1 
m?k, p:<:;r r9-p 

IIml19b 

::; C L L L (D(X))2b-lImIIHl-p-rll(1-E) (D(x))llrIlCI-E) (D(x))lIm+p-kIiC I-E) 

m?k, p:<:;l":<:;l-p 
IIml19b 
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= C z= (D(X)?b-llkll+lllil(1-c) (D(x))-lIm-klic ~ C(D(X))2b-llkll+lllIICl-c). 

m?,k, 
IImll9b 

The functions bk , II kll ~ 2b, are continuous in t uniformly with respect to x E IRn , 

since for any 101 > 0 

l~rbk(t',x)1 = I z= Clk~~;lbl(t"X)e-gCX)8~-kegCX)(D(X))lIkll-llllll 
l?,k, 

1Il1l9b 

~ Ce' z= (D(x))III-kIICl-c) (D(x))lIkll-lll ll ~ 101, x E IRn , 

l?,k, 
1Il1l9b 

as soon as It' - till < 5, {t', til} C [0, TJ, where 10' and 5 are from the condition of 
the uniform, with respect to x, continuity in t of the functions bl, IIlll ~ 2b. 

The condition A17 holds for the equation (2.3.28), due to the condition A17 
for the equation (2.1.1), and the condition A18 . 

Since the equation (2.3.28) satisfies the conditions A 15-A17 , this equation 
possesses a FSCP Z with the estimates (2.3.24). The equality (2.3.27) implies the 
connection between the FSCPs Z and Z: 

Z(t, x; T,~) = exp{g(x) - g(~)}Z(t, x; T, ~), 
O~T<t~T, {x,~}CIRn. (2.3.30) 

Using this equality, the estimates (2.3.24) for 8~Z, IIkll ~ 2b, and the condition 
A 18 , we obtain the estimates (2.3.25). D 

Consider a dissipative equation (2.1.1) with Holder continuous coefficients. 

Theorem 2.13. Let the conditions B 13 -B15 be satisfied. Then there exists a PSGP 
Z for the equation (2.1.1), such that 

18!Z(t, x; T, ~)I ~ Cl ((t - T)-M- 11kll /C2b) exp{ -c(t - T)(D(~)?b} + (D(~))-l) 

X E~O)(t,X;T,~), Ilkll < 2b, (2.3.31) 

18!Z(t,x; T,~)I ~ Cl ((t - T)-M- 11kll /C2b) exp{ -c(t - T)(D(~))2b} + (D(~))-l) 

X E~O) (t, x; T,~) ((D(x))2b + exp{2beM(t - T)(D(x)?b}), 

IIkll = 2b, (2.3.32) 

O~T<t~T, {x,OCIRn, 

where l is an arbitrary fixed positive number, Cl > 0, c> O. 
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In addition, 

Ilkll 
18~Z(t,X;T,~)I::; C~)t - T)-M-(llk ll - j )/(2b) (D(x))j E~O) (t,x;T,~)exp{g(x) - g(~)}, 

j=O 

(2.3.33) 

where C > 0, c> 0, and g is an arbitrary function satisfying the condition B 16 . 

Proof. In contrast to the case considered in Theorem 2.12, instead of the formula 
(2.3.26) for a FSCP Z we shall use the formula (2.1.84), with Zo defined in (2.3.8). 
Assuming the conditions (2.3.17) and (2.3.18), we obtain an integral equation 
(1.1.47) for Q, with the kernel 

K(t,X;T,~):= L ~~ak(t,x)8~Zo(t,x;T,~), 0::; T < t::; T, {x,O C ]Rn, 
IIkll:'02b 

where Co E (0, c). 
If q(x;~) ::; 1, then this inequality, due to the condition B 15 , implies 

Let q(x; E) > 1. Then we use the inequality (2.3.21), in which x and E are 
substituted for y and x respectively, while E > 0 is chosen in such a way that 
C1 := Co - max{2bE/q", 2bME} > O. Now 

Hence, we have the estimate 

IK(t, x; T, E) I ::; C1 (t - T) -M -1+r/(2b) E~~) (t, x; T, 0 exp{ -C1 (t - T)(D(~) )2b}, 

O::;T<t::;T, {x,Oc]Rn. (2.3.34) 

This estimate is the base for solving the equation (1.1.47) for Q by iterations. 
We have to give estimates for the iterated kernels K m , m 2: 2. If in the estimate 
(2.3.34) we drop the factor exp{-c1(t - T)(D(E))2b}, then we obtain bounds for 
the kernels Km just as in Lemma 1.8, and carry out the whole procedure of the 
Levi method as in Section 2.1.5. The estimates for Z obtained this way are as 
follows: 

18~Z(t, x; T, E)I ::; C(t - T)-M- ll kll /(2b) E~O) (t, x; T, 0, 
0::; T < t ::; T, {x,O C ]Rn, IIkll < 2b. (2.3.35) 

It would be good to maintain the dissipation characteristic in the estimates 
of the kernels Km and all the subsequent bounds. That is possible indeed, and we 
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explain the technique by the example of the kernel K 2 . Let us write it in the form 

t 

K2(t,xiT,~) = ! d>" ! K(t,Xi>",y)K(>",YiT,~)dy 
T B(f;,1) 

t +! d>" ! K(t,Xi>",y)K(>",YiT,~)dY=:h+h (2.3.36) 

T JRn\B(p) 

Using the estimate (2.3.34), the condition B 15 , and the inequality (2.1.80), 
we find that 

t 

1111 :::; C~ !((t ->..)(>.. - T))-1+-y/(2b)d>" ! E~~)(t,Xi >..,y) 
T IRn 

x E~?)(>", Yi T, ~)((t - >..)(>.. - T))-M dyexp{ -C2(t - T)(D(~))2b} 

:::; C28B('y / (2b), '"'1/ (2b) )(t - T) -M -1+2-y/(2b) E~~!1_8) (t, xi T,~) 

X exp{ -C2(t - T)(D(0)2b}, 

(2.3.37) 

where C2 E (0, C1), C20 > 0, 15 is an arbitrary fixed number from the interval (0,1). 
In order to obtain a bound for h, we use the estimate 

IK(>", Yi T, ~)I :::; CIlE~~~1_0/>'" Yi T, ~)(D(~))-l, 
O:::;T<>..:::;T, YElRn\B(~,l), ~ElRn, (2.3.38) 

where I is an arbitrary fixed positive number. If >.. - T ::::: 1, then the estimate 
(2.3.38) is a direct consequence of (2.3.34): 

IK(>.., Yi T, ~)I :::; C1E~~)(>", Yi T,~) exp{ -C1 (D(~))2b} 

:::; C11E~~) (>.., Yi T, ~)(D(O)-l. 

For the case where>.. - T < 1, we get using the estimate (2.3.34) and the fact that 
q(y;~) > 1, that 

IK(>",YiT,OI 
< C (>.. - T)-M-1+-y/(2b) E(O) (>.. Y'T t) 
- 1 c,(l-o) , , ''" 

x exp{ -C1t5(>.. - T)l-qlf} exp{ -C1 (>.. - T)(D(~)?b} 

:::; CIl(>" - T)-M-1+-y/(2b) E~~~1_0)()..'Yi T,~)((>.. - T)1/(2b) D(O)-l 

x exp{ -C1 t5 (>.. _ T)l-qlf} 
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= CllE~~il_8)(A, y; T, ~)(D(~))-l((A - T)-M-Hh- l)/(2b) exp{ -C10(A - T)l-qll}) 

::; CllE~~il_8)(A,Y;T,~)(D(0}-l. 

Now we use the inequality 

E(O) (t X' A y)E(O) (A y'T t) < E(O) (t X' T t) 
Co '" Co '" ~ - Co ' , ,~ , 

T<A<t, {x,y,OclRn , Co>O, (2.3.39) 

a consequence ofthe inequalities (1.3.13) with n = 1, f3 = 1/(2bj ), j E {I, ... , n}. 
From the estimates (2.3.34) and (2.3.38), using (2.1.46) and (2.3.39) we find 

that 

t 

Ihl ::; C1 Cll(D(~))-l j (t - A)-H,/(2b)dA j Ei~) (t, x; A, y) 
T 

X E~~ih5) (A, y; T, ~)(t - A)-M exp{ -C1 (t - A)(D(y))2b}dy 

::; C1 Cll (D(O}-l E~~i1-8) (t, x; T,~) 
t 

x j(t-A)-H,/(2b)dA j E~~l(t,x;A,y)(t-A)-Mdy 
T 

= C2l B(r /(2b), 1) (t - T)'/(2b) E~~i1-8) (t, x; T, ~)(D(~) )-l, 

0::; T < t::; T, {x,~} c IRn. 

From (2.3.36), (2.3.37), and (2.3.40) we get the required estimate 

IK2 (t, x; T,OI ::; (C28B (r!(2b),,,(/(2b))(t - T)-M-1+2,/(2b) 

x exp{ -C2(t - T)(D(~)?b} 

(2.3.40) 

+ C2l B(r!(2b), l)(t - T),/(2b)(D(~))-l)Ei~il_8)(t,X;T,~), 

O::;T<t::;T, {x,OClRn . 

The estimates of the kernels Km, m 2: 3, which imply the estimate (2.3.17) 
for Q, as well as the estimates (2.3.18) and (2.3.31), are given in detail in [116) for 
a more general case of degenerations on the initial hyperplane. 

In order to obtain the estimates (2.3.33), we introduce a new unknown func
tion v by the formula (2.3.27), in which the function g satisfies the condition B 16 . 

As in the proof of Theorem 2.12, we obtain the equation (2.3.28) and verify, for a 
sufficiently small 'fl, the conditions B 13-B15 , provided these conditions are fulfilled 
for the equation (2.1.1). This gives the equality (2.3.30) for Z, in which Z is a 
FSCP for the equation (2.3.28). This equality, the estimates (2.3.35) for Z, and 
the condition B 16 imply the estimates (2.3.33). 
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Let us prove the estimates (2.3.32). It is sufficient to consider the integral 
(2.1.85). For Ilkll = 2b, due to Properties 2.11 and 2.13, we have 

to 

8~W(t, x; T,~) = j d>" j 8~Zo(t, x; >.., y)Q(>.., y; T, ~)dy 
T IRn 

t 

+ j d>..j 8~Zo(t,x;>",y)6.~Q(>",y;T,~)dy 
to IRn 

I j ( J "'; a; G" (t, X; A, Y; ,) I,~,dy ) Q( A, .x; T, ,)dA 
to IRn 

3 

=:LJj · 

j=l 

(2.3.41) 

Using (2.1.46), (2.1.80), (2.3.10), (2.3.17), (2.3.39), and the method of the 
proof of the estimate (2.3.38), we find that 

(

to 

IJ11 :::; Gt(t - T)-l j(>.. - T)-1+'(/(2bld>" j E~Ol(t,x; >..,y) 

T B(~,l) 

x E~Ol(>",y;T,~)((t - >..)(>.. - T))-M 

X exp{ -c((t - >..)(D(y)?b + (>.. - T)(D(~))2b)}dy 

to 

+ j (>.. - T)-M-1+,(/(2b) exp{ -c(>.. - T)(D(~)?b}d>" 
T 

to 

X j (t->..)-ME~Ol(t,x;>",y)E~Ol(>",y;T,~)dy+ j(>"-T)'Y/(2b)d>" 

IRn\B(~,ll T 

X j(t - >..)-ME~O)(t'X;>"'Y)E~O)(>",y;T,OdY(D(~))-t) 
IRn 

:::; Gt(t - T)-l ((t - T)-M Ei~l (t, x; T,~) exp{ -C1 (t - T)(D(~))2b} 
~ ~ 

x j(>"-T)-1+Y/(2b)d>"+E~~l(t'X;T'~) j d>" j(t_>..)-M 
T T r 
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S; Gz((t - 7)-M-H')'/(2b) 

X exp{ -Cl (t - 7)(D(~)?b} + (D(~))-z)E~~) (t, x; 7, ~). (2.3.42) 

It follows from (2.3.20) that 

Ihl S; Gz((t - 7)-M-HI'/(2b) 

x exp{ -Cl (t - 7)(D(~)?b} + (D(m-Z)E~~) (t, x; 7, ~), (2.3.43) 

while (2.3.23) implies the estimate 

Ihl S; Gz((t - 7)-M-H2')'/(2b) exp{ -Cl(t - 7)(D(~))2b} + (D(m-Z) 

x E~O)(t, x; 7, ~)((D(x)?b + exp{2bM c(D(x)?b}). (2.3.44) 

Using the equalities (2.1.84) and (2.3.41), the estimates (2.3.10) and (2.3.42)-
(2.3.44), we obtain the estimate (2.3.32). D 

2.3.3. Fundamental solution ofthe Cauchy problem for some equations reducible to 
dissipative ones. Let us consider the equation (2.1.1) with unbounded coefficients 
under some assumptions, different from those of Section 2.3.2. 

Let b':= max bj , 60 E (0,1), and the function 770 E G4b' (IR) be such that 
jE{l, ... ,n} 

'fJo(r) := Irl for Irl ~ 1 + 60, 

and l'fJak\r) I S; G, 

'fJo(r) := 1 for Irl S; 1 - 60, 

r E IR, k E {1, ... ,4b'}. 

Consider the functions 

and 

x E IRn , 

!/O(t, x) ,~ a(1 - (Aa)"- 't)- '/("-» (t,(""(Xj »" ) k
O

, 

(t,x) E II[o,T] , 

(2.3.45) 

(2.3.46) 

where the number co E (0,1) is chosen in a special way for each specific situation, 
A is a sufficiently large positive number, and a > 0 is such a number that T S; 
(Aa)1-2b /2. 

We shall use the following set of conditions containing the function D = Do 
defined in (2.3.45): 
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(Cll ) The functions bk(t,X) := ak(t,x)(Do(x))llk ll -2b, (t,x) E II[o,T], Ilkll ::; 2b, 
----7 

are bounded, and the equation (2.1.1) is uniformly 2b-parabolic on II[o,T]; 
(C12 ) The conditions A 16 and A17 are satisfied; 

(C13 ) The equation (2.1.1) possesses the adjoint equation (2.1.3) whose coeffi-
cients satisfy C12 . 

Let us consider the FSCPs for the equation (2.1.1) and the adjoint equation (2.1.3). 

Theorem 2.14. Suppose that the conditions Cll and C12 are fulfilled for the equation 
(2.1.1). Then there exists a FSGP Z for this equation, and 

Ilkll 
la~ Z(t, x; r, () I ::; C L(t - r)-M- U1 kll - j )/(2b) (Do(x ))j(1-c) E~O) (t, x; r, () 

j=o 

x exp{go(t,x) - go(r,()}, 

0::; r < t::; T, {x,O c ]Rn, IIkll::; 2b, (2.3.4 7) 

where C > 0, c > 0, Do and go are the functions from (2.3.45) and (2.3.46) 
respectively. 

If, in addition to the conditions C11 and C12 , the condition C13 is fulfilled, 
then there exists a FSGP Z*(r,(;t,x), 0::; r < t::; T, {(,x} c ]Rn, for the adjoint 
equation (2.1.3), and Z*, Z satisfy the equalities (2.1.111) and (2.1.112). 

Proof. Let us make in the equation (2.1.1) a change of variables by the formula 

u(t,x) = e90 (t'X)v(t, x), (t,x) E II(o,T], 

in which go is the function from (2.3.46). As a result we obtain the equation 

( 18t - L ak(t,X)a~ 
Ilkll::;2b 

+ L L Cral(t,x)e-90(t,X)a~-ke90(t,X)a~ - atgo(t'X)I)V(t,X) 
IIkll<2b l>k, 

1IlI19b 

= e-9o (t,x) f(t,x), (t,x) E II(o,T]' (2.3.48) 
----7 

The equation (2.3.48) is a dissipative 2b-parabolic equation satisfying the 
conditions A 15-A17 with the function Do defined in (2.3.45). The properties of 
coefficients of this equation involved in the conditions A 15-A17 are consequences 
of the conditions Cll and C12 , and the inequalities 

la~go(t,x)l::; C1(Do(x))"k l(1-E) , 0 < Ilkll::; 4b, 

C A2b-1a2b < (D (x))- 2ba 9 (t x) < C A2b-1a2b 2 _ 0 to, _ 3 , 

lata~go(t,x)l::; C4A2b-1a2b(Do(x))"ll(1-c) , 0 < IIlll::; 2b, 

(t,x) E II[o,T]' 

(2.3.49) 

(2.3.50) 

(2.3.51) 
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These inequalities are valid under the appropriate choice of the number EO from 
the equality (2.3.45). 

In order to show that the equation (2.3.48) is dissipative, we consider its 
characteristic equation 

det (I(P + (Do(x))-2batgo(t,x)p?b) - L h(t,x)(ialp,kn+1 

Ilkll+kn+l=2b 

L L Ofbl(t,x)e-go(t,x)a~-kegO(t'X)(D(x))lIkll-lllll(ia)kp,kn+l) = O. 

Ilkll+kn+l =2b l>k, 
1111I$2b 

By the inequalities (2.3.49)-(2.3.51) and the condition 0 11 , the coefficients of this 
equation are bounded, and for p, = 0 its p-roots are located properly. Therefore, 
in order to prove the inequality 

it suffices to verify that Rep(t,x,a,p,) =1= 0 for all (t,x) E II[o,Tl' a E JR", and 
p, E JR. That can be done, using the inequality (2.3.50) and choosing A large 
enough. 

Hence, by Theorem 2.12 there exists a FSCP Z for the equation (2.3.48), it 
satisfies the estimates (2.3.24), and it is connected with the FSCP Z for the equa
tion (2.1.1) by the formula (2.3.30), in which go(t,x) and gO(T,~) are substituted 
for g(x) and g(~) respectively. Using the estimates (2.3.24) and (2.3.49), we obtain 
the estimates (2.3.47). 

The existence of the FSCP Z' and the equalities (2.1.111), (2.1.112) for Z 
and Z' are proved just as in Remark 5 from Section 2.1.5. D 

2.3.4. Theorems about the solvability of the Cauchy problem. The results regarding 
the FSCP expounded in Sections 2.3.2 and 2.3.3 make it possible to study, just 
as in Section 2.2, properties of the corresponding Poisson integrals and volume 
potentials, and to investigate on this basis the solvability of the Cauchy problem. 
Since the above FSCP estimates for equations with growing coefficients are not as 
exact as those for the case of bounded coefficients (Section 2.1), the subsequent 
results regarding the Cauchy problem are more unpretentious than the ones from 
Section 2.2. Below we give only two theorems about the solvability of the Cauchy 
problem. We do not present here the properties of the Poisson integrals and volume 
potentials needed there, since that would require essentially a repetition of the 
proofs from Sections 2.2.2 and 2.2.4. 

In order to formulate the theorems, we need norms and spaces similar to 
those used in Section 2.2. There we employed the weight functions Wv defined in 



160 Chapter 2. Parabolic Equations of a Quasi-Homogeneous Structure 

(2.2.1). Here we use the following weight functions: 

<Pv(t, x) := wv(t, x)evg(x), <p~(t, x) := w//(t, x)evgo(t,x), 

(t,X)EII[o,Tj, XEIRn , VE{-l,l}, 

where the function W v is the same as before, while g and go are the functions from 
the estimates (2.3.25) and (2.3.47) respectively. 

The definitions of the spaces used below, 

La,g(.) Ma,g(-) L-k(T,a), -gel and C-k(T,a),-g(-) 
p' '1 0' 

with the norms 

respectively, and also the norms lIu(t, ·)II~(t,a),g(.) are the same as the definition 
of the corresponding spaces without the index g(.) in Section 2.1.2, only with the 
weight functions <Pv substituted for W v' If instead of the functions W v we take the 
functions <l>e, then we obtain another series of spaces 

La,go(O,.) Ma,go(O,.) L-k(T,a),-go(T,.) C-k(T,a),-go(T,.) 
p' , 1 , 0 , 

and norms 

Ilu(t, ·)II~(t,a),go(t,.). 

For the inhomogeneous part f of the equation (2.1.1) we use the following 
conditions: 

(D15p) The function f : II(o,Tj -+ ICN1 is continuous, locally Holder continuous in 
x uniformly with respect to t, and for any t E (0, T] the expressions 

t 

Ilf(t, ·)II~(t,a),g(.) and Fp(t):= J Ilf(7, ·)II~(T,a),g(·)d7 
o 

are finite. 

(D16p) The function f : II(o,Tj -+ ICN1 is continuous, locally Holder continuous in 
x uniformly with respect to t, and for any t E (0, T] the expressions 

t 

Ilf(t, ·)II~(t,a),go(t,.) and F~(t):= J Ilf(7, ')II~(T,a),gO(T")d7, 
o 

where p E [1,00]' are finite. 
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The following theorem holds for dissipative equations with smooth coefficients. 

Theorem 2.15. Suppose that the conditions A15-A17 are satisfied. Then: 

1) If'P E L;,g(·), and the function f satisfies the condition D15p , p E [1,00]' 
then the function (2.2.92) is a solution of the equation (2.1.1), such that for 
all t E (0, T] 

Ilu(t, ·)II~(t,a),g(.) ::; C(II'PII;,g(·) + Fp(t)), 

with a certain constant C > 0, where the function Fp is the one from the 
condition D 15p , and the relation 

limo Ilu(t,·) - 'P(·)II~(t,a),g(.) = 0, 
t ...... 

holds if p E [1, (0), whereas for p = 00 the relation (2.2.22) holds for any 
'Ij; E L~k(T,a),-g(-). 

2) If f.t E Ma,g(.), and the condition Dl5l is satisfied for j, then the function 
(2.2.103) is a solution of the equation (2.1.1), and there exists such a constant 
C> ° that for all t E (0, T], 

Ilu(t, ·)II~(t,a),g(-) ::; C(IIf.tlla,g(.) + F1(t)), 

and the relation (2.2.47) holds for an arbitrary function 'Ij; E C~k(T,a),-g(.). 

A similar theorem is valid for the equations from Section 2.3.3, reducible to 
dissipative ones. 

Theorem 2.16. Let the conditions Cll and Cl2 be satisfied. Then: 

1) If'P E L:,go(O,.), and the function f satisfies the condition D 16p , p E [1,00], 
then the formula (2.2.92) defines a solution of the equation (2.1.1), for which 

Ilu(t, ·)II~(t,a),go(t,.) ::; C(II'PII;,go(O,) + Fg(t)), t E (0, T]; 

if p E [1,(0), the relation 

lim Ilu(t,·) - 'P(·)llk(t,a),go(t,.) = ° holds, 
t ...... o p 

while for p = 00 the relation (2.2.22) holds for each 'Ij; E L~k(T,a),-go(T,); 
2) If f.t E Ma,go(O,.), and the function f satisfies the condition D 161 , then the 

formula (2.2.103) defines a solution of the equation (2.1.1), for which 

Ilu(t, ·)II~(t,a),go(t,.) ::; C(IIf.tlla,go(O,.) + F~(t)), t E (0, T], 

and the relation (2.2.47) holds for any 'Ij; E C~k(T,a),-go(T,.). 
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2.4 Equations with degenerations on the initial hyperplane 

2.4.1. Fundamental solution of the Cauchy problem. In this section we give a brief 
exposition of the results regarding equations from the classes E13 and E 14 , that is 
the equations of the form (1.1.11), for which the coefficients ak with Ilkll = 2b are 
bounded, while those with Ilkl! < 2b are either bounded or may grow as Ixl -+ 00. 

The degenerations at t = 0 in these equations are caused by the presence of the 
functions a and f3 with the properties indicated in Section 1.1.1. 

Below we use the following additional notation: 

t 

A J d)" A(t, T) := a()..) , 
T 

t 

A J f3()..) 
B(t, T) := a(A.) d)", 

T 

Ed(t, T) := exp{ dA(t, T)}, 

Ec(t,X;T,f:') :=exp{ -c "2)B(t,T))l-Qj IXj -~jIQj}, 
J=l 

A d A Ad 
Ec(t,X;T,~):= Ec(t,X;T,~)E (t,T), 

(
A / ) 1/2 

p(t,X;T,~):= (A(t,T))l b + (p(X;~)? , 

O:::;T<t:::;T, {x,OcJRn , 

where c > 0 and d E JR. 
First we consider the equation (1.1.11) for the case where the correspond

ing equation (2.1.1) without degenerations satisfies the condition All, and the 
coefficients ak, Ilkll :::; 2b, satisfy A12 and possibly also the condition A 14 . 

The degenerations will be classified by A(T,O) and B(T,O). In the case 
A.(T,O) < 00 we say that the equation (1.1.11) is weakly degenerate. In the case 
A(T,O) = 00 it is called strongly degenerate, and very strongly degenerate, if 
A.(T,O) = 00 and B(T,O) = 00. 

It is not always possible to consider the Cauchy problem for the equation 
(1.1.11) with the initial data at t = 0 in the usual sense. However we can define 
a FSCP as such a function Z(t,X;T,~), 0 < T < t :::; T, {x,O c IR", that the 
formula 

u(t,X) = J Z(t,x;T,~)'P(~)d~, (t,x) E II(T,Tj, 

determines a solution of the homogeneous equation (1.1.11) satisfying the condi
tion ult=T = 'P for any T E (0, T) and an arbitrary continuous bounded function 'P. 

A FSCP for the equation (1.1.11) under the above conditions is constructed 
and investigated by the Levi method just as it was done in Sections 2.1.1-2.1.5 for 
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an equation without degenerations. As a parametrix we take the function (1.1.43) 
where Go(· i·,· i· i y) is a FSCP for the equation (1.1.48). Note that this equation 
contains a term without degenerations, the one with the coefficient ao at the 
unknown function. This term belongs actually to the group of leading terms of the 
equation. Its presence in (1.1.48) facilitates the estimation procedures of the Levi 
method and makes it possible to obtain exact results regarding the FSCP for the 
equation (1.1.11). The parametrix Zo satisfies the following estimates: 

18~Zo(t, Xi T, ~)I ::; Ck(B(t, T))-M- 11kll /(2b) E:(t, Xi T, ~), 
O<T<t::;T, {x,OcJRn,kEZ+., 

where Ck > 0, c > 0 and d E JR. 
The main theorem of this section about the FSCP for the equation (1.1.11) 

is as follows. 

Theorem 2.17. Suppose that the coefficients ak, IIkll ::; 2b, of the equation (1.1.11) 
satisfy the conditions All and A 12 . Then there exists a FSGP Z for this equation, 
such that 

18~Z(t, Xi T, ~)I ::; C(B(t, T))-M-lI kll/(2b) E~(t, Xi T, 0, 
ILl~' 8~Z(t, Xi T, ~)I ::; C(P(Xi x'))' (B(t, T) )-M-(lIkll+I')/(2b) 

x (E~(t,xiT,~) +E:(t,x'iT,m, 

0< T < t::; T, {x,x',O c JRn, IIkll::; 2b, 

where C > 0, c> 0 and d E lR. 

(2.4.1 ) 

(2.4.2) 

Proof. We proceed as in the proof of Theorem 2.2. Therefore we only indicate some 
differences from the case considered in that theorem. 

The second summand from the formula (2.1.84) is taken as 
t 

Wet, Xi T,~) = J a~~) J Zo(t, X; >.., y)Q().., y; T, ~)dy, 
T IRn 

O<T<t::;T, {x,OcJRn . 

Instead of the integral equation (1.1.47) we have the equation 
t 

Q(t, X; T,~) = K(t, Xi T,~) + J a~~) J K(t, Xi >.., y)Q(>.., y; T, ~)dy, 
T IRn 

in which 

K(t, X; T,~) := ((J(t) L Lliak(t, x)8~ + (J(t) L ak(t, x)8~ + Lliao(t, X)) 
Ilkll=2b Ilkll<2b 

x ZO(t,X;T,~). 
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The a priori assumptions regarding the function Q are as follows: 

IQ(t, x; T,~) I ::; C (3(t)(B(t, T) )-M -1+, /(2b) E~(t, x; T, ~), 

1L1~' Q(t, x; T, 01 ::; C(3(t)(p(x; X,))" (B(t, T))-M-1+,2/(2b) 
A dAd , 

X (Ee(t,x;T,~) +Ee(t,x ;T,~)), 
O<T<t::;T, {x,x',Oc]Rn, 

where the numbers 1'1 and 1'2 are the same as in (2.1.87). 
For the kernel K we obtain the estimate 

IK(t, x; T, ~)I ::; C1(3(t)(B(t, T))-M-1+,/(2b) E~,' (t, x; T, 0, 
O<T<t::;T, {x,Oc]Rn. 

Instead of the inequalities (2.1.61) and (2.1.80) used in the proof of Theorem 
2.2, here we use the inequalities 

(p(x; y))' Ee(t, x; T, y) ::; C(B(t, T)),/(2b) Eel (t, x; T, y), 

J Ee(t, x; T, ~)Ee(T,~; to, y)(B(t, T)B(T, to))-M)d~ 

A -M A 
::; Cc(B(t, to)) Ee(l-c)(t,x;to,y), 

O<to<T<t::;T, {x,y}C]Rn. 

We use the following inequalities for the functions .4., B, and Ed: 

o < T < t ::; T, p > 0, d1 > d. o 

Remark 1. If, in addition to the assumptions of Theorem 2.17, the coefficients ak, 

II kll ::; 2b, for every {t, t'} c (0, T], t < t', and x E ]Rn satisfy the condition 

then, apart from the estimates (2.4.1) and (2.4.2), 

1L1;:~xla~Z(t,x;T,~)I::; C(p(t',x';t,x))' 

x ((B(t, T))-M-(lIk ll +,)/(2b) E~(t, x; T,~) 

+ (B(t', T))-M-(llk ll +,)/(2b) E~(t', x'; T'~))' 

Ilkll ::; 2b, (2.4.3) 
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If a~Z(t, x; T, Y)dyl S C(B(t, T))-(llk 11 --r)/(2b) p;d(t, T), 
IRn 

o < Ilkll S 2b, (2.4.4) 

l~r~xl f a~Z(t, x; T, Y)dyl S C(p(t', x'; t, x)p (p;d(t, T) + p;d(t', T)), 
IRn 

o < Ilkll S 2b, (2.4.5) 

where 0 < T < t < t' S T, {x,x',O c ]Rn. 

Remark 2. The constant d in the estimates (2.4.3)-(2.4.5) may have any sign or be 
equal to O. For example, if for the equation (1.1.11) the estimates (2.4.3)-(2.4.5) 
hold with d = do > 0, then the corresponding estimates for the equation 

(o:(t)I8t - (3(t) L ak(t, x)a~ - ao(t, x) + pI )U(t, x) = f(t, x), 
o<llkl19b 

(t,x) E II(o,Tj, (2.4.6) 

with the parameter p E C, Rep:::=: do, are valid with d = do - Rep S O. 
This follows from the formula 

Zp(t, x; T,~) = exp{-pA.(t, T)}Z(t, x; T, ~), 
O<T<tsT, {x,Oc]Rn, 

where Z and Zp are the FSCP for the equations (1.1.11) and (2.4.6) respectively. 

Remark 3. In the case of the weak degeneration of the equation (1.1.11) we may 
set T = 0 and d = 0 in the estimates (2.4.3)-(2.4.5) 

Remark 4. A FSCP for the equation (1.1.11) has some properties similar to the 
case of an equation without degenerations. 

In particular, let to be an arbitrary number from the interval (0, T) 
, Z(t,X;T,~), 0 < T < t S T, {x,O c ]Rn, be a FSCP for the equation (1.1.11). 
Then the function Z(t,X;T,~), to S T < t S T, {x,O c ]Rn, is a FSCP with the 

--+ 
initial condition at t = to for the uniformly 2b-parabolic equation 

(I !l _ (3(t) ~ ()!lk _ ao(t,x)) ( ) = f(t,x) 
Ut o:(t) L...J ak t, x U x o:(t) u t, x o:(t) , 

o<llkll:'02b 
(t,x) EII[to,Tj' 

If we assume, apart from the conditions All and A12 , also the condition A14 , 

then by Remark 5 from Section 2.1.5, for the adjoint equation 
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there exists a FSCP Z*, and the equalities (2.1.111) and (2.1.112) hold, in which 
to ::; T < ,\ < t ::; T. Since to is an arbitrary fixed number from (0, T), the 
equalities (2.1.111) and (2.1.112) hold for any T E (0, t), t E (0, T]. This is the 
meaning of the normality property and the convolution formula for the FSCP for 
the equation (1.1.11). 

Results on the FSCP similar to those for equations with growing coefficients 
(Sections 2.3.2 and 2.3.3) are valid for such equations also in the presence of 
degenerations at the initial hyperplane. Below we formulate such theorems for the 
equations 

and 

(a(t)IOt - j3(t) L ak(t,x)O~ )u(t,x) = f(t,x), 
IIkl19b 

(t,x) E II(o,Tj, 

(a(t)IOt - j3(t) L ak(t,x)O~ - b(t,x))u(t,x) = f(t,x), 
0<lIkll9b 

(t,x) E II(o,Tj' 

(2.4.7) 

(2.4.8) 

Note that in the equation (2.4.7) we can pass from the variable t E (0, T] to 
a new variable T using the change of variables T = -B(T, t). Here T will belong to 
the interval (-B(T, 0), 0] which, in the case of a very strong degeneration, that is 
B(T,O) = 00, is unbounded. Hence the equation (2.4.7) is reduced to an equation 
without degeneration which should in general be considered on an unbounded time 
interval. Since that would require a specific additional investigation, we do not use 
the above change of variables. 

Theorem 2.18. Suppose that the coefficients ak, Ilkll S 2b, of the equation (2.4.7) 
satisfy the conditions A lf,-A17 . Then there exists a FSCP Z for the equation 
(2.4.7), such that 

and 

lo~ Z(t, x; T, ~)I ::; C(B(t, T) )-M -lIkll/(2b) Ec(t, x; T,~) exp{ dB(t, T)}, 

IIkll 
lo~ Z(t, x; T, ~)I ::; C L(B(t, T) )-M -(lIkll-j)/(2b) (D(x) )j(1-6) 

j=o 

x Ec(t, x; T,~) exp{ dB(t, T) + g(x) - g(~)}, 

O<T<tsT, {x,OCJRn , Ilkll::;2b, 
(2.4.9) 

where C > 0, c > 0, d E JR, and 9 is an arbitrary function satisf7jing the condi
tion A lS • 
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Theorem 2.19. If the coefficients ak, ° < Ilkll ::; 2b, and the dissipation character
istic D satisfy the conditions B 13 -B15 , while the function b is bounded, continuous 
in t, and Holder continuous in x, with the exponent ,,(, on ll[O,T) , then there exists 
a FSCP Z for the equation (2.4.8), such that 

la~ Z(t, x; T, ~)I ::; Cl ((B(t, T) )-M -lIkll/C2b) exp{ -cB(t, T) (D(~) )2b} 

+ (D(m-l)E~(t, X; T, ~), (2.4.10) 

Ilkll 
la~Z(t, X; T, ~)I ::; C 2)B(t, T)-M-Cllk 11 - j )/C2b) (D(x)j E~(t, X; T,~) 

j=o 

x exp{g(x) - g(~)}, 

if Ilkll < 2b, and 

la~ Z(t, X; T, ~)I ::; Cl ((B(t, T))-M-l exp{ -cB(t, T)(D(~))2b} 

+ (D(~»)-l)E~(t,X;T,~)((D(x))2b 
+ exp{2bcM B(t, T)(D(x))2b}), 

if IIkll = 2b. 

(2.4.11 ) 

(2.4.12) 

In the estimates (2.4.10)-(2.4.12), ° < T < t ::; T, {x,~} eRn, l is an 
arbitrary positive number, 9 is an arbitrary function satisfying the condition B16 , 

Cl > 0, C > 0, c > 0, d E K 

Let us consider also the equation (2.4.7) satisfying the conditions Cll-C13 , 

and the condition 

(C14 ) The degeneration is weak, that is B(T,O) < 00. 

If the condition C14 is fulfilled, we consider the function 

go(t,x):= a(l- (Aa)2b- 1iJ(t,0))-1/C2b-l)(Do(x)?b, 

(t, x) E ll[O,T), (2.4.13) 

where Do is a function from (2.3.45), A is a sufficiently big positive number, the 
number a > 0 is such that B(T, 0) ::; (Aa)1-2b/2. 

Theorem 2.20. If the equation (2.4.7) satisfies the conditions Cll, C12 and C14 , 

then it has a FSCP Z, such that 

IIkll 
la~Z(t, X; T, ~)I ::; C I)B(t, T))-M-(lIk ll - j )/(2b) (Do(x»i(1-€) Ec(t, x; T, 0 

j=O 

x exp{go(t,x) - gO(T,~)}, (2.4.14) 

0::; T < t S T, {x,O eRn, IIkll::; 2b, 
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where C > 0, c > 0, the functions Do and go are the ones from (2.3.45) and 
(2.4.13) respectively. 

If, in addition, the condition C13 is fulfilled, then the FSCP Z has the nor
mality property, and a convolution property is valid for it. 

The proofs of Theorems 2.16-2.18 are given in [115, 116]. 

2.4.2. The Cauchy problem and the problem without initial conditions. The re
sults regarding the FSCP for equations from the classes E 13 and E14 described 
in Section 2.4.1 make it possible to investigate the correct solvability of problems 
with or without initial conditions, depending on the character of degeneration. 

Instead of the functions 1l1", which are defined by the equalities (2.2.1) and 
describe the behaviour at Ixl -4 00 of the functions from the spaces used in Sec
tions 2.2 and 2.3, for equations with degenerations we consider the functions 

~,,(t, x) := exp{v t kj(t, aj)lxj Iqj}, (t, x) E II[o,Tj, V E {-I, I}, 
J=l 

where 

for t E (0, T] and kj (0, aj) := 0, if B(T, 0) = 00. Here Co is a fixed number from the 
interval (0, c), c is the constant from the estimates of the FSCP, and the numbers 
aj are such that ° ~ aj < coT 1-Qj. 

Note that each function kj (', aj), j E {I, ... , n}, increases and 

(2.4.15) 

For equations (1.1.11) with the weak degeneration, it is possible to formulate 
the Cauchy problem with the usual initial condition at t = O. The case of such 
equations is not essentially different from the case of non-degenerate equations. 
For weakly degenerate equations (1.1.11) the results are similar to those from 
Sections 2.2.2-2.2.7 and 2.3.4. 

Instead of the spaces 

La M a L-k(T,a) C-k(T,a) La,g(.) Ma,g(.) L-k(T,a),-g(.) 
P' '1 '0 'P' '1 , 

rr-k(T,a),-g(.) La,go(O,) Ma,go(O,) L-k(T,a),-go(T,) and C-k(T,a),-go(T,) 
\./0 'P' , 1 , 0 

we use similar spaces with the weight functions ~" instead of 1l1". Instead of the 
spaces of continuous, Holder continuous, and differentiable functions defined in 
Section 2.2.1, we use similar spaces of functions with a specified behaviour at 
t -4 O. That behaviour is described by the function 

(8(t))I'(~(t,OnrEd(T,t), t E (O,T], 
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where J.l is a non-negative integer, {r, d} C JR., 8 : [0, T] -+ [0,00) is a continuous 
non-decreasing function, such that for any t E (0, T], 

t 

j 8(A) ° < 8(t) :S (3(t), ~(t, 0) := a(A) dA < 00. 
o 

Definitions of some of these spaces can be found in [112] where lemmas similar to 
Lemmas 2.7-2.10 are proved. 

In order to obtain more precise results regarding the solvability of the Cauchy 
problem for a weakly degenerate equation, one has to take into account the relation 
between the functions a and (3. The condition 

t 

j(B(t,T))-1+"Yo/(2b) a~:) :S C, t E (O,T], 
o 

with some 10 E (0,1), was used for this purpose in [168]. 
If the equation (1.1.11) is strongly degenerate, then it is generally impossible 

to fulfil the initial condition (2.2.108). The next simple theorem gives conditions 
of the correct solvability of a strongly degenerate equation (1.1.11) without initial 
conditions. 

Theorem 2.21. Suppose that the coefficients ak, IIkll :S 2b, of the equation (1.1.11) 
satisfy the conditions All -A13 , and A(T, 0) = 00. Let a function f : II(o,T] -+ CN1 

be continuous and satisfy the following conditions with the constant d from the 
estimate (2.4.1): 

1) For any R > ° there exist such constants C > ° and 1 E (0,1] that for all 
t E (O,T] and {x,O C BR , 

l~if(t,x)l:S C8(t)iJ-d(T,t)(p(x;~))"Y, 

where 8 : (0, T] -+ [0,00) is a function satisfying the condition 

T 

j(8(t)/a(t))dt < 00; 
o 

2) There exists such a constant C > 0, that for all t E (0, T], 

t 

F(t) := j iJd(T, T)lIf(T, ·)llk(T,ii) ~:) :S C, 

o 

where 
Ilf(T, ·)llk(T,ii) := sup (If(T,x)I~-l(T,x)). 

xElRn 
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Then the formula 

t 

u(t,x) = J Q~~) J Z(t,x;T,~)f(T,~)d~, (t,x) E II(o,T] , (2.4.16) 
o II!.n 

determines the unique solution of the equation (1.1.11) satisfying the estimate 

Ilu(t")llk(t,ii) s CE-d(T,t)F(t), t E (O,T]. (2.4.17) 

Proof. The fact that the function (2.4.16) is a solution of the equation (1.1.11) 
and satisfies the estimate (2.4.17) is a consequence of properties of the volume 
potentials established just as for non-degenerate equations. We have only to prove 
the uniqueness of this solution. It is sufficient to show that a solution of the 
homogeneous equation satisfying the inequality 

lIu(t, ')llk(t,ii) S CE-d(T, t)e(t), t E (0, TJ, (2.4.18) 

is identical to 0. Here the function e : (0, T]-+ (0, (0) is such that e(t) -+ 0. 
t-->O 

Let (t, x) be an arbitrary fixed point from II(o,T], and to be a fixed number 
from the interval (0, t/2). Evidently, our solution u satisfies the condition 

u(t,x)lt=to = u(to,x), x E IRn , 

thus, by virtue of the results known for non-degenerate equations, we have the 
representation 

u(t,x) = J Z(t,x;to,~)u(to,~)d~. (2.4.19) 

Since this is true for any to E (0, t/2), we can pass to the limit as to -+ 0. The 
limit of the right-hand side of (2.4.19) equals zero. Indeed, using the inequalities 
(2.4.1), (2.4.15) and (2.4.18) we find that 

V. Z(t, X; to, ,)u(to, <ld{1 

s Ce(to) J E~-co (t, x; to, €)(Eco (t, x; to, ~)~1 (to, ~))E-d(T, to)(.8(t, to))-M d~ 

Therefore after passing to the limit in (2.4.19) for to -+ ° we obtain that u(t, x) = 0. 
It remains to recall that (t,x) is an arbitrary point from II(o,T]' 0 
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Remark 1. The homogeneous equation (1.1.11) may have non-trivial solutions from 
a class wider than the one determined by the inequality (2.4.18). 

For example, consider the equation 

(a(t)Ot - (3(t)O; + l)u(t,x) = 0, (t,x) E (O,Tj x JR. =: IIr, 

assuming that A(T,O) = 00 and B(T, 0) = 00. Its FSCP is 

Z(t,X;T,~):= (41fB(t,T))-1/2E;;-/~(t,X;T,~), 0 < T < t -::; T, {x,O c lR. 

The functions Ul(t,X):= E;l(T,t), (t,x) E ITT, and also 

U2(t,X):= E;1/2(T,t) exp{xjV2} , (t,x) E ITT (if (3(t) = 1, t E [O,Tj) 

are its solutions. The functions Ul and U2 do not belong to the class determined 
by the inequality (2.4.18). 

Remark 2. If the equation (1.1.11) is not very strongly degenerate, that is A(T, 0) = 

00 while B(T,O) < 00, the initial condition can be formulated as follows: 

'd (u(t,x)E (T, t))lt=o = 'P(x), x E JR.n , (2.4.20) 

where d is the number from the estimates (2.4.1). A solution of the problem 
(1.1.11), (2.4.20) is represented as 

t 

u(t,x) = J Zo(t,x;O'P(~)d~ + J a~:) J Z(t,x;T,~)f(T,~)d~, 
IRi.n 0 IRi.n 

(t,x) E IT(O,TJ' 

where 

As an example, consider the equation 

(a(t)Ot - (3(t)(O;l - o~J - d)u = 0, 

in which n = 2, d E JR., and the functions a and (3 correspond to the case of a not 
very strong degeneration. The FSCP for this equation is given by the formula 

Z( t, x; T,~) = (21f)-2 J exp{ i(x - ~,a) - B(t, T)(a~ + ai) + dA( t, T)}da, 
1R2 
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whence (see Section 6.1.2 in [76]) 

00 

x J exp{ -r4 }J_1/2(r(B(t,T))-1/4Ix2 - 61)r1/2dr, 
o 

0< T < t:=:; T, {x,O c IR2, 

where J- 1/ 2 is the Bessel function of the first kind and the order -1/2. It is easy 
to see that 

00 

x J exp{ -r4}L1/2(r(B(t, O))-1/4Ix2 - 61)r1/2dr, 
o 

2.5 Comments 
---+ 
2b-parabolic equations (systems of equations) constitute one of the possible gener-
alizations of equations (systems of equations) introduced by Petrovsky [180] (the 
equations from the class Eo). We begin with a brief survey of the results on the 
Cauchy problem for equations from the class Eo. Keeping in mind the contents 
of this book, we describe mainly those works where FSCPs were studied or used. 
As in the majority of the publications, we shall use the term "an equation" only 
dealing with the scalar case, while vector equations will be referred to as "systems 
of equations" . 

A FSCP for second order parabolic equations with bounded variable coeffi
cients (depending on all the variables) was constructed by Dressel [28] for the case 
of smooth coefficients, and by Pogorzelski [184] and Aronson [5] for the Holder 
continuous coefficients. FSCPs for systems of equations of arbitrary orders were 
constructed by Bruk [21], Eidelman [47, 48, 49, 52, 45], Pogorzelski [185, 186], 
Slobodeckij [213]' and Aronson [5, 6, 7]. Conditions upon the coefficients were 
weakened considerably by Eidelman and Matiychuk [67]. All the constructions 
were based on the classical Levi method [152]' a universal tool found applicable 
even for non-Archimedean parabolic equations [131, 132]. 

The FSCPs constructed and investigated in the above papers found a va
riety of applications in the studies of properties of parabolic systems, correct 
solvability of the Cauchy problem in various classes of functions, integral rep
resentations of solutions of the Cauchy problem, as well as solutions defined on 
the open layer II(o,T] , local solvability of the Cauchy problem for quasilinear and 
nonlinear parabolic (in the sense of Petrovsky) systems, extension of solutions of 
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such systems onto larger time intervals, etc. These results are expounded in detail 
in the monographs [45, 83, 146] and the survey papers [102, 24, 46]. 

In 1960 Eidelman [51] defined and began to study a new class of systems, the 
---> 

class of 2b-parabolic systems. As we have mentioned, such systems generalize the 
systems parabolic in the sense of Petrovsky, to the case where each spatial variable 
may have its own weight with respect to the time variable, so that a system from 

---> 
the new class has a vector parabolic weight 2b := (2b1, ... ,2bn ). For such systems, 
Eidelman constructed FSCPs and studied solvability of the Cauchy problem, under 
the assumption that the coefficients are bounded continuous functions satisfying, 
with respect to the spatial variables, the Holder condition with respect to the 

---> 
so-called 2b-parabolic distance. 

For the case where, instead of the Holder condition, the coefficients satisfy 
the Dini condition, the existence of a FSCP and correct solvability of the Cauchy 
problem were established by Matiychuk [165], and Eidelman and Matiychuk [66]. 

---> 
An important work for the theory of 2b-parabolic systems was published in 

1968 by Eidelman and Ivasyshen [53]. It contained a sufficiently complete and 
precise investigation of the FSCP Z and potentials generated by Z, correctness 
classes of the Cauchy problem for linear systems under various assumptions regard
ing right-hand sides and initial functions, local solvability of the Cauchy problem 
for nonlinear systems and extension of their solutions to larger time intervals. In-

---> 
ner estimates of solutions were obtained, and the hypo ellipticity of 2b-parabolic 
systems was proved. These results generalize the facts known for parabolic systems 
in the sense of Petrovsky [45], complement them and make them more exact. 

Note that in the studies of integral representations of solutions of the Petrov
---> 

sky- and 2b-parabolic systems in [45, 24, 53] the sufficient conditions imposed on 
solutions not always were necessary. Ivasyshen [105, 108] was the first to find nec-

---> 
essary and sufficient conditions for solutions of homogeneous 2b-parabolic systems 
(in particular the ones parabolic in the sense of Petrovsky) defined on the open 
layer II(o,T] , to be represented by the Poisson integrals of functions or generalized 
measures from special weighted spaces. The sets of such functions or generalized 
measures are the sets of initial values of the solutions. It was also clarified in 
[105, 108], in what sense the solutions satisfy those initial conditions. 

It is natural to try to obtain analogs of the above results for parabolic systems 
with some kinds of degenerations. Let us review the papers devoted to Petrovsky

---> 
and 2b-parabolic equations and systems with degenerations on the initial hyper-
plane. 

Kalashnikov [124, 125] found correctness classes containing increasing func
tions for second order parabolic equations degenerate with respect to the time 
variable. His techniques did not use a FSCP. Glushak and Shmulevich [90] con
structed FSCPs for parabolic equations of arbitrary orders degenerate on the initial 
hyperplane, and used them to find a correctness class for a problem without initial 
conditions. The class contains functions increasing both for Ixl ---> 00 and t ---> O. 
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Glushko [91J showed the impossibility to consider a classical Cauchy problem with 
initial data at t = 0 for a strongly degenerate equation. Thus it is natural to im
pose an initial condition with a certain weight. Just such solutions, satisfying a 
special weighted initial conditions, were found in [90J. 

Gorodetsky and Zhitaryuk [93, 94J studied properties of solutions of the 
Cauchy problem for parabolic equations with a weak degeneration on the initial 
hyperplane, and the initial data from special spaces of distributions. 

Several papers by Ivasyshen, Voznyak, and Medynsky [118, 110, 111, 112, 166, 
167, 168J were devoted to the construction and study of FSCPs for the Petrovsky 
parabolic systems degenerate on the initial hyperplane. Using properties of the 
FSCPs they investigated the correct solvability of systems with a usual initial 
condition, for the case of a weak degeneration, and without an initial condition, if a 
degeneration is strong. For a weak degeneration, necessary and sufficient conditions 
were found for the representation of solutions as sums of the Poisson integrals and 
volume potentials. It was also investigated, in what sense the solutions satisfy the 
initial conditions, and a description of the set of initial values of solutions is given. 
This generalizes the corresponding results from [45, 53, 108J to the case of the 
Petrovsky parabolic systems with bounded Holder continuous coefficients and the 

-+ 
degeneracy on the initial hyperplane. Similar results for 2b-parabolic systems with 
degeneracy on the initial hyperplane were obtained in [13, 14, 15, 16, 112, 113J; 
the most important of them are given in Section 2.4. 

Simultaneously with the study of the case of bounded coefficients considered 
above, the problem of correct solvability of the Cauchy problem and boundary 
value problems was considered for parabolic systems with increasing coefficients, 
that is those which may tend to infinity, as Ixl -+ 00. This is important both for the 
theory of partial differential equations, and for applications, since such equations 
appear in many mathematical models of processes of the real world. 

Our survey of results regarding the Cauchy problem for parabolic systems 
with increasing coefficients begins with the papers by Zhitomirsky [233, 234J. In 
[233J methods of functional analysis were used to prove the existence and unique
ness of a generalized solution of the Cauchy problem for a second order parabolic 
equation with increasing coefficients. In [234J he considered systems parabolic in 
the sense of Petrovsky whose lower term coefficients may have a power-like growth 
at infinity. Its order depends on the orders of the system and the derivative, at 
which the coefficient stands. The existence and estimates of a FSCP were proved, 
which led to the existence and uniqueness theorem for a solution of the Cauchy 
problem in spaces of rapidly increasing functions. The above power growth order 
cannot in general be essentially increased without violating the uniqueness of a 
solution of the Cauchy problem. 

Almost simultaneously, similar results were obtained by Eidelman [50, 52J 
who used a different method. Assuming that the leading coefficients are bounded 
and smooth while lower coefficients grow in an appropriate way (depending on 
some positive continuous function D), under an additional assumption of parabol-
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icity of a certain auxiliary system, he constructed a FSCP using the method from 
[47], proved a theorem on the correct solvability of the Cauchy problem, and 
showed that his results are close to those by Zhitomirsky. The above condition of 
parabolicity of an auxiliary system defines a class of dissipative systems (with the 
dissipation characteristic D) [45]. 

The study of FSCPs for dissipative parabolic systems in the sense of Petro
vsky initiated in [50, 52] was continued in [45, 68, 69] (see also [46, 76, 8, 17, 127]). 
In these works two sets of conditions upon coefficients of a dissipative system and 
the characteristic of dissipation are used. One of them includes strong requirements 
for smoothness of coefficients, without additional assumptions regarding the char
acteristic of dissipation. The second set of conditions deals with coefficients of 
minimal smoothness, but imposes some additional assumptions on the character
istic of dissipation. If a parabolic system with bounded leading coefficients is not 
dissipative, but the (unbounded, as Ixl -+ (0) lower coefficients satisfy some spe
cific growth conditions, then, as it was shown in the above papers, the system can 
be reduced to a dissipative one, so that the system possesses a FSCP. 

The above results by Eidelman were essentially developed and extended to 
-+ 
2b-parabolic systems with increasing coefficients in the papers by Ivasyshen and 
Pasichnyk [114, 115, 116, 117, 178, 179]. Their results are presented in Section 2.4. 

The results of Section 2.1 were obtained by Eidelman and Ivasyshen in 1960-
1963, prepared for publication in 1964, and published for the first time in 1968 
[53]. 

Note that there are many results on the theory of hypoelliptic equations with 
different properties with respect to different independent variables. Such a class 

-+ 
of equations whose construction is similar to that of 2b-parabolic systems is called 
the class of quasi-elliptic, or semi-elliptic equations or systems [98]. 

Volevich [225] obtained general results about inner properties of solutions 
-+ 

of quasi-elliptic systems (including 2b-parabolic systems as a particular case). A 
big work by Friberg [82] was devoted to inner properties of solutions of partially 
hypoelliptic equations. Properties of solutions (infinite differentiability, analytic
ity) of hypoelliptic equations up to a fiat part of the boundary were studied by 
Hormander [97]. The paper by Cavalluci [23] dealt with assumptions regarding 
the coefficients and boundary functions of boundary value problems for quasi
elliptic equations with variable coefficients, under which the solutions belong to 
the Gevrey classes. Mosolov [173] and Mikhailov [171] studied a Dirichlet type 
problem for a wide class of equations including quasi-elliptic ones. 



Chapter 3 

Degenerate Equations 
of the Kolmogorov Type 

3.1 Fundamental solution of the Cauchy problem 

3.1.1. Equations from the class E21 with coefficients independent of spatial vari
ables. We shall consider the equation (1.1.14) and use the notation from Sec
tions 1.1.1, 1.1.4, and 1.3.4 for this equation. Let us study the case where the 
coefficients ak" Ik11 :s; 2b, can depend only on the variable t or a parametric point 
((3,y) E IIIO,Tj' 

For an arbitrary fixed number T E [0, T) consider the Cauchy problem with 
the initial condition (2.1.6) for the equation 

(8 - A)u(t,x) = 0, (t,x) E II(r,Tj' 

Here 
n2 n3 

8 := Ot - L Xlj OX2j - L X2j OX3j' 

j=l j=l 

while A is a differential expression coinciding either with 

or with 

A(t, ox,):= L ak, (t)o~~, 
Ik,l::;2b 

A({3,y,ox,):= L ak,({3,y)o~~. 
Ik,l$2b 

In this chapter we shall use the distances 

3 

d(x;~) := L IXj - ~j 11/(2b(j-1)+1) , 

j=l 

d(t, x; T,~) := It - TI1/(2b) + d(x;~) 

(3.1.1 ) 

(3.1.2) 

(3.1.3) 

(3.1.4) 

S. D. Eidelman et al. 
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between points x and~, (t,x) and (T,~) respectively, where {t,T} C IR, {x := 

(X1,X2,X3),~:= (6,6,6)) C IRn. We also use the points 

(3.1.5) 

constructed from a point x E IRn. Similarly we construct the points Y(t), 3(t), 
starting from y, ~. 

We shall use the following conditions upon the coefficients of the expressions 
(3.1.2) and (3.1.3): 

(B21) the coefficients ak, (t), t E [0, T], Ik11 <:::: 2b, are continuous, and there exists 
such a constant J > ° that for any t E [0, T] and CTl E IRn , , 

Re L ak,(t)(iCT1)k, <:::: -JICTlI2b; 
Ik,l=2b 

(3.1.6) 

(B22) the coefficients ak, (/3, y), (/3, y) E II[o,T], Ik11 <:::: 2b, are bounded, and there 
exists such a constant J > 0 that for any (/3, y) E II[o,T] and CT1 E IRn" 

Re L ak,(/3,y)(iCT1)k1 <:::: -JICTlI 2b ; 
Ik,l=2b 

(B23 ) the coefficients of the expression (3.1.3) are Holder continuous in (3, y in 
the following sense ~ there exist such constants H > 0 and a E (0,1] that 
for any {(/3,y),(A,Z)} C II[o,T] and kl E Z~', Ikll <:::: 2b, 

1L\~:~ak' ((3, y)1 ::; H(d(/3, Y(/3 - A); A, z))"; (3.1. 7) 

(B24) there exist bounded derivatives 

where TO and T are certain numbers from N U {O}; 
(B25 ) the derivatives from the condition B24 are Holder continuous in (3, y in 

the sense of (3.1.7). 

First we consider the Cauchy problem (2.1.6), (3.1.1) with A = A(t,ox,). As 
in Section 2.1.2, we seek a solution of the form (2.1.lO). Since 

for the function v we obtain the Cauchy problem with the initial condition (2.1.12) 
for the equation (1.1.37). 
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We solve the problem (1.1.37), (2.1.12) by the method of characteristics. The 
system of ordinary differential equations 

dt = dall/a21 = ... = daln2/a2n2 = da21/a31 

= ... = da2n3/a3n3 = dv/(A(t, ial)V) 

corresponding to (1.1.37) contains n2 + n3 + 1 equations. Let us find its n2 + 
n3 + 1 independent first integrals. From the equations dalj/a2j = da2j/a3j, j E 
{I, ... , n3}, we get 

2 ' 2alja3j - a2j = Cj , j E {I, ... , n3}; (3.1.8) 

the equations dalj / a2j = dt, j E {n3 + 1, ... , n2}, give that 

alj - ta2j = C;, j E {n3 + 1, ... ,n2}, (3.1.9) 

while the equations da2j/a3j = dt, j E {I, ... , n3}, and dv/(A(t, ial)V) = dt imply 

a2j - ta3j = C;', j E {I, ... ,n3}, 

v ~ e'" exp{j A(O,W,)dO} 
T 

respectively. Now it follows from the equalities (3.1.8) and (3.1.10) that 

I " 2 alj=(Cj+(Cj +ta3j) )/(2a3j), jE{1, ... ,n3}, 

while (3.1.9) and (3.1.10) give 

alj = C; + ta2j, j E {n3 + 1, ... , n2}, 

a2j = C;' +ta3j, j E {1, ... ,n3}. 

By the equalities (3.1.11)-(3.1.13) we find that 

v = CIII exp{J L ak, (B)i1k11 fi (C; + (~~ + Ba3j?) klj 

T Ik,l::;2b j=l 3] 

X fI (C; + Ba2j)klj IT a~jjdB}. 
j=n3+l j=n2+1 

(3.1.10) 

(3.1.11) 

(3.1.12) 

(3.1.13) 

(3.1.14) 

(3.1.15) 

Let alj, a2j, and v be the values for t = T of alj, a2j, and v respectively. 
Due to the equalities (3.1.12)-(3.1.15), we have: alj = (C; + (C;' + Ta3j )2)/(2a3j), 
j E {1, ... ,n3}; alj = C; + Ta2j, j E {n3+1, ... ,n2}; a2j = C;' + Ta3j, j E 

{1, ... ,n3}; v = C III , and since v = 'l/J, we get C III = 'l/J(al,a2,a3) = 'l/J((C~ + 
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"2 '" 2 I (C1 + 70"3d )/(20"31), ... , (Cn3 + (Cn3 + 70"3n3) )/(20"3nJ, Cn3+1 + 70"2n3+1, ... , 
C~2 + 70"2n2' 0"1 (n2+1), ... , O"lnll C~' + 70"31, ... , C~3 + 70"3n3' 0"2(n3+1), ... , 0"2n2' 
0"3)' Using the expressions for C;, C;', and C"I, which follow from the equalities 
(3.1.8)-(3.1.10) and (3.1.15), we get 

v(t,O") = exp{J L ak, (B)ilkll(O"~ - (t - B)O"; + T1(t - B)20"3)k; 
T Ik1 l:'02b 

X (O"~ - (t - B)O";)k~ (O"~')k~' dB} 

I '1 2 " X 'lj;(0"1 - (t -7)0"2 + T (t -7) 0"3,0"1 

(t,O") E II[T,Tj' 

Substituting this expression into the formula (2.1.10) we come to the equality 

u(t,x) = (21f)-n J eXP{i(X,O") + J L ak,(B)ilk,1 
IRn T Ik, I:'02b 

X (O"~ - (t - B)O"; + T1(t - B)20"3)k; 

X (O"~ - (t - B)O";)k~ (O"~')k;" dB }'lj;(0"~ - (t - 7)0"; 

1 2 If " III , + T (t - 7) 0"3,0"1 - (t -7)0"2,0"1 ,0"2 

- (t - 7)0"3,0";, 0"3)dO", (t, x) E II(T,Tj' (3.1.16) 

In the last integral we perform the change of variables 

"' If' 
0"1 = "11 , 

0"; - (t - 7)0"3 = T];, 

(3.1.17) 

as a result we come to the equality 

u(t,X) = (21f)-n J exp{i(X~)T]~ + (t - 7)T]; + Tl(t - 7)2T]3) 
IRn 

+ i(x~, T]~ + (t - 7)T];) + i(x~') T]~') + i(x;, T); + (t - 7)T]3) 
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t 

+i(x~,1];)+i(x3,1]3)+ J L ak,(O)ilk'I(1]~ + (O-T)1]; 
T Ik,l~2b 

+ r1(0 - T?1]3)k; (1]~ + (0 - T)1];)k;' (1]~y;" dO } 1/J (1]) d1], 

(t,x) E II(T,TJ. 

Using the expression (2.1.9) (with 1] and ~ instead of cr and x respectively) 
and changing the order of integration, we obtain the formula (2.1.14), in which 

G(t, x; T,~) := (F;"':z [V(t, T, 1])])(t, T, z)IZ=X(t-Tl-~' 

O~T<t~T, {x,OclRn , (3.1.18) 

where 

V(t, T, cr) := exp { L ilk'i J ak, (O)(cr~ + (0 - T)cr; + r1(0 - T)2cr3)k; 
Ik,I9b T 

x(cr~ + (0 - T)cr;)k;' (cr~')k~1 dO}, 

(3.1.19) 

while X(t) was defined in (3.1.5). 
In the integrals from (3.1.18) and (3.1.19) we change the variables by 1]j = 

(t - T)-H1-1/(2blcrj , j E {1, 2, 3}, 0 - T = (t - T)(3. Then we get a formula for the 
function G: 

G(t, x; T,~) = (t - T)-M (F;2z [V(t, T, cr)])(t, T, z) Iz=(X(t-T)-~lt-T' 
o ~ T < t ~ T, {x,O c IRn , (3.1.20) 

in which 

3 

M := L(j - 1 + 1/(2b))nj, 
j=l 

Xt := (C 1/(2blx1 , C1-1/(2blx2, t-2-1/(2blx3), 

V(t,T,cr):= V(t,T,crt-T) = VU(t,T,cr)V1(t,T,cr), 
O~T~t~T, crElRn , 

(3.1.21) 

(3.1.22) 
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where 

1 

Vo(t, 7, 0") := exp { L ilk,l J ak, (7 + (t - 7)(3) 
Ik,l=2b 0 

X (u~ + (30"; + T 1 (32 0"3) k~ (0"; + (30";) k~' (0";') k~' d(3 }, 

VIet, 7,0") := exp { L ilkd(t - 7)1-I k,I/(2b) 
Ik,l<2b 

1 

x J ak, (7 + (t - 7)(3)(0"~ + (30"; + Tl(320"3)k; 
o 

x (0"; + (3O";)k~ (O";')k;" d(3}. 

By the equality (3.1.20), an investigation of the function G is reduced now 
to the study of the function V. 

Let us obtain an estimate for Vo. We use the condition (3.1.6) which implies 
the inequality 

Re L ak,(7+(t-7)(3)ilk,I(0"~ +(30";+2-I(320"3)k~(0"; + (3O";)k;'(O";')k;" 
Ik, I=2b 

:S -8(10"~ + (30"; + Tl(320"312b + 10";' + (30";1 2b + 10";'12b ), (3 E [0,1], 0" E jRn. 

Using this inequality we find that 

1 

IVo(t, 7, 0")1 :s exp{ - 810"'I 2b J I(O"~/IO"'I) + (3(0";/10"'1) + 2- I (32(0"3/IO"'1)1 2bd(3 
o 

- olu"I" j I(u; Ilu"l) + ~(u; Ilu"l) I"d~ - olff;' I'" }, 
o 

o :s 7 :S t :S T, 

0"' := (O"~, 0";, 0"3) E ]R3n3 \ {O}, 

0"" := (0";,0";) E ]R2(n2 -n3 ) \ {O}. 

Note that there exist such constants e' > 0 and e" > 0 that 

1 J I(O"~/IO"'I) + (3(0";/10"'1) + 2-1(32 (0"3/10"'1) 12bd(3 2: e', 0"' E ]R3n3 \ {O}, 
o 
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1 J 1(0-; 110-"1) + (3(0-; 110-"1)1 2b d{3 2: C", 0-" E lR2(n 2 -n3 ) \ {O}. 
o 

Now we get the estimate 

- 2b 1V0(t, T, 0-)1 S exp{ -80 10-1 }, 0 S T S t S T, 0- E lRn , (3.1.23) 

where 80 > O. 
Let us give also an estimate for IVo(t, T, 0- + h)l, 0 S T S t S T, {o-,,} c lRn , 

where 

1 

Vo(t, T, 0- + h) = Vo(t, T, 0-) exp{ J Po(t, T, {3, 0-, ,)d{3 }, 
o 

(3.1.24) 

PO(t,T,{3,o-,,):= L akl(T + (t - T){3)ilkll+lpll(o-~ + (30-; + T1{320-3)k;-P; 
(kl,PI) 

x (r~ + {3,; + T 1 {32'3 )P; (0-; + (30-;) k~ -p~ 

x (r; + {3,; )P~ (0-;' )</1 -p~' (r;' )P~' . 

Here the summation is performed over all the multi-indices {k1 = (k~, k; , k;'), 
P1 = (p~,p;, p;')} c Z~" such that Ik11 = 2b and 0 < P1 S k1· 

Taking into account the fact that the coefficients akl , Ik11 = 2b, are bounded, 
we find that 

IPo(t, T, {3, 0-,,)1 S c L Io-~ + {30-; + ({32 12)0-31 Ik; I-Ip; III~ + {3,; 
(k"pt) 

+ 2-1 {32'31 IP; 110-; + {30-; Ilk;' I-Ip~ II,; + {3,; IIP~ 110-;' I'k;/lI-IP~' II,;' IIP~' I 

S c L (Io-~I + 10-;1 + 10-31)Ik;I-lp;I(I,~1 + 1,;1 + 1,31)lp;I(10-;1 
(k"pt) 

+ 10-; I) Ik;' I-Ip;' I (II~' I + I,; I)lp~ 110-;' Ilk;/I I-Ip~' III~/l IIP~'I 

Sc L 1001Ikll-lpllllllpll, OSTStST, OS{3S1, {o-,,}ClRn . 

(kl,Pl) 

Let c: be a sufficiently small positive number (it will be specified below). Let us 
consider the following two cases: 

1) III S c:lo-I, 

In the case 1) we have 
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and by (3.1.23) and (3.1.24) we come to the inequality 

IVo(t, 7, a- + if) 1 :s exp{ -(50 - cE)Ia-1 2b }. 

Assume that E is such that 50 - CE =: 51 > O. Then for the case 1) we have 

In the case 2) there exists such a constant Cl > 0 that 

2b IPo(t,7,,6,a-,'Y)1 :s cll'Yl 

so that for this case 

IVo(t, 7, a- + if) 1 :s exp{ -50 1a-1 2b + cll'Y1 2b}. 

The inequalities (3.1.25) and (3.1.26) imply the estimate 

IVo(t, 7, a- + if) 1 :s exp{ -51 1a-1 2b + cll'Y12b}, 

o :s 7 :S t :S T, { a-, 'Y} C IRn. 

(3.1.25) 

(3.1.26) 

(3.1.27) 

Let us give an estimate of the function VI. Since the functions ak" Ikll < 2b, 
are bounded, we find for 0 :S 7 :S t :S T and {a-, 'Y} C lRn that 

1 

IVI(t, 7, a- + if) 1 :S exp{c J L (Ia-~ + ,6a-; + Tl,62a-31 + b~ + ,6'Y; 
o Ik,l<2b 

+Tl,62'Y31)lk~I(Ia-~ +,6a-~1 + I'Y~ +,6'Y;l)lk;'I(Ia-~'1 + 1'Y~'l)lk;"ld,6} 

:S exp{c L (Ia-~I + Ia-;I + 1a-31 + I'Y~I + I'Y;I + 1'Y31)Ik~I(Ia-~1 + Ia-;I 
Ik,l<2b 

+ b~'1 + 1'Y;l)lk~'I(Ia-~'1 + 1'Y~"I)lk;'I} :S exp { c(Ia-1 2b- 1 + 1'Y1 2b- 1)} 

:S CE exp { C(1a-1 2b + bl 2b ) }, (3.1.28) 

where E is an arbitrary positive number. Let us choose E in such a way that 
51 - E =: 82 > 0 where 51 is the constant from the estimate (3.1.27). 

Using (3.1.22), (3.1.27), and (3.1.28), we find that 

IV (t, 7, a- + if) 1 :S C exp { -521a-1 2b + c21'Y12b) }, 

o :S 7 :S t :S T, {a-, 'Y} C lRn, 

where C2 := Cl + E. 

(3.1.29) 
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For the multi-indices k = (k1 ,k2 ,k3) = ((k;,k;,k;'), (k;,k;),k3) E Z~ and 
1= (h,12,13) E Z~, set 

Pkl (a) := (ia~ + ia; + ia;)k~ (ia; + ia;)k; (ia;Y;' (ia; + i(3)k; 

X (ia;)k~ (ia3)k3(-ial)I,(-iad2(-iads, a E ]Rn. 

It follows immediately from (3.1.29) that for any {k,l} C Z~, 

IPkl (a + i'y)V(t, T, a + i'y) 1 S Ckl exp{ -631a12b + c31'Y12b) }, 

OSTstsT, {a,'Y}C]Rn, (3.1.30) 

where 0 < 63 < 62, c3 > C2· 

Note that the equality (3.1.22) and the estimate (3.1.29) imply the estimate 

lV(t, T, a + i'y)1 s C exp{t,( -641aj 12b + C4 hj 12b)(t - T?b(j-l)+l }, 

OSTstsT, {a,'Y}C]Rn, (3.1.31) 

in which 0 < 64 < 62 and C1 > C2. 

The estimates (3.1.29) and (3.1.30) constitute the basis of a complete analytic 
description of the function G from (3.1.20) and the proof of the fact that G is a 
FSCP for the equation (3.1.1). 

Using the equality (3.1.20), and also its consequences, that is 

o~okG(t, x; T,~) = (t - T)-M-Mkl (F;2z [Pkl (a)V(t, T, a)])(t, T, z) I ' 
z=(X(t-T)-l;l'_T 

OST<tsT, {x,OclRn, {k,l}cZ~, 

where Mkl := (lk11 + Ihl)/(2b) + (1 + 1/(2b))(lk2 1 + 1121) + (2 + 1/(2b))(lk3 1 + 1131), 
the estimates (3.1.29), (3.1.30), and Lemma 1.1 with Pj = qj = 2b, j E {I, ... ,n}, 
we can prove the following theorem in the same way as Theorem 2.2. 

Theorem 3.1. If the condition B21 is satisfied, then: 
1) there exists a unique FSCP G for the equation (3.1.1) with A = A(t, oxJ; 
2) the function G and its derivatives can be extended onto en, and these exten

sions are such that 

8~8kG(t, x + iy; T, ~ + iT}) 

= (t - T)-M-Mkl 0,kl(t, T, Z)I ' 
z=(X (t-T) -I;)'-T +i(Y (t-T) -11)'-T 

OST<t::;T, {x,y,~,T}}clRn, {k,l}cZ~, 
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where 0.kl (t, T, z), z E en, for fixed t and T, are entire functions of z with the 
growth order q := 2bj (2b -1) and the same order of decrease for z = x E lRn; 

3) G satisfies the estimates 

la~a~G(t, x + iy; T, ~ + i1]) I ::; Ckl (t - T)~M~Mkl Eil) (t, x; T, ~)E~l~, (t, y; T, 1]), 

0::; T < t::; T, {x,y,~,T]} C lRn , {k,l} c Z~, (3.1.32) 

where 

E~l)(t,X;T,~) := exp{-c i)t - T)l~jqIXj(t - T) - ~jlq}, 
J=l 

(3.1.33) 

Ckl, c and c' are positive constants depending only on the numbers nl, n2, 
n3, b, T, max lak, (t)l, and the constant r5 from the condition (3.1.6); 

tE[O,T], Ik,I9b 

4) the formula 

j G(t,x; T"Jd< ~ exp{ (t - T) J ",,(d (t - T)fi)d~}, 
~ 0 

O::;T<t::;T, XElRn, (3.1.34) 

holds; 

5) for all 0 ::; T < t ::; T and x E ]Rn, 

a~ J G(t, x; T, ~)d~ = 0, k E Z~ \ {O}; 

a~~ J G(t, x; T, ~)d6 = 0, k3 E Z~3 \ {O}. (3.1.35) 

IR n 3 

Proof. In view of the remarks given before the formulation of this theorem, we 
have still to prove only the equalities (3.1.34). Using the formula (3.1.20) we make 
the changes of the variables~, 6, and 6 by the formulas (X(t - T) - ~)t~T = 1], 

Xj(t - T) - ~j = (t - T)j~Hl/(2b)T]j, j E {2,3}. Then we obtain respectively that 

1 G(t, x; T,,)d1; ~ 1 (F;;"" [V(t, T,U)I) (t, T, ")d" 

= F17->o[F;!.17 [V(t, T, cr)] = V(t, T, 0), 
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x J (F(~~,a3)~(1)2,1)3)F;'~Zl [V(t, T, a)]) (t, T, Zl, 7]2, 7]3)d7]2d7]3 
lRn 2+ n 3 

- (t - )-n,j(2b) F [F-1 F-1 [V(t )]] - T (1)2,1)3)~(O,O) (a2,a3)~(1)2,1)3) a, ~Zl ,T, a 

= (t - T)-n,j(2b) (F;'~Zl [V(t, T, (aI, 0, 0))]) (t, T, Zl), 

J G(t, Xj T, e)d6 = (t - T)-M+(2+1/(2b))n3 

x J (F~~1)3 F(~~ ,(2)~(zl,Z2) [V(t, T, a)]) (t, T, Zl, Z2, 7]3)d7]3 
IRn 3 

= (t - T)-M+(2+l/(2b))n3 F [F- 1 F- 1 [V(t T a)]] 
1)3~O a3->''73 (a, ,(2)->(zl ,Z2) " 

where Zl = (t - T)-1/(2b)(X1 - 6) and Z2 = (t - T)-1-1/(2b)(X2 + (t - T)X1 - 6). 
These equalities imply the desired equalities (3.1.34) and (3.1.35). 0 

Remark 1. If the change of variables (3.1.17) in the integral (3.1.16) is not per
formed, then we obtain another formula for the function G, namely 

G(t, Xj T, e) = (t - T)-M (F;2z W(t, T, a)]) (t, T, z) I ' 
z=(x-3( T-t) It-T 

o ~ T < t ~ T, {x,e} c ]Rn, (3.1.36) 

where 

V(t,T,a) := exp{ L ilkll(t - T)1- lk, I /(2b) 
Ik,l:s;2b 

1 

X / a,.(t - (t - 7)~)(a; - pa; + T' P'a,)k: (a; - ~a~ )': (a;' )k:' dP} 

Set 

E2)(t,XjT,e):= exp{-c t(t - T)l- jq IXj - 3 j (T - tw}. 
J=l 

(3.1.37) 
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Using the formula (3.1.36) and the above method, we obtain estimates for 
derivatives of G differing from (3.1.32) only by the substitution of E~1) for E~l). 
By the way, these estimates can be obtained directly from the estimates (3.1.32), 
if we use the inequalities 

E~;)(t,X;T,~) S; E~~)(t,X;T,~) S; Ei;)(t,X;T,~), 

OS;T<t, {x,OCm.n, 

in which Cl and C2 are such constants that C2 < C < Cl. 

(3.1.38) 

The inequalities (3.1.38) can be proved easily with the use of the equalities 
(3.1.33), (3.1.37) and the inequalities (1.3.9), (1.3.10). 

Example 3.1. The FSCP for the equation from Example 1.10 is given by the 
formula 

G(t,X;T,~) = (47ra)-n/212n2/2720n3/2(t _ T)-(n 1 +3n 2+5n3)/2 

X exp{ -a-1((4(t - T))-llxl - 61 2 

+ 3(t - T)-3Ix2 + Tl(t - T)(XI + €r) - 61 2 

+ 180(t - T)-5Ix3 + Tl(t - T)(X; + ~;) 

1 2' , 2 } + 12- (t - T) (xl - ~l) - 61) , 

t>T, {x,OclRn. (3.1.39) 

This formula is a direct consequence of (3.1.20) and (3.1.22). 
Similarly we get an expression for the FSCP in the case n3 = 0, that is for 

the equation 

This expression has the form 

G(t,X;T,~) = (47ra)-(n l +n2 )/212n2 !2 (t _ T) -(nl +3n2)!2 

X exp{ _a- l (( 4(t-T))-llxl - 61 2 +3(t - T)-3Ix2 + TI(t- T)(XI +€d -61 2 )}, 

t > T, {x = (Xl,X2)'~ = (6,6)} c m.n1 +n2 . (3.1.40) 

Analyzing the formulas (3.1.39) and (3.1.40) we see that the FSCP for the 
equation from Example 1.10 is given by the formula 

G( t) G ( , t')G ( II tll)G ( "' til') t, x; T, <, = 1 t, x ; T, <, 2 t, x ; T, <, 3 t, Xl ; T, <'1 , 

t > T, {X,O C m.n, 
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( Ot - f)X1jOX2j + X2jOX3j + aO;'lj)) U = 0, 
J=l 

( ot - t (X1jOx2j + aO;'lj)) U = 0 
j=n3+1 

and (Ot - a f O;'lj) U = 0 
j=n2+1 

respectively. 

Remark 2. The FSCP for the equation (3.1.1) of the second order (b = 1) can be 
estimated in terms of the FSCP for the model equation from Example 1.10, that 
is in terms of the expression (3.1.39). 

Set 

EF)(t, x; T,~) := exp{ -c((4(t - T))-1Ix1 - 61 2 

+ 3(t - T)-3Ix2 + T1(t - T)(X1 + €d - 61 2 

+ 180(t - T)-5Ix3 + T1(t - T)(X~ + ~;) 
+ IT1(t - T)2(X~ - ~~) - 612)}, 

t > T, {x,O c IRn , c E R (3.1.41) 

Using the equalities (3.1.33), (3.1.41), and the inequalities (3.1.9), (3.1.10), 
we find that 

Eel) (t x· T C) < E(2) (t x· T C) < Eel) (t x· T C) 
Cl ' , ,~ - c '" ~ - C2 ' , ,'-:" 

t>T, {x,OClRn, (3.1.42) 

where C2 < C < C1. 

Due to these inequalities, for the derivatives of the FSCP G in the case b = 1 
we obtain the estimates differing from (3.1.32) only by the substitution of E~2) 
for E2). 

Note that the above FSCPs G have the normality property and satisfy the 
convolution formula, that is the following property similar to Property 2.8. 

Property 3.1. Let G be the F8CP for the equation 

(Lu)(t,x):= (8 - A(t,ox,))u(t,x) = 0, (t,x) E II(o,T). (3.1.43) 

Then the function 

G*(T,~;t,X):= G(t,X;T,~), 0:::; T < t:::; T, {x,O C IRn, (3.1.44) 
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is a FSCP for the adjoint equation 

where 

and 

(L*V)(T,~) := (s* - L Uk! (T)(-86)k!)V(T'~) = 0, 
Ik1 1:S2b 

T,~) E II[o,T) ' 

n2 n3 

S* := -8T + L6 j 86j + L6 j 86j , 
j=1 j=l 

G(t, X; T,~) = J G(t, X; A, y)G(A, y; T, ~)dy, 

Proof. Let t E (0, T]. Consider the problem 

(L*V)(T,~) = 0, (T,~) E II[o,t); v(T,~)IT=t = cp(~), ~ E ]Rn. 

(3.1.45) 

(3.1.46) 

Solving it by the same method as the Cauchy problem (2.1.6), (3.1.43), we obtain 
a formula for the solution 

V( T,~) = J G* (T,~; t, X )cp(x )dx, (T,~) E II[o,t), 
IRn 

where 

G* (T,~; t, x) := (t - T) -M (F;!,z W(t, T, a)])(t, T, z) Iz=(I;-X(t-T))t_r. (3.1.47) 

Here the function V is the same as in (3.1.22), and the bar, as usual, means the 
complex conjugation. Comparing the formulas (3.1.20) and (3.1.47) we get the 
equality (3.1.44). 

In order to prove the equality (3.1.46), we use the following Green-Ostro
gradsky formula, similar to (2.1.110): 

t2 J de J (vLu - (L*v)u)(e,y)dy 
t! BR 

I 
t2 t2 ( n2 n3 ) 

= 1 (vu)(e, y) B=tl dy - ! de L ~ Y1j/12j + ~ Y2j/13j (vu)(e, y)dSy 

(3.1.48) 
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where tl < t2, BR is the ball {y E ]Rn Ilyl :::; R}, fR is its boundary, (/.L11, ... , 
/.L1n" /.L21, ... , /.L2n2' /.L31, ... , /.L3n3) is the unit vector of the outer normal to 
fR, Land L* are the differential expressions from (3.1.43) and (3.1.45), Bj[v,u], 
j E {I, ... , nl}, are bilinear forms containing derivatives in Yl of v and u of the 
orders not exceeding 2b - 1. Setting in (3.1.48) tl = A, t2 = t - c, where c > 0 is 
such that A < t - c, u(O,y) = Z(O,y;T,~), v(O,y) = Z*(\y;t,x), and passing to 
the limit first as R -? 00, and then as c -? 0, we come to (3.1.46). Here we have 
to use the equality (3.1.44). 0 

Let us consider now the equation (3.1.1) with A = A((3,y,OXI)' If the condi
tion B22 is satisfied, then, just as in the preceding case, we construct the FSCP 
C(·,·; ".; (3, y) and give its complete analytic description implying, in particular, 
the estimates 

lo~o~C(t, x; T,~; (3, y)1 :::; Ckl(t - r)-M-Mkl E~l) (t, x; T, ~), 

O:::;T<t:::;T, {x,Oc]Rn, ((3,y)EII[o,Tj, {k,l}CZ~, (3.1.49) 

where the constants Ckl and c depend only on n1, n2, n3, b, T, b (from the condition 
B 22 ), and max sup lak, ((3,y)l. 

IkI 19b (f3,y)EII[o.T] 

Properties of the function G are similar to Properties 2.1-2.4 of the FSCP 
-? 

for a 2b-parabolic equation with parameters. 

Property 3.2. Let the conditions B22 and B 23 be satisfied. Then 

1~~:~o~o~G(t, x; T,~; (3, y)1 

:::; CklH(d((3, Y((3 - A); A,Z))"'(t - T)-M-Mkl E2)(t,x; T,~), 

O:::;T<t:::;T, {x,Oc]Rn, {((3,y),(A,z)}cII[o,Tj, {k,l}cZ~. 

Proof. It follows from the above results that it suffices to obtain, for the equation 
(3.1.1) without parameters, an estimate of the difference 

~~:~V(t, T, s; (3, y), 0:::; T < t :::; T, 

s = 0" + i')' E en, {((3, y), (\ z)} c II[o,Tj, 

of the function V, defined as in (3.1.19): 

Vet, T, s; (3, y) := exp { L ak, ((3, y) j Qkl (0 - T, S)dO}, 
Ik, 19b T 

(3.1.50) 

where 



192 Chapter 3. Degenerate Equations of the Kolmogorov Type 

The function (3.1.50) is, obviously, a solution of the problem 

Therefore 

so that 

( :t - L ak,({3,Y)Qk,(t-T'S))~~:~V(t'T'S;{3,y) 
Ik,I9b 

= L ~~:~ak,({3,y)Qk,(t-T,S)V(t,T,S;A,Z), 
Ik,l:S2b 

~~:~V(t,T,s;{3,Y)lt=T = 0 

~~:~V(t, T, s; (3, Y) 
t 

= J V(t,8,s;{3,y) L ~~:~ak,({3,Y)Qk,(8-T,s)V(8,)..,s;)..,z)d8. 
T Ik,I9b 

Using the inequality (3.1.7) and the estimate (3.1.31) for V(·,·,·; (3, y) we find 
that 

1Ll.~:; V(t, T, .,; p, y) I <: C H(d(P, Y(P - A); A, z))" ! exp{t,( -;, Iff, I" + c~ 17j I") 

x ((t - 8)2b(j-l)+1 + (8 - T?b(j-l)+l) }d8 

x L (ls~1 + Is;1 + IS3I)k;(ls~1 + Is;l)k~ IS~/lk~' 
Ik,I9b 

<: CH (d(fi, Y (fi - A); A, z))" exp{t. ( 8,I"j I" +C, 17, I")(t - T)",j-'l+' }. 0 

Property 3.3. If the conditions B22 and B24 are satisfied, then 

18;8r8108;G(t,X;T,~;{3,Y)1 :::; Ckm1ol(t - T)-M-MklE2)(t,X;T,~), 

0:::; T < t:::; T, {x,O c ]Rn, ({3,y) E II[o,Tj, 

{k,m}cZ~, lo:::;ro, Ill:::;r. 
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If, in addition, the condition B 25 is satisfied, then 

1~~:~8!8r8108~G(t, x; T,~; (3, y)1 

::; Ckmlol(d((3, Y((3 - A); A, z))"'(t - T)-M-Mk1 E~l)(t, x; T, ~), 

O::;T<t::;T, {x,OCIRn , {((3,y),(A,z)}CII[o,T), 

{k,m} C Z~, lo::; ro, Ill::; r. 
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This property is proved just as Property 2.2, using the method of proof of 
Property 3.2. 

Property 3.4. The equalities (3.1.34) and (3.1.35) hold, with G(·,·;·,·; (3, y) and 
ao((3, y) substituted for G(-,·;·,·) and ao(-) respectively. 

This is proved just as the assertions 4) and 5) of Theorem 3.1. 

Next we consider properties of the function Zl from (1.1.44), which will be 
used as a parametrix for an equation from the class E 2l . 

Property 3.5. Let the conditions B22 and B23 be satisfied. Then 

(3.1.51) 

1~~8!Zl (t, x; T, 01 ::; Ck( d(x; z) )"'0 (t - T )-M -MkO-a o/(2b) Ei l ) (t, x; T, ~), 

(d(x; Z))2b ::; t - T, k E Z~; (3.1.52) 

~ a;z, (t, x; T, Y)dyl " C,( t - T)-M .. +a/("" k E ,,~ \ {OJ; (3.1.53) 

ISZl (t, x; T, ~)I ::; C(t - T)-M -1 E~l) (t, x; T, ~), (3.1.54) 

(3.1.55) 

where 0 ::; T < t ::; T, {x, z, ° C IRn , 0'0 is an arbitrary fixed number from the 
interval (0,1]' a is the number from the condition B 23 . 

The proof is similar to that of Property 2.5. The estimates (3.1.51) follow 
from the estimates (3.1.49), the estimates (3.1.52) are deduced from (3.1.51) with 
the use of the mean value theorem and the inequality 

where y is a point from the line connecting x and z. 
In order to prove (3.1.53), we use the representation 
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valid due to the formula (1.1.44) and Property 3.4. Using Property 3.3, the in
equality 

(d(t, X(t - r)i r, y))D: E~l) (t, Xi r, y) ::; C(t - r)D:/(2b) Eg) (t, Xi r, y), 
r<t, {x,y}ClRn, clE(O,c), (3.1.56) 

and the fact that 

f(t-r)-ME~;)(t,xir,Y)dY=C, r<t, X ElRn, (3.1.57) 
]Rn 

we obtain the estimates (3.1.53). 
The estimates (3.1.54) and (3.1.55) follow from the estimates (3.1.51), 

(3.1.53), and the equality 

SZl(t,xir,~) = L ak,(r,~)a~~Zl(t,xiT,~), 
Ik,l=2b 

0::; T < t::; T, {x,O C ]Rn. 

The next property deals with the integral 

t 

WI (t, Xi r,~) := f d(3 f Zl(t, Xi (3, y)Q((3, Yi r, ~)dy, 

(3.1.58) 

o 

(3.1.59) 

Having in mind the use of this property to substantiate the Levi method (on the 
basis of Lemma 1. 9 and Lemma 1.10), we assume certain special properties of 
the function Q, in particular the estimates similar to the estimates (1.3.49) and 
(1.3.58) for the function R from Lemma 1.9 and Lemma 1.10. 

Let E2) and E~2) be the functions defined in (3.1.33) and (3.1.41), and 

E~0)(t,xlir,6):= exp{ -c(t - r)l-qlxl - 6I q}, 
(3.1.60) 

Let us introduce the function Fe, which will be employed in estimates of the 
function Q. Set 

<Xl 

:= E~O) (t, Xl i r, 6) L (cr( aj (2b) )(t - r)D:/(2b))j (r(jaj (2b)) )-1 E~~~ (t, Xi r, ~), 
j=O 

(3.1.61) 
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where C and bo are certain positive constants, bo < 1, r is Euler's Gamma function, 
a is the number from the condition B 23 . For the case of an equation (3.1.1) of the 
second order (b = 1) the estimates of the function Q contain the function E~2) 
instead of Fe. 

Note that the integral 

/(1) := J Eil)(t,x;f3,y)Fe(f3,y;T,~)((t - f3)(f3 - T))-Mdy 

IRn 

satisfies the inequality 

(3.1.62) 

where Cl < c, while for the integral 

/(2) := J E~2)(t,x;f3,y)E~2)(f3,y;T,O((t - f3)(f3 - T))-Mdy 

IRn 

we have the inequality 

/(2)=C(t-T)-MEi2)(t,X;T,~), T<f3<t, {x,~}clRn. (3.1.63) 

Indeed, by the inequalities (1.3.50), (1.3.53), and (1.3.54) we get 

00 

/(1) ::::: E~~~(t,Xl ;T,6) 2) cr(a/ (2b) )(t - T)<>/(2b))j (r(ja/ (2b)) )-1 
j=o 

X J E~~~(t,x;f3,Y)E~~l (f3,y;T,~)( (t - f3)(f3 - T) )-M dy::::: C(t - T)-M Fe1 (t,X;T,~). 

The equality (3.1.63) is a consequence of (1.3.59). 

Property 3.6. Let the conditions B22 , B23 be satisfied, and a continuous function 
Q satisfy the conditions 

IQ(t, x; T, ~)I ::::: C(t - T)-M-1+<>/(2b) Fe(t, x; T, ~), 

1~~Q(t, x; T,~) I ::::: C(d(x; y) )<>1 (t - T )-M -l+a2/(2b) 

X (Fe(t, x; T,~) + Fe(t, y; T, m, 

(3.1.64) 

(3.1.65) 

where 0::::: T < t ::::: T, {x,y,z} c lRn , al E (O,a) and a2 = a - al. Then the 
function (3.1.59) has the continuous derivatives 8~~WI' Ikll::::: 2b, and SWI, such 
that 

t 

8~~WI(t,X;T,~) = J df3 J 8~~ZI(t,X;f3,y)Q(f3,y;T,~)dy, 
T IRn 

(3.1.66) 
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t, 

8~~ W1 (t, xi T,~) = J d(3 J 8~~ Zl (t, xi (3, y)Q((3, Yi T, ~)dy 
T IRn 

t 

+ J d(3 J 8~~Zl(t,xi(3,y)t::.:(t-{3)Q((3,YiT,Ody 
t, IRn 

+ I (1 a;' Z,(t, x; P, Y)dY) Q(P, X(t - P); T,,)dP, 

Ikll = 2b, (3.1.67) 
t, 

SW1(t,xiT,~) = Q(t,xiT,O + J d(3 J SZl(t,xi(3,y)Q((3,YiT,~)dy 
T IRn 

t 

+ J d(3 J SZl(t,xi(3,y)t::.:(t-{3)Q((3'YiT,~)dy 
t, IRn 

+ j ( J sz, (t, X; P, y )dy ) Q(P, X (t - P); T, ,)dP, (3.1.68) 
t, IRn 

0::; T < t::; T, {x,O c ]Rn, tl:= t - (t - T)/2. 

Proof. The fact that the integrals from (3.1.66)-(3.1.68) are convergent is estab
lished easily, with the use of the estimates (3.1.51), (3.1.53)-(3.1.55), (3.1.62), 
(3.1.64), (3.1.65), the inequality (3.1.56), and the inequality 

Fc((3,X(t - (3)iT,~)::; FCl(t,xiT,~), 

T<(3<t, {x,Oc]Rn, clE(O,c). (3.1.69) 

The proof of the formulas (3.1.66) and (3.1.67) is similar to that of the 
corresponding formulas from Properties 2.6 and 2.7. In order to prove (3.1.68), we 
consider the set of functions 

t-h 

Wlh(t,xiT,~):= J d(3 J Zl(t,xi(3,y)Q((3,YiT,~)dy, (t,x) E II(T,T], 

T IRn 

where h is a parameter. Applying to W1h the differential expression S we come to 
the formula 

SWlh(t,X;T,~) = J Zl(t,xi t - h,y)Q(t - h,YiT,~)dy 
IRn 
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t-h 

+ J d(3 J SZl(t,X;(3,y)l:!>.:(t-(3)Q((3,Y;T,~)dy 
T IRn 

+ lh( J SZl (t, x; (3, Y)dY) Q((3, X(t - (3); T, ~)d(3. 
T IRn 

The existence of the uniform limits, as h ---* 0, for summands from this formula is 
proved just as a similar result in the proof of the formula for the derivative in t of 
the volume potential in Property 2.6. 0 

3.1.2. Equations from the classes E21 and E22 with coefficients depending on all 
the variables. Here we present theorems about the FSCPs for the equation (1.1.14) 
and, in particular, for the equation (1.1.15) for the general case. 

Thus, we consider the equation 

(s - L akl(t'X)O~~)U(t,X) = f(t,x), (t,x) E II(o,Tj, 

ik,i9b 
(3.1.70) 

and the equation 

(s -j~:j,(t'X)8'H8", - ~ aj(t,x)8,,, - aa(t,x)) u(t, x) ~ f(t, x), 

(t,x) E II(o,Tj. (3.1.71) 

For their coefficients we use the following conditions: 

(A21 ) there exists such a constant J > 0 that for any (t, x) E II[o,Tj and (11 E IRn, 
the inequality (1.1.17) is valid; 

(A22) the coefficients ak" Ik11 :::: 2b, are bounded and Holder continuous in t, x 
in the sense of (3.1. 7) on II[o,Tj; 

(A23) there exist bounded and Holder continuous in t, x in the sense of (3.1.7) 
derivatives o~~ak" Ik11 :::: 2b, on II[o,Tj; 

(A24) there exists such a constant J > 0 that for any (t, x) E II[o,Tj and (11 E IRnl 

the inequality (1.1.18) is valid; 

(A2S ) the coefficients ajl, aj, {j, I} C {1, ... , nd, and ao are bounded and Holder 
continuous in t, x on II[o,Tj; 

(A26 ) there exist bounded and Holder continuous in t, x in the sense of (3.1.7) 
derivatives OXljOXllajl and OXljaj, {j,l} c {1, ... ,n1} on II[o,Tj. 

If the conditions A23 and A26 are satisfied, then there exist adjoint equations 
for the equations (3.1.70) and (3.1.71) , of the form 

S*v( T,~) - L (-06 )kl (ilk l (T, ~)v( T,~)) = g( T, ~), 
ik,i9b 

(T,~) E II[o,T) ' (3.1.72) 
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n, 
S*V(T,~) - L 86j81;1l(lijl(T,~)V(T,~)) 

j,I=1 
n, 

+ L81;1j(aj(T,~)V(T,~)) - ao(T,~)V(T,~) = g(T,~), 
j=1 

(T,~) E II[o,T) (3.1.73) 

respectively. Their coefficients satisfy respectively the conditions A22 and A25 . 

Theorem 3.2. Let the conditions A21 and A22 be satisfied. Then there exists a 
FSCP Z for the equation (3.1.70), and 

18~~Z(t,X;T,~)1 ~ C(t-T)-M-lkll/(2b)Fc(t,X;T,~), Ikll ~ 2b, 

ISZ(t, x; T, ~)I ~ C(t - T)-M-l Fc(t, x; T, ~), 

O~T<t~T, {x,OcIRn . 

(3.1.74) 

(3.1. 75) 

If, in addition, the condition A23 is satisfied, then there exists a FSCP Z* for 
the adjoint equation (3.1.72), which is connected with the FSCP Z by the relation 

(3.1. 76) 

and the convolution formula (2.1.112) holds for Z. 

Proof. In accordance with Section 1.1.4, the FSCP Z for the equation (3.1.70) is 
sought in the form 

Z(t, x; T,~) = ZI (t, x; T,~) + WI (t, x; T, ~), 
O~T<t:ST, {x,OCIRn , (3.1.77) 

where ZI is a parametrix with Properties 3.5 and 3.6, while the function WI is 
defined by the formula (3.1.59), in which Q is an unknown function. We assume 
that Q is continuous and satisfies the estimates (3.1.64) and (3.1.65). 

If we apply the differential expression 

S - L ak, (t, x)8~~ 
Ik, I::::2b 

to the function (3.1.77) and use Property 3.6, then we obtain for Q an integral 
equation (1.1.47), in which 

K(t,X;T,~):= ( L t:.;:~akl(t,x)8~~ + L akl(t'X)8~~)ZI(t,x;T'~)' 
Ik1 1=2b Ik, I<2b 
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By the estimates (3.1.51), the condition A22 , and the inequality (3.1.56) we have 

IK(t,X;T,OI 

<5. C ((d(t,X(t - T);T,~))a(t - T)-M-1 + 2: (t _T)-M-ikd/(2b)) Ei1) (t,X;T,~) 
ik,i<2b 

<C(t_T)-M-Ha/(2b) E(l)(t X'T C) 
- Cl "'~, 

O<5.T<t<5.T, {x,OclRn . (3.1.78) 

This means that the kernel K satisfies the conditions of Lemma 1.9 with j3 = 1/(2b) 
and X = a./(2b). Due to that lemma, the solution Q of the equation (1.1.47) has 
the estimate (3.1.64). 

The function Q satisfies also the estimate (3.1.65). Indeed, for (d(x; z)?b > 
(t - T)/2 this estimate follows directly from (3.1.64). For (d(x; z))2b <5. (t - T)/2 
its proof is similar to that of the estimate (2.1.87). First, using the condition A12 , 
the inequalities (3.1.51), (3.1.52), and (3.1.56) we get 

1~~K(t, x; T, ~)I 

<5. 2: (1~~ak,(t,x)118~~Zl(t,z;T,~)1 + 1~;:~ak,(t,z)II~~8~~Zl(t,x;T,~)I) 
ik,i=2b 

+ 2: (1~~ak,(t,x)118~~Zl(t,x;T,~)1 + lak,(t,z)II~~8~~Zl(t,x;T,~)I) 
ik,i<2b 

<5. C(t - T)-M -1 (d(x; z))Ct ( 1 + (d(t, X(t - T); T,~))Ct (t _ T)-a/(2b) 

+ L (t - T) l-lk,I/(2b) (1 + (t - T)-0'/(2b))) E~l) (t, Xj T,~) 
Ik,l<2b 

<5. C(d(x; z))Ct(t - T)-M-1 Eg)(t, x; T,~) 

<5. C(d(x; z))Q' (t - T)-M-HQ2/(2b) Ei~)(t, x; T, 0, 
O<5.T<t<5.T, {x,z,OclRn , (d(x;z))2b<t-T, C1E(O,C). (3.1.79) 

Next, on the basis of the equality (1.1.47) we write the representation 

'1 

~~Q(t,x;T,~)=~~K(t,X;T,~)+ J d)'" J ~~K(t,x;)...,y)Q()...,Y;T,~)dy 
T IRn 

t t 4 

+ J d)'" J K(t,x;>"'y)Q(>",y;T,~)dy-J d)'" J K(t,z;)...,y)Q()...,Y;T,~)dy=: 2:I j, 

'1 IR n '1 IRn J=l 

in which TJ := t - (d(x; Z))2b, and find bounds for the summands I j , j E {I, 2, 3, 4}. 
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h satisfies the estimate (3.1.79). Using (3.1.62), (3.1.64), (3.1.78), and 
(3.1.79) we have 

t 

1121 -s; C(d(Xi z))a, J(t - A)-Ha2 /(2b)(>, - T)-Ha/(2b)dA 

T 

-s; C(d(Xi z) )<>' (t - T)-M-H(a+a2 )/(2b) Fe2 (t, x; T, ~), 

t 

Ihl-s; C J((t - A)(A - r))-Ha/(2b)dA 

T 

-s; C(d(Xi z))"(t - T)-M-Ha/(2b) Fe2 (t, xi T, ~), 

where C2 E (0, CI). The estimate for 14 is similar to the one for 13 . 

Hence, we have proved the estimate (3.1.65), so that we have shown the 
existence of the FSCP Z. Let us prove its estimates (3.1.74). The estimate (3.1.75) 
is their consequence, since 

SZ(t, x; T,~) = L ak, (t, x)8~~ Z(t, x; T, ~), 
Ik,l:S2b 

O-S;T<t-S;T, {x,OCJRn. 

By the formula (3.1.77) and the estimates (3.1.51), in order to obtain the es
timates (3.1.74), it suffices to find estimates of the function WI and its derivatives. 
Here we use the inequalities (3.1.51), (3.1.53), (3.1.56), (3.1.62), (3.1.64), (3.1.65), 
(3.1.69), and the equalities (3.1.57), (3.1.66), (3.1.67). 

For Ikll < 2b, we have 

t 

18~~ WI (t, Xi T, ~)I -s; C J (t - (3)-lk1 1/(2b) ({3 - r)-Ha/(2b) d{3 

T 

<C(t_r)-M-(lk,l-a)/(2b)F (t X'T t) 
_ Cl , , ,~ , (3.1.80) 
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while for I k11 = 2b, 

IO~:W1(t,X;T,OI 
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~ c ( J dO J (t - fij-M -) E)'l (t, x; 0, y)(O - T)-M -)+a/(,"' F,(O, Y; T, ,)dy 
T IFtn 

t 

+ j d(3 j(t_(3)-M-1E~1)(t,X;(3,Y)(d(X(t-(3);y))a, 
tl IFtn 

x ((3 - T)-M -l+a2/(2b) (Fe((3, y; T,~) + Fe ((3, X(t - (3); T,~) )dy 

+ j (t - 0)-Ha/(") (0 - T)- M- Ha/(", F,(fi, X (t - fi); T, ()dfi ) 

t, 

( 

tl 

:S C (t - T)-l j ((3 - T)-l+a/(2b)d(3 

T 

X j E~l) (t, x; (3, y)Fe((3, y; T, ~)( (t - (3)((3 - T) )-M dy 

t 

+ (t - T)-l+a 2 /(2b) j(t - (3)-l+at/(2b)d(3 

t, 

1Ft" 
t 

+ (t - T)-M-1+Q;2/C2b) j (t - (3)-l+a,fC2b)d(3 

t, 

+ (t - T) - M -)+'/("" j (t - fi)-) +n/('" dfiF" (t, x; T, ()) 

tl 

< C(t - T)-M-l+a/(2b) F (t x· T t) _ C2 , , ,~ • (3.1.81) 

The estimates (3.1.51), (3.1.80), and (3.1.81) imply the required estimates 
(3.1.74). 

The proof of the existence of the FSCP Z* for the adjoint equation (3.1.72) 
is similar to that for the FSCP Z, since this equation becomes an equation of the 
same type as (3.1.70), if -T is taken as the new time variable. 
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The equality (3.1.76) and the convolution formula for the FSCP Z are proved 
just as Properties 2.8 and 3.1, with the use of the Green-Ostrogradsky formula 
(3.1.48), in which Land L* are the differential expressions from the equations 
(3.1.70) and (3.1.72). 0 

Let us formulate separately a theorem about the FSCP for the second order 
equation (3.1.71). The assertions of Theorem 3.2 are valid for this particular case 
of the equation (3.1.70). Since for the equation (3.1.71) instead of the function Fe 
we can take the function E~2) defined by (3.1.41), and the latter function satisfies 
the equality (3.1.63) and Lemma 1.10, the results of Theorem 3.2 can be improved 
significantly for this equation. Namely, we have the following theorem. 

Theorem 3.3. If the conditions A24 and A 25 are satisfied, then there exists a FSGP 
Z for the equation (3.1.71), with the estimates 

18k, Z(t x· T t) I < C(t - T)-(n, +3n2+5n3+lk, 1)/2 E(2) (t x· T t) 
Xl '" ~ - c '" ":, , 

Ikll S 2, 

ISZ(t, X; T, ~)I S C(t - T)-(n, +3n2+5n3+2)/2 E~2l(t, X; T, ~), 

OST<tsT, {x,OCIRn. 

(3.1.82) 

(3.1.83) 

Under the additional assumption A26 , there exists the FSG? Z* for the adjoint 
equation (3.1.73) connected with Z by the relation (3.1.76), and the convolution 
formula (2.1.112) holds for Z. 

Remark. Due to the inequalities (3.1.42), in the estimates (3.1.82) and (3.1.83) 
the function E~2) can be substituted by the function E~l) with q = 2, that is by 
the function 

3.1.3. Equations from the class E 23 • For equations of the form (1.1.16) the results 
are similar to those of Sections 3.1.1 and 3.1.2. Here we only formulate them for a 
general equation (1.1.16), and, in order to make special features of such equations 
understood, give a more detailed exposition for the case where the coefficients do 
not depend on spatial variables. 

For convenience, we recall some notation already used above, and introduce 
new ones taking into account special features of equations from the class E 23 . 

Let b be the least common multiple of the numbers b1 , ... , bn ,; mj = blbj , 
n, 

qj = 2bj l(2b j -1), j E {1, ... , nr}; Ilklli = L mjk1j , if kl = (kll , ... , kIn,) E Z~'. 
j=l 

Instead of the expressions (3.1.4), (3.1.5), (3.1.21), and (3.1.61) for M, Mkl, Xt, 

d(x;O, d(t,x;T,~), X(t), and Fe, used in Sections 3.1.1 and 3.1.2, here we use the 
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following expressions: 

3 ns 

M = L L(2b(s - 1) + mj)/(2b), 
s=lj=l 

3 ns 

Mkl = L L(2b(s -1) + mj)(ksj + lsj)/(2b), 
8=lj=1 

X = (t- 1/(2b,)x t- 1/(2bn1 )x t- 1- 1/(2bIl x t 1,···, In" 21, 
t- 1- 1/(2bn2 )X t-2-1/(2bdX t-2- 1/(2bn 3 )X) d(x. C) 

... , 2n2' 31, ... , 3n3" ~ 

3 ns 

= LLlx8j _~sjll/(2b(8-1)+mj); 
s=lj=l 

d(t,X;T,~) = It_TI 1/(2b) +d(x;~), 

X(t) = (Xl1(t), ... ,X1nl (t), X21(t), ... , X2n2(t),X31(t), ... ,X3n3(t)), 
s-l 

Xsj(t) = L ~trX(s_r)j, j E {l, ... ,ns}, s E {1,2,3}, 
r. r=O 

00 

x L( Cf(a/ (2b) )(t - T)a/(2b))j (f(ja/ (2b)) )-1 E~!; (t, X; T, ~), 
j=O 0 

where 

3 ns 

p(t,x,~):= L:2:)l-sQj IXsj (t) -';sjlqj. 
s=lj=l 

Consider an equation 

(Lu)(t,x):= (s - L akl(t,X)8~~)U(t,x) = f(t,x), 
IIkl l19b 

(t,x) E II(o,T), 

assuming that: 

(3.1.84) 

(3.1.85) 

(3.1.86) 

(A27 ) there exists such a constant 5> 0 that for any (t, x) E II[o,T) and 111 E IRnl 
the inequality (1.1.19) holds; 

(A28 ) the coefficients ak ll IIki/i ::; 2b, are bounded on II[o,T) and Holder continu
ous in t, x, in the sense similar to (3.1. 7), that is there exist such constants 
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H > 0 and a E (0,1] that for any {(t,x),(r,~)} C II[o,Tj and ki E ;Z~', 

II kIll ::; 2b, 
(3.1.87) 

(A29 ) there exist bounded and Holder continuous in t, x, in the sense of (3.1.87), 
derivatives 8:~ak" Ilkili ::; 2b, on II[o,Tj' 

Here the counterpart of Theorem 3.2 is the following result. 

Theorem 3.4. If the conditions A27 and A28 are satisfied, then there exists a FSCP 
Z for the equation (3.1.86), such that 

18~~Z(t,x;r,~)1 ::; C(t - T)-M-llk!II/(2b)Fc(t,x;r,~), Ilklll::; 2b, 

ISZ(t, x; r, ~)I ::; C(t - r)-M-I Fc(t, x; r, ~), 

O::;r<t::;T, {x,Oc]Rn. (3.1.88) 

Under an additional assumption A29 , there exists a FSCP Z* for the equation 
adjoint to (3.1.86), and Z, Z* satisfy the equalities (3.1.76) and (3.1.112). 

The proof of this theorem, similar to the one of Theorem 3.2, is based on 
a detailed investigation of properties of the FSCP for an equation with only the 
leading terms, with coefficients depending only on the parameters (3, y. Below we 
study the FSCP G for the equation (3.1.86) whose coefficients ak" II kIll ::; 2b, may 
depend only on the variable t. 

Consider the equation 

( S- L ak,(t)8~~)U(t,X)=O' (t,x)EII(T,Tj, 
Ilk!II::O;2b 

(3.1.89) 

where r is an arbitrary fixed number from [0, T), assuming that the coefficients 
ak" II kIll ::; 2b, are continuous on [0, T], and for each t E [0, T], 0'1 E ]Rn, the 
inequality 

n, 

Re L ak!(t)(iO'l)k!::; -<5LO'~~j (3.1.90) 
Ilk,ll=2b j=1 

holds with some constant <5 > O. 
Just as in Section 3.1.1, we solve the problem (2.1.6), (3.1.89). For its solution 

we obtain the formula (2.1.14), in which G is given by the formula (3.1.20) where 

1 

V(t,r,O'):= exp { L ilk!1 J ak,(r + (t - r)(3)(O'~ + (30'; + T1(320'3)k~ 
IIk,I19b 0 

X (O'~ + (3O';)k~' (O'~')k~" d(3(t - r)1-I Ik!II/(2b)}, (3.1.91) 

while M, X(t - r), and Xt-T were defined in (3.1.84). 
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Investigating the function iT just as in Section 3.1.1, we obtain the following 
estimates similar to (3.1.29) and (3.1.30): 

IV(t,T,I1+h)1 S Cexp{-52r(l1) + C2 r(')')} , 

IPkl(11 + h)V(t, T, 11 + h)1 S Ckl exp{ -531'(11) + C3r (')')} , 

OSTstsT, {11,ry}ClRn, 

3 ns 

where 1'(11) := L L I1;Y 
8=lj=1 

Using these estimates and Lemma 1.1 just as in the proofs of Theorems 2.1 
and 3.1, we prove their analogue for the equation (3.1.89). 

Theorem 3.S. If the coefficients ak" Ilkili S 2b, of the equation (3.1.89) are con
tinuous on [0, TJ, and the condition (3.1.90) is satisfied, then there exists a FSCP 
G for this equation, such that: 

1) the function G and its derivatives can be extended to en, and for these ex
tensions we have 

8~8~G(t, x + iy; T, ~ + i1]) 

= (t - T)-M-MklOkl(t, T, z)lz=(X(t-T)-~),_T+i(Y(t-T)-1J)t_T' 
OST<tsT, {x,y,~,1]}clRn, {k,l}cZ~, 

where Okl(t, T, z), z = (Zl,' .. ,zn) E en, for fixedt and T, are entire functions 
of ZI, ... ,Zn of the respective growth orders PI, ... ,Pn and the same decrease 
orders for Z = x E lRn , and Pj = qj for j E {I, ... , nl}, Pj = qr, if j = nl + r, 
r E {I, ... , n2}, Pj = Q8' if j = nl + n2 + s, s E {I, ... , n3}; 

2) the estimates 

18~8~G(t, x + iy; T, ~ + i1])1 S Ckl(t - T)-M-Mkl E~3) (t, x; T, ~)E~3~,(t, y; T, 1]), 

OST<tsT, {x,y,~,1]}ClRn, {k,l}cZ~, (3.1.92) 

hold, with Ckl, c, and c' being positive constants, while E~2) is defined in 
(3.l.85); 

3) the equalities (3.1.34) and (3.1.35) hold; 

4) the function (3.1.44) is a FSCP for the adjoint equation 

(L*V)(T,O:= (s* - L ak'(T)(-86)k')V(T'~) = 0, 
IIk,II9b 

(T,~) E II[o,T) ' (3.1.93) 

where S* is the same as in (3.1.45); 
5) the convolution formula (3.1.46) is valid. 
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Note that the assertions 4) and 5) of the above theorems are proved just as 
the similar statements from Property 3.1. The formula (3.1.48) is used, in which 
the differential expressions Land L* are defined in (3.1.86) and (3.1.93), the 
bilinear forms Bj[v, u] contain only the derivatives of the form o~;v and o~;u 
with IIk111 < 2b. 

Example 3.2. A FSCP for the equation 

from the class E 23 , where nl = 3, n2 = 2, n3 = 1, b1 = b2 = 1, b3 = 2, and aI, a2, 
and a3 are positive constants, is given by the formula 

G(t,X;T,~) = G1(t,x' ;T,e)G2(t,x";T,(,)G3(t,X13;T,63), 

t>T, {x,OcIR6 , (3.1.94) 

with X/:= (Xll,X21,X3), e:= (~1l,61,6), x":= (X12,X22), (':= (62'~22). 
Here 

G1 (t, x'; T, e) := 3v15(7ra1)-3/2c9/2 exp{ -all (( 4(t - T) )-1 (Xll - 6I)2 

+ 3(t - T)-3(X21 + T1(t - T)(Xl1 + 6I) - 6d 

+ 180(t - T)-5(X3 + 2-1(t - T)(X21 + 61) 

+ 12- I (t - T)2(Xl1 - 6d - 6)2)}, 

G2(t, x"; T, (') := v'3(2a2(t - T))-l exp{ -a;-1((4(t - T))-l (X12 - 62? 

+ 3(t - T)-3(X22 + T1(t - T)(X12 + 62) - 62)2)}, 

G3(t, X13; T, 63) := (47r2a3(t - T))-1/4 
00 

x J exp{ _a:4 }a:1/ 2 cos((a3(t - T))-1/4(X13 - 63)a:)da:. 

o 
(3.1.95) 

The formulas (3.1.94), (3.1.95) are obtained by a straightforward calculation 
from the formulas (3.1.20) and (3.1.91) (see also Examples 2.1 and 3.1). 

In conclusion of this subsection we give some results regarding the FSCP for 
equations of the form (3.1.89) with degenerations on the initial hyperplane, of the 
same kind as in the equation (1.1.11). 

Let us consider an equation of the form 

( a:(t)Ot - (3(t) (t I>(S-l)jOXSj + l.: ak, (t)O:~) - ao(t)) u(t, x) = 0, 
s=2j=1 O<llk,II:S;2b 

(t,x) E II(o,T], (3.1.96) 
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assuming that the functions a and (J are such as in the equation (1.1.11), the 
coefficients ak" Ilklll :::; 2b, are continuous on [0, T], and the condition (3.1.90) is 
satisfied. 

Let the functions A and B be the same as in Section 2.4.1, 

The following theorem is an analogue of Theorem 3.5 for the equation (3.1.96). 

Theorem 3.6. The following assertions are valid: 

1) there exists a FSGPG(t,X;T,~), 0 < T < t:::; T, {x,O c lIC, for the equation 
(3.1.96); 

2) a~a~G(t,X+iY;T,~+iTJ) 

= (B(t, T) )-M -Mkl 0.kl (t, T, Z )lz=(X(t,r)-O B(t.T) +i(Y(t,r)-1))B(t.T) ' 

O<T<t:::;T, {x,y,~,TJ}CIRn, {k,l}cZ~, 

where 0.k1 (t,T,Z), Z = (Zll, ... ,ZlnllZ21, ... ,Z2n2,Z31, ... ,Z3nJ E en, are, 
for fixed t and T, entire functions of Zsj with the growth orders Psj = qj and 
the same decrease orders for real values of the independent variables; 

3) the estimates 

la~a~G(t, x + iy; T, ~ + iTJ)1 
, -M-Mkl ' '(3) '(3) :::; Gkl(B(t,T)) exp{dA(t,T)}Ec (t,x;T,~)E_cl(t,y;T,TJ), 

O<T<t:::;T, {x,y,~,TJ}cIRn, {k,l}cZ~, (3.1.97) 

are valid, with Ckl > 0, c > 0, c' > 0, and d E IR; 

4) the FSGP G has the normality property, and the convolution formula (3.1.46) 
with T > 0 holds; 

5) in the case of weak degeneration, that is A(O, T) < 00, the estimates (3.1.97) 
are valid with T = 0 and d = O. 

The proof (sketched in [120]) is similar to that of Theorems 3.1 and 3.5. 
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3.2 Cauchy problem 

3.2.1. Correct solvability of the Cauchy problem for equations from the class E~3. 
In this section and the next one we study the Cauchy problem for equations from 
the class Eg3 • This class consists of equations from E23 whose coefficients do not 
depend on spatial variables. The results obtained in Sections 3.2.1 and 3.2.2 are 

---+ 
similar to Theorems 2.6, 2.7, and 2.11 for homogeneous 2b-parabolic equations 
from the class E 11 . 

Below we define the families of Banach spaces L~(t,ii), t E [0, Tj, p E [1,00]' 
of functions with a rapid growth in spatial variables at infinity. The fact that a 
solution belongs to such a space is interpreted as a characterization of its evolution 
in t. A technique of obtaining special estimates is developed in order to take into 
account a complicated anisotropy of the problem. Section 3.2.1 is devoted to the 
solvability of the Cauchy problem. In Section 3.2.2 we prove the uniqueness of a 

solution of the Cauchy problem in the spaces L~(t,ii), t E [0, T], and a representa
tion theorem for solutions defined on the layer II(o,T] , via their special limit values 
on the initial hyperplane. Hence, for equations from the class Eg3 we determine 
the spaces If> and U, with which the meta-theorems A and B from Section l.l.3 
are valid for this situation. 

In Sections 3.2.1 and 3.2.2 we use the notation from Section 3.l.3, the nota
tion q' and q" for the largest and smallest of the numbers qj, j E {I, ... , nJ}, and 
also the following analogue of the distance q from (2.l.2): 

(
3 ns )l/ql 

q(x; 0:= ~ ~ IXsj - ~sj Iqj , 

In addition, for ~ E IR.n and R > ° we set B(~, R) 
BR := B(O, R). 

Consider an equation 

(Lu)(t,x):= (8 - L ak!(t)a~~)U(t,X) = 0, (t,x) E II(o,T] , 

Ilk!II~2b 

(3.2.1) 

assuming that the coefficients Uk! : [0, Tj ---+ C, II klll ::::: 2b, are continuous, and the 
condition (3.1.90) is satisfied. 

By Theorem 3.5 there exists a FSCP G for the equation (3.2.1) with the 
properties described in that theorem. In particular, 

18~8~G(t, x; T, ~)I ::::: Ckl(t - T)-M-Mk/ E~3)(t, x; T, ~), 

0::::: T<t:::::T, {x,OcIR.'" {k,l}cZ~. 

Let us define necessary norms and spaces. 

(3.2.2) 
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We introduce the following sets of functions: 

k(t, a) := (kll (t, all)' .. . ,kIn, (t, aln,), k21 (t, a2d, 

... ,k2n2 (t, a2n2)' k31 (t, a31), ... ,k3n3 (t, a3n3))' 

s(t) := (811 (t), ... ,SIn, (t), S21 (t), ... ,82n2 (t), S31 (t), ... , S3n3 (t)); 

k ·(t .).- .( 2bj-l - 2bj-lt2bj(l-1)+1)1-qj . {I } 1 {I 2 3}· IJ , all .- cOal] Co alj , J E , ... ,nl, E " , 

81j(t):= k1j (t,a1j) + 2qj - 10(n2 - j)tQj k2j (t,a2j) 

+ 2Qj - 20(n3 - j)t2Qj k3j(t, a3j), j E {I, ... , nl}; 

S2j(t) := 2qr1 k2j (t, a2j) + 4Qr10(n3 - j)tQj k3j (t, a3j), j E {I, ... ,nz}; 

t <T - , 

where Co E (0, c), c is the constant from the estimates (3.2.2), a:= (all, ... , alnp 
a21, ... , a2n2' a31, ... , a3n3) is a collection of such non-negative numbers that 

( ) 
(2bj-l)/(2bj(l-1)+1) 

T . Co < mm - , 
jE{l, ... ,n,} alj 
IE{1,2,3} 

O(T) = 1 for T 2: 0, and O(T) = 0 for T < O. 

Note that k(O,a) = a and kzj(t,alj) 2: alj, t E [O,T], j E {I, ... ,nz}' 1 E 
{I, 2, 3}; in addition, 

-cop(t,x,~) + [a,~l:s [k(t,a),X(t)], t E (O,T], {x,e} c ]Rn, (3.2.3) 

where p(t, x,~) was defined in (3.1.85). We used the notation 

3 n, 

[a,~] := L L alj I~lj Iqj . (3.2.4) 
Z=1 j=] 

Note also the relations 

k1j (t - T,k1j(T,alj)) = k1j(t,alj), klj(t - T,klj(T,alj)):S klj(t,alj), 

o :S T :S t :S T, j E {I, ... ,nl}, I E {2,3}. 

Let P E [1,00]' and u(t, x), (t, x) E II[o,T), be a given complex-valued function, 
measurable in x for any t E [0, T]. For every t E [0, T] we define the norms 

Ilu(t,·) 11~(t,ii) := Ilu(t, x) exp{ -[k(t, a), x (t)]} IILp(JRn), 

Ilu(t, ·)II!(t) := lIu(t, x) exp{-[s(t) , x]}IILp(\ltn). 
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We shall use the following spaces: 

- L~(t,a), t E [0, T], p E [1,00]' the spaces of measurable functions 'P : IRn -+ C 

with finite norms Illflllk(t,a). La '= Lk(O,a) . ..,.. p , p' p , 

- Ma, the space of complex-valued generalized Borel measures J.t on IRn satis
fying the condition 

11J.tll a := J exp{ - [a, xl}dlJ.t1 (x) < 00; 

- L~g(T), the space of measurable functions 'ljJ : IRn -+ C with a finite norm 

- C~g(T), the space of continuous functions 'ljJ : IRn -+ C, such that 

1'ljJ(x)lexp{[s(T),xl}-+O as Ixl-+oo. 

For 'ljJ E C~g(T), we set 

11'ljJII~g(T) := sup (1'ljJ(x) I exp{[S(T), xl}). 
xElRn 

Using the inequalities (1.3.9) and (1.3.10) we have 

IX2j (tWj :::; 2qj-l(lx2jIQj +tqjIXljlqj), 

so that 

hence 

IX3j (tWj :::; 4qj-1(lx3jIQj + tqj IX2jlQj + Tqjt2Qj IXljlqj), 

exp{ -[S(t), xl} :::; exp{ -[k(t, a), X(t)]}, 

Ilu(t")II!Ct):::; Ilu(t")II~(t,ii), tE [O,T], pE [1,ooj. 

(3.2.5) 

(3.2.6) 

Note that Slj(t) 2: alj, Slj(t) > alj, l E {2, 3}, t E [0, T], therefore for 'P E L~ 
we find that 

lI'PII!(t) :::; II'PII~, t E [0, Tj, p E [1, ooj. (3.2.7) 

Now we shall formulate and prove the main theorem on the correct solvability 
of the Cauchy problem for equations from the class Eg3 . 

Theorem 3.7. For any function 'P E L!, p E [1,00], and a generalized measure 
J.t E Ma the formulas 

u(t,x) = (P'P)(t,x):= J G(t,x;O,O'P(~)~, (t,x) E II(o,Tj' (3.2.8) 

uo(t,x) = (PJ.t)(t,x) := J G(t,x;O,~)dJ.t(~), (t,x) E II(o,Tj, (3.2.9) 
lRn 
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determine the unique solutions of the equation (3.2.1) on the layer Ilco,]'], possess
ing the following properties: there exists a constant C > 0, independent of <p and 
J.1, and such that for any t E (0, T], 

if p E [1,00), then 

Ilu(t, ')II~Ct,a) :::; CII<pII;, 

Iluo(t, ')II~Ct,a) :::; CIIJ.1l1a; 

lim Ilu(t,') - <p(')II!Ct) = 0, 
t->O 

(3.2.10) 

(3.2.11) 

(3.2.12) 

while for p = 00 and the function (3.2.9) u(t,·) ~ <p, uo(t,') ~ J.1, that is for all 
t->O t->O 

'ljJ from the spaces L~sCT) and C~s(T) respectively 

lim j 'ljJ(x)u(t, x)dx = j'ljJ(X)<P(X)dX 
t->O 

(3.2.13) 

and 

limj'ljJ(x)uO(t,X)dX = j'ljJ(X)dJ.1(X)' 
t->O 

(3.2.14) 

Remark. It follows from Theorem 3.7 that the solutions (3.2.8) and (3.2.9) belong, 

for each fixed t E (0, T], to the spaces L~(t,a) and L~Ct,a) respectively. 

Let us study the Poisson integrals (3.2.8) of the function 'P and (3.2.9) of 
the generalized measure J.1 and show that they represent solutions of the equation 
(3.2.1) and have the properties listed in Theorem 3.7. Here we use the technique 
resembling that of Section 2.2.2. 

Lemma 3.1. If <p E L~, p E [1,00], then the function (3.2.8) satisfies the estimate 

lIu(t, ')II~(t,a) :::; CII<pII;, t E (0, T]. (3.2.15) 

Proof. Consider first the case p = 00. By the estimates (3.2.2), for (t,x) E Il(O,T] 

we have 

lu(t,x)l:::; C j rM exp{-cp(t,x,~)}(I<p(~)lexp{-[a,~]})exp{[a,~]}d~ 

:::; CII<pII~ j rM exp{ -(c - co)p(t, x, O} exp{ -cop(t, x,~) + [a,~]}d~. 
IRn 
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Using the inequality (3.2.3) and the fact that for any t > 0, x E ]Rn, and 0 > 0, 

J eM exp{ -op(t,x,~)}d~ = C, (3.2.16) 

IRn 

we find that 

lu(t,x)1 ::; CII'PII~exp{[k(t,a),X(t)]}, (t,x) E II(o,Tj, 

which implies the estimate (3.2.15) for p = 00. 

Let us consider the case p E (1, (0). Using the estimates (3.2.2) and (3.2.3), 
and the Holder inequality, we have 

lu(t, x) I ::; C J (I'P(~) I exp{ - [a,~]}) exp{ -( (c - co) /2)p(t, x, O} 

x exp{-((c+ co)/2)p(t, x, 0 + [a,~]}t-Md~ 

~ c(j I~(()I' 'xp{ -pla,m 'xp{ -p((c - CO)/2)p(t,x, md{) 'I, 
lip' 

x (j exp{ -p'((o + ,,")/2)p(t,x,IJ + p'la,md() eM 

,; c(ll~()" ""P{ -Pla,(I}.xp{-p((c - ")/2)p(t,x,mt- M d{) 'I, 
lip' 

x cxp{lk(t, a), x (t)l) (j exp{ -p'( (c - c.,)/2)p(t, x, weM d{) , 
(t,x) E II(o,Tj, 

where the number p' is such that l/p+ l/p' = 1. It follows, by the equality (3.2.16), 
that 

Ilu(t, .) 11~(t,a) 

~ c(j (j I~()I' exp{ -pl<l,W ""P{ -p((c - c.,)/2)p(t,x,w,-M d{) dX) 'I, 

~ c (j I~()I' exp{ -pia, m (j exp{ -pc (0 - co)/2)p(t, x, W,-M dX) d{) 'I, 
t E (O,T]. 
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If p = 1, then using the inequalities (3.2.2) and (3.2.3), we get 

lu(t,x)1 S C JI'P(~)lexp{-[a,~]}exp{-(c-co)p(t,x,~)} 

x exp{-cop(t,x,~) + [a,~]}CMd~ 

s C exp{[k(t, a), X(t)]} J I'P(~)I exp{ -[a,~]} 

x exp{ -(c - co)p(t, X, ~)}tM d~, (t, x) E II(u,TJ, 

whence, by (3.1.16) we obtain for t E (0, TJ that 

213 

lIu(t, ')II:{<'~ <; c 11~(')1 exp{ -1",<1} (1 exp{ -(e - c,,)p(t, x, mrMdx )"< 
= CII'PIIf. 0 

Let us find out in which sense the function (3.2.8) satisfies the initial condition. 

Lemma 3.2. Suppose that 'P E L~, p E [1, ooJ. Then the function (3.2.8) satisfies 
(3.2.12) and (3.2.13). 

Proof. Let p E [1,00). We have to prove that for any c > ° there exists such 
J E (0, T) that for all t E (0, J), 

II(P'P)(t,') - 'POII!(t) < c. (3.2.17) 

Let 'P(R) be the function determined by the equalities (2.2.24). We have 

II(P'P)(t,·) - 'POII!(t) 

s II (P( <p - <peR)) )(t, .) 11!(t) + II (p<p(R))(t, .) _ <peR) (.) 11!(t) + 1I<p _ <peR) 1I!(t) , 

t E (0, Tj. (3.2.18) 

By Lemma 3.1, 

II (P( 'P - 'P(R) ))(t, .) 11~(t,a) S CII'P - 'P(R) II~, t E (0, TJ. (3.2.19) 

Using the inequalities (3.2.6), (3.2.7), (3.2.18), and (3.2.19), we find that 

II (P'P)(t, .) - 'P(')II!(t) S (C + 1)11'P - 'P(R) II~ + II(P'P(R))(t,·) - 'P(R)OII!(t), 

t E (O,Tj. 

Given c > 0, we choose R > ° in such a way that 

( )
l~ 

II'P-'P(R)II;= J 1'P(x)IPexp{-p[a,x]}dx <c/(2(C+1)). 

n<;n\BR 

Since 
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in order to prove (3.2.17), it suffices to prove the existence of such 8 E (0, T) that 
for any t E (0,8), 

Il/p < c:/2. (3.2.20) 

Let us write I as I = h + h where 

h:= f If G(t,x;O'~)'P(R)(~)d~IPdX' 
lRn \B2R BR 

h:= f If G(t,x;O,~)'P(Rl(~)d~ - 'P(Rl(Xf dx. 
B2R 'BR 

If p = 1, we get 

h 5: C f (f 1'P(Rl(~)lexp{-cP(t,x'~)}CMd~)dX 
lR n \B2R BR 

=c fl'P(R)(~){ f exp{-cP(t,x,~)}t-MdX)df 
BR lR n \B2R 

(3.2.21) 

Note the existence of such 80 E (0,1) that for every t E (0,80), x E IRn \ B2R , 

and ~ E B R we have the inequality 

(3.2.22) 

Indeed, for t E (0,1), 

p(t, x,~) ;::: t l- q" (q(X (t);~) )q' ;::: tl-q"lq(X(t); 0) - q(~; OW'. (3.2.23) 

Next, using the notation 

we obtain for t E (0,1) that 

q(X(t); 0) = q(x; Y(t)) ;::: Iq(x; 0) - q(Y(t); 0)1, (3.2.24) 

( 

"2 n3 n3) III 
5: tq" ~ IXlj Iqj + 2q' -ltl ' ~ IX2j Iqj + TIel ~ IXlj Iqj 

5: Cl tq" fq' q(X; 0). (3.2.25) 
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Let the number <>0> ° be such that Cl<>t jq' ::; 1/4. Then (3.2.24) and (3.2.25) for 
any t E (0, <>0) and x E ~n \ B2R imply the inequality q(X(t); 0) ~ (3/4)q(x; 0) ~ 
3R12, and then (3.2.22) follows from (3.2.23). 

From the inequality (3.2.21), using the estimate (3.2.22), we obtain that 

h ::; C exp{ -(c - co)t1- q" (RI2)q'} J 1<p(R) (e)1 ( J exp{ -cop(t, x, enrM dX) de 
Rn IRn 

= CII<p(R)IIL 1 (1Rn) exp{ -(c - CO)t1- q" (RI2F'L t E (0, <>0)' (3.2.26) 

Here we used the fact that 

J exp{-cOp(t,x,enrMdx = C, t > O,e E ~n. (3.2.27) 

IRn 

If p > 1, using (3.2.2), (3.2.16), (3.2.22), and the Holder inequality we find, 
for t E (0, <>0) and x E ~n \ B2R , that 

I J G(t, x; 0, e)<p(R) (Odel 
'Bn 

::; C J exp{-cp(t,x,enl<p(R)(OlrMd~ 
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whence 

h :::: C exp{ -p((c - co)/2)t1- q" (R/2)q'} 

x J (J lif(R)(~)IP exp{ -p((c - CO)/2)P(t,x'~)}CMd~)dX 
IRn\B2R BR 

:::: Cllif(R)IILp(IRn) exp{ -(p(c - co)/2)t1- q" (R/2)Q'}, t E (0,60). (3.2.28) 

Let us give an estimate for h. Let 'P~R) be the averaging for if(R). It satisfies 
the relation (2.2.31) and, just as in the proof of Lemma 2.5, for a fixed h > 0, 
uniformly with respect to x E B2R , 

(3.2.29) 

Now 

I;I' S (L V. G(t, x; 0, 0(,,( R) (0 - ,,\Rlt<))d<I' dx ),j, 
+ C£ V. G(t,x;O,O,,\RltOd( - ,,\R)(X)I' dx) 'j, 

Repeating the estimates for the first summand, similar to the ones carried out in 
the proof of Lemma 3.1, and using the relations (2.2.31) and (3.2.29), we find that 
there exists such a constant 62 > ° that for any t E (0,6"2)' 

12 < (1/2)(E/2)P. (3.2.30) 

The inequalities (3.2.26) and (3.2.28) imply the existence of such 61 > ° that 
for all t E (0,61), 

h < (1/2)(E/2)P. 

Together with (3.2.30) this implies the inequality (3.2.20) for all t E (0,6) where 
6 is the smaller of the numbers 61 and 62. 

Let us prove the relation (3.2.13). First we note that the integrals from 
(3.2.13) make sense for all if E L'fx" 'IjJ E L~S(T), and t E (0, T] since, by the 

inequality (3.2.6) and Lemma 3.1 Ilu(t, ')II~t) < 00 for any t E (0, T], if'P E L'fx,. 
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Indeed, for any t E (O,Tj alj ::; Slj(t) ::; Slj(T), j E {l, ... ,nl}, I E {1,2,3}, so 
that 

~ ,,(x )u( t, x)dx I " j (1,,( x) I exp{[t(T), xll )( lu( t, x) I exp{ - [t( t), x]})dx 

::; 117jlII~s(T)llu(t,·)II~t) < 00, 

~ ,,( x )~( x)dx I " jrl"( x) I exp{[t(T), x]}) (I ~(x) I exp{ - [ii, x]})dx 

::; 117jl11 ~s(T) II'PII~ < 00. 

Due to (3.2.8), in order to prove (3.2.13), it suffices to show that 

Since 'P E L'/x" we have 

and (3.2.13) will be proved, if we show that 

(3.2.31) 

Since alj < klj(T,alj), j E {l, ... ,nl}, I E {1,2,3}, there exists such, > ° 
that 

Slj(T) ~ klj(T,alj) ~ glj(t) 

:= coklj(T,alj)(c~bj~1 + (klj(T,alj)?bj~lt2bj(l~1)+1)1~qj ~ %' 

j E {I, ... , nl}, I E {I, 2, 3}, for all t E [0, ,j. Therefore 

and for proving (3.2.31) it is sufficient to prove, for any c > 0, the existence of 
such 8 E (0, ,) that for all t E (0,8), 

Ilv(t,·) _7jI(·)II~g(t) := II(v(t,·) -7jI(·))exp{[§(t), ·]}IIL!(IRn) < c (3.2.32) 

where 

§(t) := (gll (t), ... , gIn! (t), g21 (t), ... , g2n2 (t), g31 (t), ... , g3n3 (t)). 
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The proof of (3.2.32) is similar to that of (3.2.17). As it was done there, we 
introduce for R > ° a function 'I(;(R) (x), x E ]Rn, by the equalities (2.2.24), in 
which 'I(; is substituted for 'P. For t E (0, ')') we have 

3 

+ 11'1(; - 'I(;(R) lI~g(t) =: L Jj . 

j=l 

Let us give an estimate for J1• Using the estimate (3.2.2) we obtain 

V Crt, x; 0, ,)(,p - ,;/R) ) (x)dx I 

~ c J exp{ -cp(t, x,~) - [k(T, it), X(t))} 1('1(; - 'I(;(R))(x)1 

x exp{[k(T, it), X(t))}t-M dx 

~ c J exp{ -(c - co)p(t, x,~)} exp{ -cop(t, x,~) - [k(T, it), X(t))} 

x (1('1(; - 'I(;(R))(x)l)exp{[S(T),x]}CMdx 

~ C exp{ -[§(t),~]} J exp{ -(c - co)p(t, x, e)}(I('I(; - 'I(;(R))(x)1 

x exp{[S(T) , x]} )CM dx. 

Here we used the inequality 

[k(T,it),X(t)] ~ [s(T) , x], t 2': 0, x E ]Rn, 

valid by virtue of (3.2.5) and the definition of s(T) , and the inequality 

-cop(t, x, e) - [k(T,it),X(t)] ~ -[§(t),e], t 2': 0, {x,O c ]Rn, 

which is proved just as (3.2.3). 
It follows from (3.2.34) and the equality (3.2.16) that 

J 1 ~ CII'I(; - 'I(;(R)II~.5(T), t E (0,')'). 

Since glj (t) ~ gzj(T), t E (0, ')'), j E {I, ... ,nl}, l E {I, 2, 3}, we have 

J3 ~ 11'I(;_'I(;(R)II~.5(T), t E (0,,),), 

(3.2.33) 

(3.2.34) 

(3.2.35) 

(3.2.36) 

(3.2.37) 
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thus 

Since 

1I'lj!_'lj!(R)II~S(T)= J 1'lj!(x)lexp{[s(T),x]}dx -+ 0, 
R-.oo 

]Rn\BR 

we get 

Consider the expression h. We write it as 

J, ~ ." lR V G( t, x; 0, O,p( R) (x )dxl exp{ W( t), Wd< 

+ n£ V G( t, x; 0, ,),p(R) (x )d.x - ,p( RJ «+xp{[§( t), Wd< 

=: J; + J;. 

Just as for (3.2.37), we prove the inequality 

whence 

J~ -+ 0, t E (0,1')' 
R-->oo 

For J; we have 
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(3.2.38) 

(3.2.39) 

The last integral is considered like h above, so that J;' -+ 0, R > 0. Together 
t-->O 

with the relations (3.2.33), (3.2.38), (3.2.39) this yields (3.2.32). 0 

Lemma 3.3. Let f1 E Mil. Then the function (3.2.9) satisfies the estimate (3.2.11) 
and the relation (3.2.14). 
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Proof. Using the inequalities (3.2.2) and (3.2.3) we find that 

luo(t, x)1 s c J exp{ -(c - co)p(t, x,~)} exp{ -cop(t, x,~) + [a,~]} 

x exp{-[a,~]}cMdlJ.tI(~) 

S C exp{[k(t, a), X(t)]} J exp{ -(c - co)p(t, x,~)} exp{ -[a, ~]}dlJ.tI(~), 

(t,x) E II(o,Tj, 

which implies the estimate (3.2.11) if we take into account the equality (3.2.27) 
with c - Co substituted for Co. 

Let us prove the relation (3.2.14). By the definition of the functions Blj, 

j E {1, ... ,nZ}, l E {1,2,3}, and the estimate (3.2.11), the integrals from (3.2.14) 
make sense for any 'IjJ E C~s(T), J.t E Ma, and t E (0, T]. Using the formula (3.2.9) 
we obtain that 

I J 'IjJ(x)uo(t, x)dx - J 'IjJ (x) dJ.t (x) I S Ilv(t,·) - 'IjJ(-)II~allJ.tlla 
~n ~n 

where 

v(t,I;):= J G(t,x;O,I;)'IjJ(x)dx. 
~n 

Therefore it is sufficient to prove that 

Ilv(t,·) - 'IjJ(-)II~(t) t=7o ° (3.2.40) 

where the function if is the same as in Lemma 3.2. 
Let R > 0, and let the function OR be the same as in the proof of Lemma 

2.6. Set ep(R) := ORep. For t E (0,,),) we have 

II II-g(t) Ilv(t,·)-ep(-)II~(t) s ~ G(t,x;O,~)(ep-ep(R))(x)dx 00 

Il II
-g(t) 

+ [G(t,x; O, I;)ep(R)(X)dX - ep(Rl(~) 00 

3 

+ lIep(R) - epll~(t) =: L K j . 

j=l 

(3.2.41) 
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As in the proof of the inequalities (3.2.34), using the equality (3.2.27) with 
C - Co instead of Co we get 

IV G(t, X; 0, ,)(1' -I'(R) )(X)dxll 

::; CII<p - <peR) II~s(T) f exp{ -(c - co)p(t, X, ~)}CM dx exp{ -[get), ~]}, 
IRn 

whence 
Kl ::; CII<p - <peR) II~s(T), t E (0, ,). 

By the inequalities glj(t) ::; slj (T), t E [0, ,), j E {l, ... ,nz}, I E {l, 2, 3}, we 
have 

so that 

Since 

we get 

Kl + K3 -+ 0, t E (0,,). 
R-->oo 

(3.2.42) 

Next, 

K2 ::; sup (If G(t, x; 0, ~)<p(R) (X)dXI exp{[g(t) , ~]}) 
EEIRn \B2R kn 

+ exp{maxg/j(T)(2R)Q'} sup If G(t, x; 0, ~)<p(R) (x)dx _ <peR) (~)I 
],1 EEB2Rkn 

=: K~ + K;. (3.2.43) 

In order to find an estimate for K;, we use the inequality (3.2.22), for any 
t E (0, <50 ), x E BR , and ~ E jRn \ B2R . This inequality, for such points, is proved 
like in the case considered in the proof of Lemma 3.2. Instead of the inequalities 
(3.2.23) and (3.2.24), we use the inequalities 

and 

q(X(t); 0) ::; q(x; 0) + q(Y(t); 0), 
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respectively; then we use (3.2.25) choosing 00 in such a way that CiOg"jq' ::; 1/2. 
As a result, we get 

q(X(t); 0)::; (3/2)q(x; 0) :S 3R/2, 

p(t, x,~) ~ t i - qll (2R - 3R/2)ql = t i - qll (R/2)l. 

Using the estimate (3.2.2), the inequalities (3.2.22), (3.2.35), and (3.2.36), 
the equality (3.2.27), we have 

K; ::; sup (c J exp{ -(c - co)p(t, x, O} exp{ -cop(t, x,~) - [k(t, it), X(t)]} 
EElRn\B2R 

BR 

X (I<pCR) (x)l exp{[s(T) , x]})CM dx exp{[§(t), ~]}) 
:S C exp{ -( (c - ca)/2)t i - q" (R/2)ql }11<pCR) 11;;;,,(T) 

x J exp{ -«c - ca)/2)p(t, x, ~)}CM dx 

= CII<pIl;;;,'CT) exp{ -«c - ca)/2)t i - q" (R/2)q/} ---+ 0, R> O. 
t-+O 

(3.2.44) 

Since <peR) is a continuous and bounded function, by a property of the FSCP 
for the equation adjoint to (3.2.1), we obtain that 

(3.2.45) 

The relations (3.2.41 )-(3.2.45) imply the required relation (3.2.40). 0 

It follows from Lemmas 3.1-3.3 that the functions (3.2.8) and (3.2.9) satisfy 
the estimates (3.2.10), (3.2.11) and the relations (3.2.12)-(3.2.14). Since the FSCP 
G is a solution ofthe equation (3.2.1), the estimates (3.2.2) show that the functions 
(3.2.8) and (3.2.9) are solutions of this equation. Thus the formulas (3.2.8) and 
(3.2.9) indeed determine solutions of the equation (3.2.1) on the layer IIco,Tj, and 
these solutions have the properties listed in Theorem 3.7. The uniqueness of these 
solutions is a consequence of Theorem 3.8 on the representation of solutions of the 
Cauchy problem by Poisson integrals, which will be proved in the next subsection. 

3.2.2. Integral representations of solutions for equations from the class Eg3 • Here 
we give some theorems on the Poisson integral representation of solutions of the 
Cauchy problem and solutions defined on an open layer, for equations from the 
class Eg3 . The proofs are similar to those for the corresponding assertions from 
Lemmas 2.17, 2.18 and Theorem 2.11 for equations from the class Ell. 
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Theorem 3.8. Let ip E L~, p E [1,00], and f.1 E Ma. Then: 
1) a solution u of the equation (3.2.1) satisfying the condition 

Ilu(t")II~et,a):s C, t E (O,T], 

with some constant C > 0, and the conditions (3.2.12) and (3.2.13) for p E 

[1,00) and p = 00 respectively, can be represented in the form (3.2.8); 
2) a solution u of the equation (3.2.1) satisfying the condition (3.2.461) and the 

relation (3.2.14), can be represented in the form (3.2.9). 

Proof. 1) Let u be a solution satisfying the above conditions. As in the proof 
of Lemma 2.16, using the Green-Ostrogradsky formula (3.1.48) we obtain the 
following formula for the solution u: 

u(t, x) = J G(t, x; h, ~)(R(~)u(h, ~)d~ 

_. feR) + feR) 
-. 1 2 (3.2.47) 

where the function (R is the same as in the proof of Lemma 2.16, (t, x) is a fixed 
point from Ilea,]'], R is a sufficiently big positive number, ° < h < t!2. 

Let us pass in (3.2.47) to the limit, as R -. 00. We shall prove that fiR) 

tends to the integral 

h := J G(t, x; h, ~)u(h, ~)df 

Using the estimate (3.2.2) we get 

I" - Ii"' I ~ V G( t, x; h, e)( 1 - (R (,))u( h, e)del 

:S C(t - h)-M J exp{ -(c - co)p(t - h, x,~)} exp{ -cop(t - h, x,~) 

where 

+ [k(h, ii), 2(h)]}(lu(h, 01 exp{ -[k(h, ii), 2(h)]} )d~ 

3 nl 

[k(h,ii),2(h)] == LL)lj(h,alj)12lj(h)IQj, 
1=1 j=1 

1-1 

21j(h) := L ~hr~(l_r)j, j E {I, ... , nl}, l E {I, 2, 3}. 
r. 

r=O 

(3.2.48) 
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Now we use the inequalities 

-cop(t - h, x,~) + [k(h, ii), B(h)] :::; -cop(t - h, x,~) + [s(h),~] 
:::; [k(t - h, s(h)), X(t - h)] :::; Cl; (3.2.49) 

here h is a sufficiently small number, such that 

( ) 
(2bj-l)/(2bj(l-l)+l) 

. Co o < t - h :::; T < H(h) := mm -(h) , 
I,] Slj 

x E BRo/4' ~ E ~; 

p(t - h, x,~) 2 (t - hnR/4)q', 

O<t-h:::;T, XEBRo/4' ~E~n\BR/2' (3.2.50) 

where Cl > 0, r = 1 - q" for 0 < t - h :::; 1, and r = 1 - 3q' for t - h > 1, R is a 
sufficiently large number, Ro is a fixed number, such that 0 < Ro < R. 

The second inequality from (3.2.49) is proved in the same way as the inequal
ity (3.2.3), while the first and third ones are obvious due to the inequalities (3.2.5) 
and the definition of the functions Slj, j E {I, ... , nl}, l E {I, 2, 3}. The proof of 
the inequality (3.2.50) is similar to that of (3.2.22). Just as we saw there, in the 
present case we obtain that 

p(t - h, x,~) 2 (t - hnq(~; 0) - q(X(t - h); OW', 
q(X(t - h); 0) :::; q(x; 0) + q(Y(t - h); 0) 

( 

n2 n3 ) l/q' 
:::;q(x;O)+ ~Tqjlxljlqj + ~(2qj-lTqjlx2jlqj + TIT2qjlxljlqj) 

:::; (1 + C2)q(X; 0) :::; (1 + c2)Ro/4, 
C2 :=max{(2T)Qj, T 2qj, j E {1, ... ,n2}}, 

so that 

for all R 2 (1 + c2)Ro. 
It follows from the inequalities (3.2.48)-(3.2.50) that 

Ih - Ii R ) I :::; C exp{ -«c - co)/2)(t - hnR/4)Q'}(t - h)-M 

x J exp{-«c-co)/2)p(t-h,x,~)}(lu(h,~)1 
x exp{ -[k(h, ii), B(h)]})d~. (3.2.51 ) 
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If p = 1, it follows immediately that for a fixed h, 

Ih - fiR) I S; C(t - h)~M exp{ -((c - co)/2)(t - hr(R/4)Q' }llu(h, ')II~(h,a) --t O. 
R-->oo 

If p E (1,00), then by the Holder inequality 

Ih - fiR) I S; C(t - h)~M/p exp{ -((c - ca)/2)(t - hr(R/4F'}llu(h, ')II;(h,a) 

x (1 exp{ -p'( (c - ",,)/2)p(t - h, x, <)}(t - h)-M oJ<) w 

= C(t - h)~M/Pllu(h, ')lI k(h,a) exp{ -((c - co)/2)(t - hr(R/4F'} --t 0 
P R-->oo 

for a fixed h. If p = 00, for a fixed h we have 

Now we shall prove that f~R) --t O. Note that 
R-->oo 

3 nl 

L *(C*(r,~;t'X)(R(~)) =(R(~)L*C*(r,O,x) + LL~(l~1)j8~lj(R(~)C*(r,~;t,x) 
1=2j=1 

- L Uk, (r) L Ck~ (-8~j'(R(O(-86)kl~/lC*(r,~;t,x). (3.2.52) 
IIklll9b O<h:<;k, 

Since L*C*(r,~;t,x) = 0 for r < t, the first summand from (3.2.52) vanishes, and 
by the properties of the function (R the whole expression (3.2.52) equals zero on 
]Rn \ (B3R/4 \ BR/2). Using the fact that for ~ E B3R/4 \ BR/2 we have 

n, 
18~~(R(~)1 S; CR~llll, 1/11:= Lhj, 

j=l 

the normality of the FSCP, and the estimates (3.2.2), for R 2: 1 we find that 

IL *(C*(r,~; t, x)(R(~))1 S; C(t - r)~M~1+Q exp{ -cp(t - r, x, ~)}, ex> O. 

Using this estimate we prove, just as for h - fiR) above, that 

I J L*(C'(r,~;t'X)(R(~))U(r,~)d~1 
'B3R/ 4 \B R/2 

S; CIIu(r, ')II;(7,a) exp{ -((c - co)/2)(t - rr(R/4)l}(t - r)~f3 
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where,B = M + 1- a for p = 1, ,B = (M/p) + 1- a for 1 < p < 00, and ,B = 1- a 
for p = 00. Now, taking into account the inequality 

exp{ -«c - co)/2)(t - T)'"(R/4)Q'}(t - 7)-(3 :::; Cexp{ -E(t - Tr Rq'}, 

0:::; T < t, R ~ 1, E > 0, 

and the condition (3.2.46p ), we get 

II~R) I :::; C exp{ _siT Rq'} -+ 0. 
R--->oo 

Thus, after passing to the limit in (3.2.47), as R -+ 00, we find that 

u(t, x) = J G(t, x; h, ~)u(h, ~)~. 

Let us pass to the limit in (3.2.53), as h -+ 0, and prove that 

lim J G(t, x; h, ~)u(h, Od~ = J G(t, x; 0, ~)cp(~)d~. 
h--->O 

This will imply the representation (3.2.8). 
Let us write the difference 

D.h:= J G(t, x; h, ~)u(h, ~)d~ - J G(t, x; 0, ~)cp(~)d~ 

as 
A _ J(h) + j(h) 
tih - 1 2' 

where 

J}hl := J D.~G(t, x; h, ~)u(h, ~)d~, 
IRn 

while 

J~h):= J G(t,x;O,~)(u(h,~) - cp(~))d~, 
IRn 

if p E [1, (0), and 

J~h) := J G(t, x; 0, ~)u(h, ~)d~ - J G(t, x; 0, ~)cp(Od~ 

if p = l. 

(3.2.53) 

(3.2.54) 

(3.2.55) 

(3.2.56) 

We obtain directly, if p E {1, oo}, or using the Holder inequality, if p E (1,00), 
that 

IAh) I :::; Ji~) Ilull~(h,a), (3.2.57) 

Ji~) := II D.~ G(t, x; h,~) exp{[k(h, it), S(h)]} IILp ' (Rn), 
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where p' = 00 for p = 1, p' = p/(p - 1) for p E (1,00), and p' = 1 for p = 00. 
Similarly, for p E [1,00) we get 

IJ~h)1 S J~;)llu(h,.) - 'POII!(h), (3.2.58) 

J~;) := IIG(t, x; 0, .) exp{ [S(h) , .]} IILpl (IRn) . 

Let us prove that 
(h) { } J1 ----> 0, lEI, 2 . 

h--+O 
(3.2.59) 

Due to the condition (3.2.46p ), the relation (3.2.59) for l = 1 will be proved 
if we show that 

J(h) ----> o. 
lp h--+O 

(3.2.60) 

The proof of this relation will be based on the following fact: for arbitrary fixed 
t E (O,Tj and x E ]Rn, there exist such constants Cl > 0, Cl E (co,c) (c is the 
constant from the estimate (3.2.2)), and ho > 0, that for any h E (0, ho) and 
~ E ]Rn, 

(3.2.61) 

Let us prove that. By the estimate (3.2.2), we have 

Since for c > ° there exist such constants Cl > 0 and Cl E (co, c) that for each 
{u,v} C lR, Ivl s 1, 

where q E (1,2]' we get 

exp{ _dl- 2qj IX2j (t - h) - 6jlqj} 

= exp{ _clt-2+l/qj (X2j(t) - 6j) - C2+l /q; hXlj Iqj} 

S C1 exp{ -C1tl-2qj IX2j (t) - 6jlqj}, 

if h is taken such that ht-2+l/qj IXljl S 1, and 

exp{ _ctl- 3qj IX3j (t - h) - 6j Iqj} 

= exp{-c!c3+l/qj(X3j (t) - 6j) - C3+l/Qj(hx2j + htxlj - h2Xlj/2Wj} 

S Cl exp{ -cltl - 3qj IX3j (t) - 6jIQj}, 
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By the estimates (3.2.2), (3.2.61) and the estimates (3.2.49) with t substituted 
for t - h, we have 

1~~G(t, X; h,~) exp{[k(h, (1), S(h)]} I 
::::: GeM exp{ -CIP(t, x,~) + [k(h, (1), S(h)]} 

::::: GeM exp{ -(CI - co)p(t, x,~)} exp{ -cop(t, x,~) + [S(h) , ~]} 

::::: GeM exp{ -(CI - co)p(t, x,~)} exp{[k(t, s(h)), X(t)]} 

::::: Gexp{-(cI-CO)p(t,x,~)} 

where h is an arbitrary number from (0, ho), such that T < H(h) (H(h) is taken 
from (3.2.49)). Using this inequality and the fact that, by the continuity of the 
function G, ~~G(t,x;h,~)exp{[k(h,(1),S(h)]} -+ 0, from the dominated conver-

h-+O 

gence theorem we obtain the relation (3.2.60) for p E [l,ooJ. 
The relation (3.2.59) for l = 2 and p E [1, (0) follows from the equality 

(3.2.12) and the fact that the inequalities (3.2.2), (3.2.49) and the equality (3.2.16) 
imply the following inequalities valid for any sufficiently small h: 

Jj;' <, c (j exp{ -p' (, - ",)p(t,x,l;) + p' (-",p(t,x,{j + [S(h),<J)}r M,' d() 
lip' 

::::: Gexp{[k(t,s(h) ),X(t)]}eM/p 

sGeM / p , pE (1,00); 

J~~)::::: G sup (t-M exp{-(c- co)p(t,x,~) + (-cop(t,x,~) + [S(h),W}) 
EElRn 

::::: GeM exp{[k(t,s(h)),X(t)]} 

:::::GeM , p=l. 

For 0 < t::::: To < H(T), To ::::: T, the function 'ljJ(~) := G(t,x;O,~), ~ E IRn , 

due to the estimate (3.2.2) and the inequality 

-cop(t,x,~) + [S(T),~J::::: [k(t,s(T)),X(t)], 

satisfies the inequality 

1'ljJ(~)1 exp{[s(T) , ~]} ::::: GeM exp{ -(c - co)p(t, x,~) + [k(t, s(T)), X(t)]} , 
~ E IRn , (3.2.62) 

so that 'ljJ E L~s(T). Therefore, by the condition (3.2.13), we obtain for 0 < t ::::: To 
and p = 00 the equality 

1· J(h) - 0 1m 2 - . 
h-+O 

(3.2.63) 
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The relations (3.2.55), (3.2.59), (3.2.63) imply (3.2.54), so that we come to 
the formula (3.2.8) for each point (t,x) of the layer II(o,T] , for the casep E [1,(0), 
and the layer II(o,To]' if P = 00. In order to verify this formula for p = 00, for every 
point (t, x) E II(o,T] , we have to use the formula (3.2.53) for h :s: To, the formula 
(3.2.8) with t = h, and the convolution formula (3.1.46). 

2) If a solution of the equation (3.2.1) satisfies the condition (3.2.461), then, as 
we showed in the proof of the first part of the theorem, it satisfies the formula 
(3.2.53). Let us pass in it to the limit, as h -4 O. For this purpose we consider the 
difference 

J G(t, Xi h, ~)u(h, ~)d~ - J G(t, xi 0, ~)df.1(~) = Jt) + J~h) (3.2.64) 

where Jih ) was defined in (3.2.56), and 

For Jih ) we have the equality (3.2.59). It follows from the inequality (3.2.62) 
that for each t E (0, To] the function 'Ij;(~) := G(t, Xi 0, ~), ~ E jRn, belongs to the 
space C~S(T). Therefore, by the condition (3.2.14), lim J~h) = 0 which, together 

h-->O 

with (3.2.53), (3.2.62), and (3.2.64) implies the formula (3.2.9) for (t, x) E II(o,To]. 
This formula is valid for any (t, x) E II(o,T]. This follows from the formulas (3.2.53) 
with h ::; To, (3.2.9) with t = h, and (3.1.46). D 

Theorem 3.8 implies the uniqueness of a solution of the Cauchy problem, 
which completes the proof of Theorem 3.7. The next result is, in a certain sense, 
converse to this theorem and similar to Theorem 2.11 for the homogeneous equa
tion (2.1.1). 

Theorem 3.9. Let u be a solution of the equation (3.2.1) satisfying the condition 
(3.2.46p ) with some C > 0 and p E [1,00]. Then, for p E (1,00]' there exists the 
unique function i.p E Lg, whereas for p = 1 there exists the unique generalized 
measure f.1 E M ii , such that the solution u can be represented in the form (3.2.8) 
and (3.2.9) respectively. 

Proof. Let p E (1,00]. It follows from the condition (3.2.46 p ) that the sequence of 
functions 

{u(1/l/, x) exp{ - [k(1/l/, a), x (1/l/)]} , x E IRn : l/ ;:::: 1} (3.2.65) 

is bounded in the space Lp(jRn). Therefore, as in the proof of Theorem 2.11, there 
exists its subsequence 

{u(1/l/(r), x) exp{-[k(1/l/(r), a), X(1/l/(r))]}, x E IRn : r;:::: 1} (3.2.66) 
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}!..~ J ijJ(~) exp{ -[k(l/v(r), a), 3(1/v(r) )]}u(l/v(r), ~)d~ 

= J ijJ(~)X(~)d~. (3.2.67) 

IRn 

Set cp(O := X(~) exp{[a, ~]}, ~ E ]Rn. Then cp E L~, and the relation (3.2.67) is 
written as 

}!..~ J ijJ(~) exp{ - [k(l/v(r), a), 3(1/v(r) )]}u(l/v(r), ~)~ 

= J ijJ(~) exp{ - [a, ~]}cp(~)~. (3.2.68) 

IRn 

Let (t,x) be a fixed point of the layer II(o,TJ' and 

(3.2.69) 

It follows from the estimate 

I'l/J(~)I ::::; GeM exp{ -(c - co)p(t, x,~) + [k(t, a), X(t)]}, ~ E IRn , (3.2.70) 

obtained from the inequalities (3.2.2) and (3.2.3) that 'ljJ E Lp,(I~n). Therefore, 
due to the equality (3.2.68), we have 

}!..~ J G(t, x; O,~) exp{ -[k(l/v(r), a), 3(1/v(r))] + [a, ~]}u(l/v(r), ~)d~ 
IRn 

= J G(t, x; 0, ~)cp(~)d~. (3.2.71) 
IRn 

Suppose that l/v(r) ::::; t/2, r 2: 1. By (3.2.53), 

u(t,x) = J G(t,x; l/v(r),~)u(l/v(r),~)df (3.2.72) 

IRn 

This means that 

u(t, x) - J G(t, x; 0, Ocp(~)~ 

= J !l~G(t, Xj h, ~)lh=l/v(r)u(l/v(r), Od~ 
IRn 
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+ J G(t, xi 0, ~)(l - exp{ -[k(l/v(r), a), B(l/v(r))) + [a, ~)})u(l/v(r), ~)d~ 

+ (J G(t,xiO,Oexp{-[k(I/v(r),a),B(I/v(r))) + [a,~)}u(l/v(r),~)d~ 
IRn 

-J G(t, Xi 0, ~)<P(~)~) 
IRn 

3 

=:LKyl, r2:1. (3.2.73) 
j=1 

In order to obtain the representation (3.2.8), it suffices to show that 

lim K(rl = ° 
T-tCXJ J 

(3.2.74) 

for j E {I, 2, 3}. 
The relation (3.2.71) implies (3.2.74) for j = 3. Let us prove (3.2.74) for 

j = 2. Using the Holder inequality and the condition (3.2.46p ) we get 

(3.2.75) 
where 

Fr(e) := IG(t, Xi 0, ew' lexp {[k(1/v(r), 5), 3(1/v(r))]} - exp{[a, e)} (, 

~ E IRn , r 2: 1. 

Let us study properties of the functions Fn r 2: 1. The estimate (3.2.2) and 
the inequality (3.2.3) imply the inequalities 

(Fr (3))1/p ' ~ ceM exp{ -(c- co)p(t,x,~)} 

x (exp{ -cop(t,x,~) + [s(l/v(r)),~)} +exp{ -Cop(t,x,O + [a,~)}) 
~ceM exp{ -(c-co)p(t,x,O} 

x (exP{[k(t,S(I/v(r))),X(t))} +exP{[k(t,a),X(t)]}). 

Here r 2: ro where ro is taken in such a way that t < H(I/v(ro)). Since 

klj(t, slj(1/v(r))) ~ klj(t, slj(l/v(ro))), 
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for any r 2:: ro, j E {l, ... , nz} and I E {1, 2, 3}, we have 

(Fr (3))1/p' ::::; GeM exp{ -(c - co)p(t, x,~)} 

x (exP{[k(t, s(l/v(ro))), X (t)]} + exp{[k(t, a), X (t)]}) , 

~EJRn, r2:: ro, 

so that the sequence {Fr, r 2:: ro} has an integrable majorant. For each ~ E JRn we 
have lim Fr(~) = 0, and by the dominated convergence theorem 

r->oo 

lim J Fr(~)d~ = 0. 
r->oo 

Together with (3.2.75) this implies (3.2.74) for j = 2. 
The equality (3.2.74) for j = 1 follows from the relation (3.2.59) for I = 1, 

(r) (h) 
because Kl = J1 Ih=l/v(r)' 

Let us consider the case p = 1. Just as in the proof of Theorem 2.11, in this 
case we prove the existence of such a generalized measure J.1 E Mil that for any 
function 7/J E Go(JRn ) 

}~~ J if;(~) exp{ -[k(l/v(r), a), 3(1/v(r))]}u(1/v(r), ~)d~ 
IHtn 

= J if;(~)exp{-[a,~]}dJ.1(O· (3.2.76) 
IHtn 

It follows from the estimate (3.2.70) that the function (3.2.69) belongs to the 
space Go(JRn ) for every fixed point (t,x) E II(o,Tj' Therefore we obtain by (3.2.76) 
that 

rl!...~ J G(t, x; 0, 0 exp{ -[k(l/v(r), a), 3(1/v(r))] + [a, 3]}u(1/v(r), ~)d~ 

= J G(t,x;O,OdJ.1(O· (3.2.77) 
IHtn 

The subsequent reasoning is the same as in the case p > 1. Using the formula 
(3.2.72) we write the equality 

u(t, x) - J G(t, x; 0, ~)dJ.1(O = Kt) + K~r) + K~") 
IRn 
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where Kt) and K~T) are the same as in (3.2.73), while 

k~T) := J G(t, x; o,~) exp{ -[k(l/v(r), ii), 3(1/v(r))] + [ii, ~]}u(l/v(r), ~)d~ 

-J G(t, x; 0, ~)df-t(~). 
IRn 

Taking into account the equalities (3.2.74) for j E {1,2} and the fact that 

lim k~T) = 0, due to (3.2.77), we deduce the representation (3.2.9) from (3.2.78). 
T-->OO 

Hence, we have proved the existence of a function r.p E L~, for p E (1,00]' 
and a generalized measure f-t E Ma, for p = 1 such that the given solution of 
the equation (3.2.1) satisfying the condition (3.2.46p ) is a Poisson integral of the 
function r.p or the generalized measure f-t respectively. The uniqueness of r.p and f-t 
follows immediately from Theorem 3.7. D 

Corollary. It follows from Theorems 3.7 and 3.9 that the spaces L~, p E (1,00]' and 
Ma are the sets of initial values of solutions of the equation (3.2.1), if and only if 
the solutions satisfy the condition (3.2.46p ) with p E (1,00] and p = 1 respectively. 
This condition is necessary and sufficient for the solutions to be represented in the 
forms (3.2.8) and (3.2.9). 

Remark. The problem about conditions upon solutions on a domain to guaran
tee the existence of their limit values at the boundary, is an important classical 
problem in the theory of analytic or harmonic functions. For solutions defined on 

the layer II(o,T] and belonging, for each t, to the weight spaces L~(t,a), was solved 
in Chapter 2 for equations from the class Ell. For equations from the class Eg3 

(in particular, those from the class E 21 , with coefficients which do not depend on 
spatial variables), its solution was given above in this section. Note that similar 
results have been proved also for the equation (3.1.96) with a weak degeneration 
on the initial hyperplane. They can be found in the paper [120] by Ivasyshen and 
Voznyak. 

3.2.3. Correct solvability of the Cauchy problem and integral representations of 
solutions for equations from the class E 22 • Very precise results of the previous 
sections were based on such properties of a FSCP as its exact estimates, normality, 
convolution formulas, and also on a good choice of functional spaces. By Theorem 
3.3 the FSCP for a general second order equation (3.1.71) has all these properties. 
Therefore results like Theorems 3.7-3.9 are true for this equation too, and their 
proofs are identical to the ones for Theorems 3.7-3.9. Below we present such 
theorems for a more general case, namely for an inhomogeneous equation (3.1.71). 
Here an additional investigation of the corresponding volume potential is needed. 

Let us consider the equation (3.1.71) assuming the conditions A2rA26 . By 
Theorem 3.3 and the remark after it, under these assumptions there exists a FSCP 
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Z for the equation (3.1.71), such that 

la~~ Z(t, x; T, ~)I :S C(t - T)-M-1k , I/2 exp{ -ep(t - T, x, ~)}, Ikll:S 2, 

ISZ(t, x; T, ~)I :S C(t - T)-M-l exp{ -ep(t - T, x, ~)}, 

O:S T < t:S T,{x,O eRn, (3.2.78) 

where 

3 

M := (nl + 3n2 + 5n3)/2, p(t, x,~) := L:>1-21 IXl(t) - ~d2. 
1=1 

The FSCP Z is normal, that is the function (3.1.76) is a FSCP for the adjoint 
equation (3.1.73), and the convolution formula (2.1.112) holds for Z. 

Using the equality (3.1.77), the estimates (3.1.53), (3.1.55) and the estimates 
of the derivatives a~i WI similar to (3.1.80), (3.1.81), we obtain also the following 
estimates for the equation (3.1.71): 

~ a!: Zit, x; T,<)d(1 ~ C(t - T)-(lkd-a)/', 0 < Ikd < 2, 

~ Sz(t, x; T,<)d(1 ~ Cit - T)-Hnl', 0 ~ T <t S T, x E I!.n. (3.2.79) 

The appropriate norms and spaces are special cases of the norms and spaces 
defined in Section 3.2.1. Here the collections k(t, a) and s(t), t E [0, T], consist 
respectively of the functions 

kl(t, al) := eoal(eO - aiel-I), I E {I, 2, 3}; 

81 (t) := k1 (t, al) + 2t2k2(t, a2) + t4k3(t, a3), 

82(t) := 2k2(t, a2) + 4t2k3(t, a3), 
83(t) := 4k3(t, a3), t E [0, T], 

where Co E (O,e), e is the constant from the estimates (3.2.78), and the form 
(3.2.4) is 

3 

[a, ~l := 2: all~112. 
1=1 

Note that the functions kl' just as the functions k lj from Section 3.2.1, satisfy the 
inequalities 

(3.2.80) 
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Let us consider properties of the volume potential 

t 

u(t,x):= f dT f Z(t,x;T,~)f(T,Od1;, (t,x) E Il(O,TI' (3.2.81 ) 

o IRn 

generated by a FSCP Z for the equation (3.1.71). For a function f : Il(O,TI -+ C 
we use the following conditions: 

(D21 ) a function f is continuous and locally Holder continuous in x with respect 
to the distance 

3 

d(x;~):= 2)Xl _~tll/(21-1), {x,~} c IW.n , (3.2.82) 
1=1 

uniformly with respect to t, and for any t E (0, T] the expressions 

k(t -) -Ilf(t,')llo ,a := sup (lu(t,x)lexp{-[k(t,a),x]}) 
xEIRn 

t 

and Fo(t) := J Ilf(T, ')II~(T,a)dT 
o 

are finite; 

(D22p) a function f is continuous and locally Holder continuous in x with respect 
to the distance (3.2.82), uniformly with respect to t, and for any t E (0, T] 
the expressions 

t 

Ilf(t, ')II~(t,a) and Fp(t):= f Ilf(T, ')II~(T,a)dT, 
o 

where p E [1,00]' are finite. 

Lemma 3.4. If a function f satisfies the condition D21 or D22p , then the function 
(3.2.81) has continuous derivatives 8~;u, Ik11:::; 2, and Su, for which 

t 

8~~u(t,x) = f dT f 8~~Z(t,X;T,~)f(T,~)d~, Ikll = 1, 
o IRn 

t 

8~~u(t,x) = J dT J 8~~Z(t,X;T,~)fl:(t-T)f(T,~)d~ 
o IRn 

+ J(/a;:z(t,x;X,I;)d1;)f(T,X(t-T))dT, Ik11=2, 
o IRn 



236 Chapter 3. Degenerate Equations of the Kolmogorov Type 

t 

Su(t,x) = f(t,x) + J d7 J SZ(t,X;7,~)f).:(t-T) f(7,~)d~ 
o IRn 

+ j (J SZ(t, x; r,Od<) !(r,X(t - r))dr, (t,x) E II,o,T]-

o IRn 

The proof is carried out using the estimates (3.2.78) and (3.2.79) by a stan
dard method employed in the proofs of Properties 2.6, 2.7,3.6, and Lemma 2.11. 

Lemma 3.5. Let a function f satisfy the condition D21 • Then the function (3.2.81) 
is a solution of the equation (3.1.71), for which 

Ilu(t, ')II~(t,a) ::; CFo(t), t E (0, TJ, 

and for any compact set KeIRn 

u(t,x) ~ 0 uniformly w.r.t. x E K. 
t_O 

(3.2.83) 

(3.2.84) 

Proof. The fact that the function (3.2.81) is a solution of the equation (3.1.71) 
follows from Lemma 3.4 and the fact that Z is a solution of the corresponding 
homogeneous equation. 

Using the estimates (3.2.3), (3.2.79), (3.2.80), and the equality (3.2.16) we 
have 

t 

lu(t,x)I::;C J d7 J(t-7)-Mexp{-(c-cO)P(t-7,x,~)}exp{-coP(t-7'X'~) 
o IRn 

+ [k(7, a'), ~1}(lf(7, ~)I exp{ -[k(7, a'),~]} )d~ 

::; Cexp{[k(t,a'), X (t)]}Fo (t), (t,x) E II(o,T] , 

which implies the estimate (3.2.83). 
The relation (3.2.84) is a consequence of the fact that Fo(t) ~ 0, and the 

t-O 
inequality 

sup lu(t,x)1 ::; C sup exp{[k(t,a'),X(t)]}Fo(t)::; CCoFo(t), 
xEK (t,x)E(O,T] xK 

Co := supexp{[S(T),x]}. D 
xEK 

Lemma 3.6. If a function f satisfies the condition D22p , then the function (3.2.81) 
is a solution of the equation (3.1.71), with the properties: 

Ilu(t, ')II~(t,a) ::; CFp(t), t E (0, TJ, 

lim Ilu(t, ·)llp·(t) = O. 
t_O 

(3.2.85) 

(3.2.86) 
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Proof. The fact that the function (3.2.81) is a solution of the equation (3.1.71) is 
verified just as in Lemma 3.5. In order to prove the lemma, we have only to verify 
the estimate (3.2.85). Due to the inequality (3.2.6) and the relation Fp(t) ---7 0, it 

t-->O 

implies (3.2.86). 
Note the inequality 

t 

Ilu(t, ')II~Ct,a) ~ J IIP(t, T, ')II~(t,a)dT, t E (0, T], (3.2.87) 

o 

where 

P(t,T,X):= J Z(t,x;T,~)f(T,~)d~. 
For p E {I, oo} the inequality (3.2.87) is obvious, while for p E (1,00) it fol
lows from the Minkowski inequality. Just as for the estimate (3.2.15), using the 
inequalities (3.2.3), (3.2.78), and (3.2.80) we prove the estimate 

IIP(t,T, ')II~(t,a) ~ Cllf(T, ')II~(T,a), 0 ~ T < t ~ T. 

Together with the inequality (3.2.87), it implies the estimate (3.2.85). D 

Let us formulate the main theorems for the equation (3.1.71), analogs of 
Theorems 2.6, 2.7, and 2.11 for an inhomogeneous equation, and Theorems 3.7 
and 3.9 for a homogeneous equation. 

Theorem 3.10. Let the conditions A24 -A26 be satisfied. Then: 
1) for any function 'P E L~ and any function f satisfying the condition D22p , 

p E [1,00], the formula 

t 

u(t,x) = J Z(t,x;O,~)'P(~)~+ J dT J Z(t,x;T,~)f(T,~)d~, 
IRn 0 IRn 

(t,x) E ITCO,Tj, (3.2.88) 

determines the unique solution of the equation (3.1. 71) satisfying the estimate 

Ilu(t, ')II~(t,a) ~ C(II'PII~ + Fp(t)), t E (0, T], 

and the relations (3.2.12) and (3.2.13) for p E [1,00) and p = 00 respectively; 
2) for any generalized measure J1 E M a and any function f satisfying the con

dition D22" the formula 

t 

u(t,x) = J Z(t,x;O,~)dJ1(~) + J dT J Z(t,x;T,~)f(T,~)d~, 
IRn 0 IRn 

(t,x) E ITCO,Tj, (3.2.89) 
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determines the unique solution of the equation (3.1. 71) satisfying the estimate 

Ilu(t, ')II~(t,a) :<::: C(lll1lla + Fl(t», t E (0, T], 

and the relation (3.2.14). 

Theorem 3.11. Suppose that the coefficients of the equation (3.1.71) satisfy the 
conditions A24 -A26 , the right-hand side function f satisfies the condition D22p, 

and a solution u on the layer II(o,T] is such that 

lIu(t")II~(t,a):<::: C, t E (O,T], 

with a certain constant C > 0 and p E [1, 00]. Then, if p E (1, 00], there exists the 
unique function cp E L~, and if p = 1, there exists the unique generalized measure 
11 E M a, such that the solution u can be represented in the form (3.2.88) or (3.2.89) 
respectively. 

The proofs of Theorems 3.10 and 3.11 repeat (taking into account Lemma 
3.6) the proofs of Theorems 2.6, 2.7, 2.11, 3.7, and 3.9. 

Remark. Theorems 3.10 and 3.11 have the same implications as the corollaries of 
the corresponding theorems in the final parts of Sections 2.2.7 and 3.2.2. Hence, 
we have proved the important problem, mentioned in the remark at the end of 
Section 3.2.2, also for the equation (3.1.71) with coefficients depending on all the 
variables. 

The next theorem deals with the correct solvability of the Cauchy problem 
for the equation (3.1.71), under the assumption that the initial function belongs 
to the space cg of continuous functions cp : IRn -+ C with a finite norm 

IIcplig := sup (lcp(x)1 exp{ -[a, xl}). 
xElRn 

Theorem 3.12. If coefficients of the equation (3.1.71) satisfy A2rA26 , the function 
f satisfies the condition D2l , and cp E cg, then the formula (3.2.88) determines 
the unique solution of the equation (3.1. 71), for which 

Ilu(t, ')II~(t,a) :<::: C(lIcpllg + Fo(t», t E (0, T], 

and for every compact set KeIRn 

u(t,x) -+ cp(x) uniformly w.r.t. x E K. 
t~O 

(3.2.90) 

The proof is similar to that of Theorem 2.3. Instead of Lemma 2.12, here we 
use Lemma 3.5 for the volume potential (3.2.81), and instead of Lemmas 2.4 and 
2.16, similar lemmas for the equation (3.1.71) are used. 
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3.2.4. On the Cauchy problem for equations from the classes E2l and E 23 • The 
estimates of the FSCPs for the equations (3.1.70) and (3.1.86) with b > 1, given 
by Theorems 3.2 and 3.4, are rather complicated, so that we cannot establish 
such complete results for these cases as the above ones for equations from the 
classes Eg3 and E 22 . Nevertheless, using the FSCP estimates (3.1.74), (3.1.75), 
and (3.1.88), we can prove the correct solvability of the Cauchy problem in the 
spaces of functions having the same growth orders, for Ixi --+ 00, as in Sections 3.2.1 
and 3.2.2, but with the minimal type with respect to the groups of variables X2 

and X3' Below we give such results for the equation (3.1.86) and, in particular, 
for the equation (3.1.70). We deal with spaces of functions which grow rapidly, as 
IXII --+ 00, and are bounded in X2 and X3. 

Let us use the notation from Section 3.1.3. In the notation from Section 3.2.1 
we set alj = 0, j E {1, ... ,nl}, I E {2, 3}, so that, instead of the collections of func

tions k(t, ii) and s(t) we use the collection ki (t, iiI) := (kll (t, ad, ... ,kIn1 (t, an, )), 

while the norms lIu(t, ')II;(t,a) are replaced by the norms 

where 
n, 

iil := (all, ... ,aln1 ), [k1(t,iiJ),xd:= Lklj(t,aj)lxljlqj. 
j=l 

Instead of the spaces L~, M a, L~if(T), and C~if(T), we shall use respectively the 

spaces La1 Ma, L -k1 (T,a,) and C-k1 (T,a,) defined similarly with the obvious P , '1 , 0' , 
changes. 

We introduce also the norm 

and the space Cg' of continuous functions 'P on ]Rn having the finite norms 

For the right-hand side f of the equation (3.1.86) we use the following con
ditions: 

(D23) the function f is continuous, locally Holder continuous in x with respect 
to the distance d(x;O, {x,O c ]Rn, defined in the beginning of Sec
tion 3.1.3, uniformly with respect to t, and for any t E (0, T] the expressions 

t 

IIf(t, ')II~,(t,a,) and FJI\t) := J Ilf(7, ')1I~1(T,a,)d7 are finite; 

o 
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(D24p) the function f is continuous, Holder continuous in x, in the same sense as 

in the condition D 23 , and for all t E (0, T] the expressions Ilf(t, ·)II~l(t,a,) 
t 

and F~1)(t) := j Ilf(7, ')II~,(T,a,)d7, where p E [1,00]' are finite. 

o 
The following results are similar to Theorems 3.10 and 3.12. They are based 

on the formulas (3.2.88) and (3.2.89), in which Z is a FSCP for the equation 
(3.1.86). 

Theorem 3.13. Suppose that the conditions A 27 -A29 are satisfied. Then: 
1) for each function r.p E L~' and every function f satisfying the condition D24p , 

p E [1,00], the formula (3.2.88) determines the unique solution of the equation 
(3.1.86), for which 

Ilu(t, ')II;,(t,a') S; C(IIr.pII~' + FP)(t)), t E (0, T], 

and 
limo Ilu(t,·) - r.p(·)II;'(t,a') = 0, 
t--+ 

if p E [1, (0), or 

lim j'ljJ(x)u(t, x)dx = j'ljJ(x)r.p(X)dX, 
t--+O 

for any function 'ljJ E L~k1(T,a,), if p = 00; 

2) for each generalized measure 11 E Ma, and every function f satisfying the 
condition D 24" the formula (3.2.89) determines the unique solution of the 
equation (3.1.86), for which 

lIu(t, ')1I~1(t,a1) S; C(lIl1ll a1 + FP)(t)), t E (O,T], 

and 

lim j 'ljJ(x)u(t, x)dx = j'ljJ(X)dl1(X) 
t--+O 

for any function 'ljJ E C~k1 (T,a,) . 

Theorem 3.14. If the conditions A 27 -A29 are satisfied, as well as the condition 
D 23 for the function f, and if r.p E Cg', then the formula {3.2.88} determines the 
unique solution of the equation (3.1.86), for which 

Ilu(t, ')11~1(t,a1) S; C(IIr.pllg' + FJ1)(t)), t E (0, T], 

and for any compact set KeIRn the relation (3.2.90) holds. 

The method of proof of Theorems 3.13 and 3.14 is similar to the one used in 
the proofs of Theorems 2.5-2.7 and 3.7. 
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3.3 Properties of solutions of the 
Fokker-Planck-Kohnogorov equations 

3.3.1. The Fokker-Planck-Kolmogorov equations. Here we shall consider equations 
from the class E22 with real-valued coefficients. It has been mentioned that such 
equations belong to the class of ultra-parabolic equations and often appear in the 
investigations of various physical phenomena in the so-called diffusion approxima
tion. In many important cases (for example, in the study of the Brownian motion) 
these mathematical models describe natural phenomena adequately and in a rela
tively simple way. Usually such equations, used systematically from the beginning 
of the last century, are called the Fokker-Planck equations. These equations often 
determine the continuous time evolution of a Markov stochastic process. Studying 
models of the Brownian motion, Kolmogorov began to investigate Markov pro
cesses whose evolution is determined by equations from the class E22 with real
valued coefficients. Thus it is natural to call them the Fokker-Planck-Kolmogorov 
equations. 

The main object of our study, the FSCP Z(t, x; T, ~), ° ::; T < t ::; T, {x, 0 C 
IRn , can be interpreted in a natural way as a transition density of a Markov diffusion 
process with values from the phase space IRn with three different groups of phase 
coordinates Xl = (Xll, ... ,X1n,), X2 = (X21, ... ,X2n2)' and X3 = (X31, ... ,X3n3)' 
n1 + n2 + n3 = n, 1 ::; n3 ::; n2 ::; n1· 

Let us present, in a convenient form, the notation and assumptions used in 
this section. All functions below are real-valued. 

We consider the homogeneous equation (3.1.71), that is the equation 

(Lu)(t,x) := (8t - ~X1j8x2j - ~X2j8x3j - j~l ajl(t,x)8xlj8xll 

and the adjoint equation 

- taj(t,X)8Xlj - ao(t,x))U(t,X) = 0, 

(t,x) E II(o,T], 

n, 
- L 86j 8Ell (ajl (T, ~)v( T,~)) 

j,l=l 
n, 

+ L86j(aj(T,~)V(T,m - aO(T,~)V(T,~) = 0, 
j=l 

(T,~) E II[o,T)' 

(3.3.1) 

(3.3.2) 
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For the (real-valued) coefficients of the equation (3.3.1) we use the conditions 
A2rA26 from Section 3.1.2, and also the following conditions: 

(C21 ) the coefficients ajl, aj, {j, l} C {I, ... , nI}, and ao are continuous functions 
on II[o,T], and for all (t, x) E II[o,T] and 0"1 E ]Rnl they satisfy the inequality 

and the estimates 

n, 
L ajl(t,x)O"ljO"ll 2: Johl 2 , 

j,l=1 

with some constants 150 > 0 and Co > 0; 

(3.3.3) 

(C22 ) the coefficients ajl, aj, {j, l} C {I, ... , nl}, and ao are continuous, bounded 
on II[o,T], and the condition (3.3.3) is satisfied. 

We shall use the Green-Ostrogradsky formula (3.1.48) which, for the present 
situation, takes the form 

t2 J dB J (vLu - uL*v)(B, y)dy 

(3.3.4) 

where h, t2, B R , r R, and (P,11, . .. , P,lnll P,21, ..• , P,2n2> P,31, ... , P,3n3) are such as 
in (3.1.48), while Land L* are the differential expressions from (3.3.1) and (3.3.2), 

n, 
Bj[v, uJ := - L(ajloYlluV - uoy,Jajlv)) + ajuv, j E {I, ... , nI}. 

1=1 

Passing to the limit, as R --+ 00, we obtain, for appropriate functions u and 
v, that 1 dO j(VLU uL'v)(O, y)dy ~ j (vu)(O, y)[" dy. (3.3.5) 

This formula will be used frequently. 

3.3.2. The maximum principle. An exceptional role of the maximum principle 
and its modifications in the theory of analytic functions, as well as the theory 
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of the second order elliptic and parabolic equations (linear and quasilinear, non
degenerate and degenerate), is well-known. Versions of the maximum principle for 
equations from the class E22 were discussed in [161, 35J. Here we present some 
facts from this useful theory. Their formulations and proofs are close to the ones 
for uniformly parabolic equations [213, 83J. Therefore our exposition will be brief 
enough. 

We begin with the following simple result. 

Lemma 3.7. Let D be a bounded domain in jRn; U : [0, TJ x D --+ lR be a continuous 
function having on (0, T] x D the continuous derivatives involved in the equation 
(3.3.1); suppose that the coefficients of the equation (3.3.1) satisfy the condition 
C21 . If (Lu)(t, x) :::: 0, ao(t, x) < 0, (t, x) E (0, T) x D, u(t, x) :::: 0, (t, x) E 
8([0,TJ x D) \ {t = T}, then u(t,x):::: 0, (t,x) E [O,T] x D. 

Remark. If the function ao is bounded from above on II(o,T] , then the substitution 
u( t, x) = v( t, x )eAt , ,\ > sup ao(t, x), leads to an equation for v of the form 

(t,x )EII(o, T] 

(3.3.1) with a strictly negative on II(o,T] coefficient at v. Therefore the assumption 
C21 makes it possible not to demand that ao(t,x) < 0, (t,x) E (O,T] x D. 

A deeper and more important result is the so-called strong maximum prin
ciple proved in [83) for uniformly parabolic equations and in [161J for equations 
from the class E 22 . Let us describe this maximum principle. 

Consider a domain 0 C jRn+1. Let pO := (to, xO) be an arbitrary point from 
O. Denote by ScPO) the set of all those points Q E 0 which can be connected 
with pO by a simple continuous curve in 0 such that the coordinate t does not 
decrease along the curve from Q to pO. Denote by C(PD) the component of the 
intersection 0 n {t = to} containing pO. Note that C(PO) C ScPO). 

Theorem 3.1S. Let coefficients of the equation (3.3.1) be continuous on fl, the 
inequalities (3.3.3) and ao(t,x) ::; 0 hold for all (t,x) EO, and let the function u 
be continuous, together with all its derivatives involved in the equation (3.3.1). If 
Lu ::; 0 (Lu:::: 0) on 0, and the function u has a positive maximum (a negative 
minimum) on 0 attained at a point pO, then u(P) = u(PO) for all the points 
P E ScpO). 

Let us present some special results of the maximum principle type for the 
case of unbounded domains. 

Theorem 3.16. Let the condition C21 be satisfied and u : (0, T) x 0 --+ lR be a 
function, continuous together with its derivatives involved in the equation (3.3.1). 
Here 0 = jRn \ BRo' R o > 0, or 0 = jRn. If 

1) (Lu)(t,x) :::: 0, (t,x) E (O,TJ x 0; 
2) liminf u(t,x):::: 0 for any point (to,xO) E 8«0,T) x 0) \ {t = T}; 

(t,x)--->(t°,xO) 

3) uniformly with respect to t E (O,T), there exists liminfu(t,x) :::: 0, then 
Ix 1--->00 

u(t,x):::: 0, (t,x) E (O,T] x O. 
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Proof. The continuity of the function u and the conditions 2) and 3) guarantee 
that u is bounded from below, that is there exists such a constant Mo > ° that 
u(t,x) > -Mo, (t,x) E (O,T] x n. Set u(tO,xO):= liminf u(t,x), (to,xO) E 

(t,x)-->(tO.xO) 

8«0, T] x n) \ {t = T} and consider on a compact set [0, T] x DR, DR := n n BR, 
R > Ro, or R > 0, if n = IRn, an auxiliary function w(t, x) := MoR-2({3t + 
Ixl 2 )eat + u(t, x), where a and {3 are positive constants. 

By the condition C2l we have 

If a and (3 are chosen so that a > 2COnl(1 + nl) + Co + 2, (3 > 2Conl(1 + nl), 
then (Lw)(t,x) > 0, (t,x) E (O,T] x DR. Other conditions of Lemma 3.7 are 
also satisfied: w(O, x) = MoR-21x1 2 + u(O, x) 2: 0; if Ixl = R, then w(t, x) 2: 
Mo+u(t, x) 2: 0; if Ixl = Ro for the case n = IRn\BRo we have w(t, x) 2: u(t, x) 2: 0. 
Therefore w(t,x) 2: 0, (t,x) E [O,T] x DR. 

An arbitrary point (t,x) E (O,T] x n belongs to (O,T] x DR if R is large 
enough. At this point w(t, x) 2: O. After passing to the limit, as R -4 00, we obtain 
that u(t, x) 2: 0. D 

A result similar to Theorem 3.17 is valid for the adjoint equation, which can 
be written as 

(L*u)(t,x) := (- 8t + fXlj8x2j + I=x2j8x3j - f ajl(t,x)8xlj8xll 

J=l J=l J,l=l 

- ~a;(t,x)a", - a;(t, X)) u(t, x) ~ 0, (t,x) E IIla,T), 

if it is assumed that the equation (3.3.1) satisfies the condition C22 , and there 
exist continuous bounded derivatives in Xl of the second order for ajl, and those 
of the first order for aj. 

Theorem 3.17. Let u : [0, T) x n -4 IR be a junction, continuous together with 
the derivatives involved in the equation (3.3.1). Here n = IRn \ BRo' Ro > ° or 
n=lRn . If 

1) (L*u)(t,x)::; 0, (t,x) E [O,T) x n; 
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2) limsup u(t,x)::; ° for any point (to,xO) E o([O,T) x n) \ {t = O}; 
(t,x )-->( to ,xO) 

3) uniformly in t E [O,T), there exists limsupu(t,x)::; 0, 
Ixl-->oo 

then u(t,x)::; 0, (t,x) E [O,T) x n. 
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Let us give a modification of the maximum principle for functions with a 
bounded decrease. 

Theorem 3.18. Suppose that the condition C22 is satisfied, and u : II(o,Tj ---+ lR is a 
function continuous together with the derivatives involved in the equation (3.3.1), 
such that (Lu)(t,x) ~ 0, (t,x) E II(o,Tj, and for some numbers B > ° and bl ~ 0, 

IE {1,2,3}, 

u(t,x) ~ -Bexp{tbt!XlI2}, (t,x) E II(o,Tj' 

Iflimu(t,x) ~ 0, x E lRn , then u(t,x) ~ 0, (t,x) E II(o,Tj' 
t-->O 

Proof. Consider the function 

H(t,x) := exp { R1(1- p.t)-l ~xij + R2(1- p.t)-3 ~(X2j - ((1- p.t)/P.)Xlj? 

+ R3(1 - p.t)-5 ~(X3j - ((1 - p.t)/ P.)X2j + ((1 - p.t? /(2p.2))X1j)2 + at}, 

(t,x) EII[o,1/(21')j, 

where p., a, Rl, I E {I, 2, 3}, are positive constants. Denote 

Aj := X2j - ((1 - p.t)/ P.)X3j, j E {I, ... , n2}; 

B j := X3j - ((1- p.t)/ P.)X2j + ((1 - p.t)2/(2p.2))X1j, j E {I, ... , n3}; 
n, 

P:= - L ajl(t, X)OXlj aX 11 H(t, x). 
j,l=l 

We have 

P ~ - 3CoH (4Ri(1- p.t)-2 ~xL + 4~p.-2(1- p.t)-4 ~A; 

n3 ) + R~p.-4(1- p.t)-6 f;B} - CoH(4R1 + 4R2p.-2 + R3p.-4), 

n3 

LH/H = I)p.R1(1- p.t)-2xL + 2R2(1- p.t)-3X1j AJ ) + 3p.R3(1- p.t)-4A; 
j=l 

+ 2R3(1 - p.t)-5 X2j B j - 2R3(1 - p.t)-4X1j B j + 5p.R3(1 - p.t)-6 B} 
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- (2R2(1- JLt)-3 X1j Aj + 2R3JL- 1(1- JLt)-4 xlj B j ) - 2R3(1- JLt)-5 X2j B j 

- aj (t, x )(2R1 (1 - JLt)-lX1j - 2R2JL- 1 (1 - JLt)-2 Aj + R3JL- 2 (1 - JLt)-3 B j )) 
n2 

+ L (2R3(1- JLt)-3 X2j A j + 3JLR2(1- JLt)-4A1 - 2R2(1- JLt)-3 X1j Aj 

n, 

+ L (JLR1(1- JLt)- 2xi j - aj(t,x)2R1(1- JLt)-lX1)) + 0: - ao(t,x) + PjH 
j=n2+1 

nl n2 

~ (JLR1 - 1)(1 - JLt)-2 L xL + (3JLR2 - 1)(1 - JLt)-4 LA; 
j=l j=l 

n3 

+ (5JLR3 - 1)(1 - JLt)-6 L B; + 0: - Co 
j=l 

- C6(Rinl + JL-2 R~n2 + 4-1JL-4R~n3) + Pj H 
nl n2 

~ 4(JLR1 -12CoRi -1) Lxij + 16(3JLR2 -121l-2CoR~ -1) LA; 
j=l j=l 

n3 

+ 64(51lR3 - 31l-4CoR~ -1) L B; + 0: - Co(4R1 + 41l-2 R2 + 1l-4R3 + 1) 
j=l 

- C6(Rin1 + JL-2 R~ + 4-1JL-4R~n3)' (t,x) E il[O,1/(2I-'l]' 

if coefficients of the equation (3.3.1) are bounded by the constant Co > O. Hence, 
for any R l , l E {1,2,3}, we can choose so large Il and 0: that LHjH ~ 0 on 
II[O,1/(2I-'l]' Choose the constants Rl, l E {I, 2, 3}, Il, and 0: in such a way that, in 
addition, 

R1 - R21l-1(1 - (41l)-1) - R31l-2(T1 + (21l)-1 - (641l2)-1) > b1, 

R2 (1 - 1l-1) - R31l- 1 (1 + (21l2)-1 - (41l)-1) > b2 , 

R3 - R31l-1(1 + (21l)-1) > b3, 

3 

that is InH - o:t > Lbt\xzl2. Now, if we introduce the function v := ujH on 
l=l 

the set II(O,1/(21-')]' then, uniformly with respect to t E (0, 1j(21l)), there exists 
lim inf v( t, x) ~ O. The function v satisfies the equation 
Ixl-->oo 

n, ) 
- ~a;(t,x)OX'j - aZ(t,x) v(t,x) = f(t,x), (t, x) E II(O,1/(2I-'l]' 



3.3 Properties of solutions of the Fokker-Planck-Kolmogorov equations 247 

where 
n, 

aj := aj + (2/ H) L ajlOx,1H, j E {I, ... , nd, 
l=l 

a~ := -LH/H, f:= Lu/H. 

Since f 2:: 0, a(j :::; 0, limv(t,x) 2:: 0, x E !Rn , by Theorem 3.16 we have 
t->O 

v(t,x) 2:: 0, so that u(t,x) 2:: 0, (t,x) E TI CO,1/(2j.tl]' Similarly we prove the non-
negativity of u on the layers TI(1/C2j.tl,2/C2j.tl], TIC2/C2j.tl,3/(2j.tl] etc. 0 

3.3.3. Properties of the function Z. By Theorem 3.3, if the conditions A24 and 
A25 are satisfied, there exists a FSCP Z for the equation (3.3.1). If, in addition, 
A26 is satisfied, then there exists a FSCP Z* for the adjoint equation (3.3.2). Let 
us consider some properties of the function Z. In all the properties below except 
Property 3.12 we assume A 24 -A26 , whereas only the conditions A24 and A 25 are 
needed for Property 3.12. Note that Properties 3.7 and 3.8 were mentioned in 
Theorem 3.3. 

Property 3.7 (normality). Let Z be a FSCP for the initial equation (3.3.1), and 
Z* be a FSCP for the adjoint equation (3.3.2). Then 

Z*(T,~;t,X) = Z(t,x;T,O, 0:::; T < t:::; T, {~,x} C JRn . (3.3.6) 

A FSCP Z satisfying this equality is called a normal FSCP (NFSCP). 

Proof. By virtue of the estimates (3.2.78) for Z and similar estimates for Z*, the 
formula (3.3.5) is valid. In this formula we set u(B,y) = Z(B,y;T,~), v(B,y) = 
Z*(B,y;t,x), t1 = T + E, and t2 = t - E where E is a sufficiently small positive 
number. Then we obtain the equality 

J Z*(T + E, y; t, X)Z(T + E, y; T, ~)dy = J Z*(t - E, y; t, x)Z(t - E, y; T, ~)dy, 

which, after passing to the limit, as E ----+ 0, implies the required equality (3.3.6). 0 

Property 3.8 (the convolution formula). The function Z is a solution of the func
tional equation 

Z(t,X;T,~) = J Z(t,x;)..,y)Z()..,y;T,~)dy, 
(3.3.7) 

Proof. Just as in the proof of Property 3.7, we come to the equality 

J Z*(>.,y;t,x)Z()..,y;T,~)dy= J Z*(t-E,y;t,X)Z(t-E,y;T,~)dy. (3.3.8) 

The equality (3.3.7) is obtained when we pass to the limit in (3.3.8), as E ----+ 0, 
and use the formula (3.3.6). 0 
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The equation (3.3.7) is called the Chapman-K olmogorov equation. It expresses 
an important fact that a stochastic process is of the Markov type (a process without 
aftereffect). An investigation of the process can be based on the equation (3.3.7). 

Property 3.9 (the uniqueness of the NFSCP). There exists only one NFSCP for 
the equation (3.3.1) satisfying the estimates (3.2.78). 

Proof. Let Zl and Z2 be two NFSCPs for the equation (3.3.1), both satisfying 
(3.2.78). We use the formula (3.3.5) setting u(e,y) = Zl(e,y;T,~), v(e,y) 
Z2(t, x; e, y). Then 

! Zl(t2,y;T,~)Z2(t,X;t2,y)dy = ! Zl(tl,Y;T,~)Z2(t,X;tl,y)dy. 
Since t1 and t2 from the interval (T, t) are arbitrary, the last equality means that 
the function 

! Zl(e,y;T,OZ2(t,x;e,y)dy, e E (T,t), {x,O c ]Rn, 

IRn 

does not depend on e. Denote this function by <I>(t, x; T, ~). Thus, 

<I>(t,X;T,~) = ! Zl(e,y;T,OZ2(t,x;e,y)dy. (3.3.9) 

IR n 

Letting in the equality (3.3.9) first e -+ T, and then e -+ t, we find that 

Our diffusion process is characterized by the diffusion matrix A( t, x) 
(ajl(t,x))j~'~I=l' (t,x) E II(o,Tj, and the drift vector a(t,x) := (a1(t,x), ... , 
a n1 (t,x)), (t,x) E II(o,Tj, whose elements are the appropriate coefficients of the 
equation (3.3.1). Let us express these important characteristics via the transition 
density of the stochastic process, that is the FSCP Z. 

Property 3.10 (a representation of the diffusion matrix and the drift vector via 
the function Z). The following formulas are valid: 

( ( ))

nl,nl 

A(t,x)= Tl~i-Tt (t-T)-1!(Y1j-X1j)(Yll-X1z)Z(t,X;T,Y)dY . ' 
IRn )=1,1=1 

(t,x) E II(O,Tj' 
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Proof. It is sufficient to give the proof for the first coordinate a1 of the vector a 

and the element all of the matrix A. Let us prove, for (t, x) E II(o,T], the formulas 

a,(t,x) ~ ;~ ((t -r)-'j (Yn - xn)Z(t,x; r, Y)dY). (3.3.10) 

au (t,x) ~ 2-';m;, ((t - r)-'j (un - xu)' Z(t, x; T, Y)dY). (3.3.11) 

Their proof is based on the formula (3.3.5), in which we set u(B, y) = Yl1 -Xll 
and v(B, y) = Z(t, x; B, y). Then we obtain the equality 

t2 -J dB J Z(t, x; B, y)(a1(B, y) + ao(B,Y)(Yl1 - xl1))dy 
tl IR n 

I
b 

= J (Yl1 - Xll)Z(t, x; B, y) dy. 
IRn e=tl 

(3.3.12) 

Next in (3.3.12) we put t1 = 7, t2 = t - E, pass to the limit, as E -t 0, divide the 
result by t - 7 and obtain the equality 

t 

(t - 7)-1 J dB J Z(t, x; B, y)a1 (B, y)dy = (t - 7)-1 J (Yll - Xll)Z(t, x; 7, y)dy 

t 

- (t - 7)-1 J dB J Z(t, x; B, y)ao(B, Y)(Yll - xll)dy. (3.3.13) 

T IRn 

The equality (3.3.10) follows directly from (3.3.13), since the limit of the left-hand 
side, as 7 -t t, coincides with a1(t,x) due to properties of the FSCP Z and the 
mean value theorem for integrals, while the second summand of the right-hand side 
ofthe equality (3.3.13) tends to zero by our assumptions regarding the function ao. 

In order to prove (3.3.11), in the formula (3.3.5) we set u(B,y) = (Yll-Xl1? 
and v(B,y) = Z(t,x;B,y). Then this formula can be re-written as 

t2 -J dB J Z(t, x; B, y)(2all (B, y) + 2a1 (B, Y)(Yl1 - Xll) + ao(B, Y)(Yll - xll?)dy 
tl IRn 
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Then we repeat the reasoning from the previous case and come to the equality 

t 

(t-T)-l j d() j Z(t,x;(),y)all«(),y)dy=(2(t-T))-1 j(Yll -Xll)2 Z(t,x;T,y)dy 

t 

-(t-T)-l j d() j(al«(),Y)(Yll-Xll)+Tlao«(),Y)(Yll-Xll)2)Z(t,x;(),Y)dY, 
T IRn 

which, after the above arguments, implies the formula (3.3.11). o 
Similar reasoning leads to a representation via the function Z for the function 

-aD, the absorption coefficient of the diffusion process whose evolution is described 
by the Fokker-Planck-Kolmogorovequation (3.3.1). 

Property 3.11 (a representation of the coefficient aD via the function Z). The 
following formula is valid: 

Property 3.12 (positivity of the function Z). The following inequality is valid 

Z(t,X;T,~) > 0, OS; T < t:::; T, {x,O c ]Rn. 

Proof. Let 9 be a continuous non-negative function with a compact support. Con
sider the function 

v(t,x):= j Z(t,x;T,~)g(Od~, (t,x) E II(T,Tj' (3.3.14) 

IRn 

The function v satisfies the conditions of Theorem 3.16. Indeed, it is a solution of 
the equation (3.3.1), that is (Lv)(t,x) = 0, (t,x) E II(T,Tj, satisfies the conditions 
V(T,X) = g(x) ;::: 0, x E ]Rn, and lim v(t,x) ;::: 0, t E (T,T]. Therefore, by 

ixi-->CXJ 

Theorem 3.16 we have v(t,x) ;::: 0, (t,x) E II(T,Tj' 

Now we take a delta-like sequence of functions gv, v ;::: 1, such that gv(~) = 0 
for I~_~ol > l/v, and J gv(~)d~ = 1, and denote by Vv the function (3.3.14) corre-

IRn 

spondingtog = gv andT = TO. Then for arbitrary fixed points (to,xO) and (TO,~O), 
with TO < to, we have lim vv(tO,xo) = Z(tO,XO;TO,~O). Since vv(tO,xO) ;::: 0 for 

V-->CXJ 
all v;::: 1, we find that Z(tO, xu; TO, ~O) ;::: O. Finally, observing that for every fixed 
point (T,~) the function Z(t,X;T,~), (t,x) E II(T,Tj, is not a constant identically, 
and using the strong maximum principle, we come to the strict positivity of the 
function Z. 0 
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Property 3.13 (a lower estimate of the function Z). There exists such a number 
~ E (0, T) that for any to E [0, T -~], (t, x) E II(to,to+~j, and 15 E (0, t - to) there 
exist such numbers w > 0 and / > 0 that 

(3.3.15) 

Proof. Set 

V(T,~) :=exp { -,8 ((4S)-1 t, IX1j -6j12 +3S-3~IX2j +T1s(Xlj +6j) -6j12 

+ 180s-5 ~IX3j + 2- 1 S(X2j +6j) + 12-1 82(Xlj -6j) -6j 12) eOs +0./8 } 

where 8 := t - T - 15/2, a > 0, ,8 > 1, c> 1. It is easy to verify that 

nl n2 

(48)-1 L IX1j - 6jl2 + 38-3 L IX2j + T 18(Xlj + 6j) - 6jl2 
j=1 j=1 

n3 

+ 1808-5 L IX3j + 2-18(X2j + 6j) + 12-182(X1j - 6j) - 6jl2 
j=1 

n2 

+ (3 - 1898/2 - 4582 - 15s3/2) L IX2j - 6jl2 
j=1 

n3 

+ (180 - 2708 - 1582) L IX 3j - 6j 12 
j=1 

- 38 ~ IXljl2 - 180(8 + 1T18 3 ) ~ IX2jI2), 

if 0 < 8 < 1. Choose ~ E (0, T) in such a way that for any 8 E (O,~) 

1/4 - 38/2 - 6382/4 - 4583/22: 0'1 > 0, 3 - 1898/2 - 4582 - 1583/22: 151 , 

180 - 2708 - 1582 2: 0'1. 

Hence, for arbitrary to E [0, T -~], (t, x) E II(to,to+~j and 15 E (0, t - to) we may 
consider the function v on the layer IIj to,t-8/2), and 

V(T,~) :::; exp{ -(O'd8)lx - ~12 + 1951xI2 + a/8}, (T,O E II[to,t-8/2), 

v( T,~) 2: exp{ -/1 (lxl 2 + 1~12)}, (T,~) E II[to,t-8), 

with some /1 which depends on 0'. 

(3.3.16) 

(3.3.17) 
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Depending on the coefficients of the equation (3.3.2), we can choose such a 
and f3 that 

(3.3.18) 

Indeed, 

where 

{7j := (2S)-1 (Xlj - 6j) + 3s-2 Aj + 30s-3 B j , OJ:= 9/(2s), j E {I, ... , n3}; 

{7j := (2S)-1(Xlj - 6j) + 3s-2 Aj , OJ:= 2/s, j E {n3 + 1, ... , n2}; 

{7j := (2s)-1(Xlj - 6j), OJ:= 1/(2s), j E {n2 + 1, ... , nIl; 

Aj:= X2j +T1s(Xlj +6j) -6j, j E {1, ... ,n2}; 

B j := X3j + T1 S(X2j + 6j) + 12-1 s2(Xlj - ~lj) - 6j, j E {I, ... , n3}' 

By the condition (3.3.3), 

Choose f3 > 1/.50 and take into account that E > 1 i eOs > 1. Then 

~ ~ ~ 

+6s-32:=6jAj -180s-4 2:=6j Bj + 360s-5 2:=6jBj 
j=l j=l j=l 

+ ~ ( ( -2~8~llajl(T'~) +aj(T'~)) ((2S)-1(Xlj -~lj) -3s-2 Aj +30s-3Bj ) 

- f3e';s .50 ( (2s )-1 (Xlj - ~lj) - 3s-2 Aj + 30s-3 Bj? + ajj (T,~)9(2s )-1) 
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+j=~+1 (( -2~8~llajl(T,~)+aj(T'~))((2S)-1(X1j-6j)-3S-2Aj) 

- ,Bees 80 ( (2s )-1 (X1j - ~lj) - 3s-2 Aj? + 2s-1ajj (T,o) 

+ t ((-2t8~llajl(T,~)+aj(T'~))(2s)-1(X1j-6j) 
)=n2+1 1=1 

- ,BeES 80 (2s )-2(X1j - 6j? + ajj (T,~)(2s )-1 ) 

- (,BeES s2)-1 (a -S2 (t 86j8~1l ajl(T,~) - t86jaj(T'~) +aO(T'~))) 
),1=1 )=1 

nl 

:s: 2.:(2s)-2(IX1j -6j12 -IX1j -6jI2) 
j=l 

n2 
+ 2.:(9s-4 A; -9s-4 A; -3S-3(X1j +6j)Aj +6S-3~ljAj -3S-3(X1j -6j)Aj) 

j=l 
n3 

+ 2.:(900s-6 BJ -900s-6 BJ -180s-5(x2j +6j )Bj - 60S-4 (X1j -6j )Bj 
j=l 

-180s-46jBj + 360s-56jBj - 30S-4 (X1j -6j)Bj + 180s-5 AjBj ) 

nl ( ( nl ) 2 + ~ (1-s)(4s)-1(X1j -6j)2 +9(4s)-1 -2 ~a~llajl(T'~) +aj(T,~) 

n3 ) 
+ ~180s-5(X3j +T1s(X2j +6j)+ 1T1s2(X1j -6j) -6j? 

- (,BeE:S s2)-1 (a -S2 (t 86j8~llajl(T,~) - t86j aj(T,~) +aO(T'~))) 
),1=1 )=1 
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If we take into account the condition A26 , choosing a > 0 appropriately we 
can make the last sum negative. This proves the inequality (3.3.18). 

Set 

A := min{ Z(t, x; T, ~)I~ E B(x, R), T E [to, t - J/2]} exp{ -2a/J - 195IxI 2 }, 

R> Va/J l . 

It follows from positivity of Z that A > O. Now we use Theorem 3.17 for the equa
tion (3.3.2), for the function U(T,~) := AV(T,~) - Z(t,X;T,O, (T,~) E II[to,t-oj2) 

on [to, t-J/2) x (JRn\B(x, R)). By the inequality (3.3.18) and the equality (3.3.6), 
(L*U)(T,~) :::; 0, (T,~) E II[to,t-o/2)' The condition limsup U(T,~):::; 0, for each 

(T,.;-) ..... (TO,.;-O) 

point (TO,~O) E 8([to, t- J/2) x (JRn \B(x, R)) \ {t = to}, is satisfied, since, firstly, 
by the inequality (3.3.16) and the definition of A, 

secondly, by (3.3.16), 

lim V(T,~) = 0 
(T,.;) ..... ( t-o /2,';-°) 

and 

eO E ]Rn \ B(x, R). Finally, it follows from (3.2.78) and (3.3.16) that 

limsupu(T,~)=O, TE[to,t-J/2). 
1.;-1 ..... 00 

Thus, we obtain that U(T,~) :::; 0, (T,~) E [to,t - J/2) x (JRn \ B(x,R)). By 
the definition of A and (3.3.16), U :::; 0 also on [to, t - J] x B(x, R). Therefore U :::; 0 
on II[to,t-J], or Z(t,X;T,O 2': AV(T,~), (T,~) E II[to,t-o] , and together with the 
inequality (3.3.17) this implies the required estimate (3.3.15). 0 

3.3.4. Uniqueness of solutions of the Cauchy problem. Widder's theorem. Theo
rems 3.10 and 3.12 described correctness classes, hence also uniqueness classes of 
solutions of the Cauchy problem for the equation (3.1.71). Here we consider three 
other types of the uniqueness theorems - a Tikhonov type theorem with pointwise 
bounds for solutions, a Tikhonov type theorem with weighted Ll-spaces, and a 
generalized Widder's theorem. 

In the paper [229] Widder proved the following theorem: a non-negative solu
tion of the heat equation satisfying the zero initial condition equals zero identically. 
In fact this theorem can be strengthened as follows: if two non-negative solutions 
of the heat equation satisfy the same initial conditions, then the solutions co
incide. Such a strengthened version of Widder's theorem will be proved for the 
Fokker-Planck-Kolmogorov equation. 
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Theorem 3.19. Suppose that the condition C22 is satisfied, B is a positive number, 
and b[, l E {1,2,3}, are some non-negative numbers. Then a solution u of the 
equation (3.3.1) satisfying the zero initial condition, as well as the condition 

(3.3.19) 

equals zero identically. 

Proof. Applying Theorem 3.18 to solutions u and -u of the equation (3.3.1), which 
satisfy the zero initial condition and the condition (3.3.19), we find that u(t, x) = 0, 
(t,x)EIlco,TJ' 0 

Theorem 3.20. Suppose that the conditions A24 -A26 are satisfied, and b is a non
negative number. Then a solution u of the equation (3.3.1) satisfying the zero initial 
condition, as well as the condition 

T J dt J exp{ -blxI 2 }lu(t, x)ldx < 00, (3.3.20) 

o IIl:n 

equals zero identically. 

Proof. First we shall prove the existence of such a number J.L E (0, T] depending on 
the number b from the condition (3.3.20) and on the coefficients of the equation 
(3.3.1) that u = 0 on Ilco,!'J' 

As in the proof of Lemma 2.16 and Theorem 3.8, using the Green-Ostro
gradsky formula (3.3.4), we obtain the following formula similar to (3.2.47): 

t 

u(t,x) = J Z(t,x;h'~)(R(~)d~ - J dT J L*(Z*(T,~;t,X)(R(~))U(T,~)d~ 
IIl:n h KR 

_. I CR) + I CR) (t) E (0 T] B -. Ih 2h' , X ,x Ro/4' (3.3.21) 

Here Ro is an arbitrary fixed positive number, R ~ Ro; KR := B3R/4 \ B R/2; 
(R(~) = ((I~I/R) where ( is a non-increasing infinitely differentiable function on 
[0,(0), such that (= 1 on [0,1/2] and (= 0 on [3/4,(0). 

Due to the estimate (3.2.78) and the fact that the integration in Ii~) is per

formed actually over B3R/4' we have lim Ii~) = O. Therefore, passing in (3.3.21) 
h-->O 

to the limit, as h -t 0, we find that 

t 

u(t,x) = - J dT J L*(Z*(T,~;t,X)(R(~))U(T,~)d~ 
o KR 

_. _feR) 
-. 2 , (t,x) E (o,T] x BRo/4' (3.3.22) 
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Let us prove that 

lim I(R) = 0 
R 2 , 

""'00 
(t,x) E (O,fL] x BRo/4' (3.3.23) 

if fL E (0, T] is chosen appropriately. 
By the equality (3.3.6), the estimates (3.2.78), and properties of the function 

(R for R 2: 1, we get the estimate 

(3.3.24) 

For the function p we use the inequality 

p(t - T,X,~) 2: (t - Tr(R/4)2, 

o :s: T < t :s: T, x E BRo/4' ~ E ]Rn \ BR/2' (3.3.25) 

where r = -1, if t - T :s: 1, and r = -5, if t - T > 1. This inequality is proved like 
(3.2.50). 

Using the inequalities (3.3.24) and (3.3.25) we have 

t 

IIJR) I :s:C J dT J(t-T)-M-l/2exp{-c(t-Tr(R/4)2}lu(T,~)I~. 
a KR 

Since 

(t - T)-M-l/2 exp{ -c(t - TY(R/4)2} 

= (R/4)(2M+l)/r((t - Tf/2(R/4))-(2M+l)/r exp{ -c(t - Tr(R/4)2} 

o :s: T < t :s: fL, R 2: 1, Cl > 0, 

we get 

t 

II~R)I:S: Cexp{-clfLrR2 } J dT J exp{-bl~12}lu(T,~)lexp{bl~12}d~ 
a KR 

t 

:s: C exp{ -(ClfLr - 9b/16)R2 } J dT J exp{ -bl~12}lu(T, ~)I~· 
a IRn 

By the condition (3.3.20), this implies the relation (3.3.23), if 

fL < min((16cI/9b)-1/r, T). 

Passing in (3.3.22) to the limit, as R --; 00, using (3.3.23) and the fact that 
Ro > 0 is arbitrary, we find that u = 0 on II(o,J.LI. Similarly we prove that u = 0 
on II (J.L,2J.LI , II (2J.L, 3J.L1' and so on. 0 
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Theorem 3.21. Suppose that the conditions A24 -A26 are satisfied. Then the Cauchy 
problem for the equation (3.3.1) cannot have more than one non-negative solution. 

Proof. Let u be a non-negative solution of the equation (3.3.1). Let us prove that 

To 

J dt J exp{ -blxI2}lu(t, x)ldx < 00, (3.3.26) 

° ~n 

with some b > ° and To E (0, T). 
Set 

VR(t,X):= J Z(t,X;T'~)(R(~)U(T,~)~, (t,x) E II(r,TJ' 

~n 

where ° :S T < T, R > 0, (R is the function from the proof of Theorem 3.20. 
Let us verify the conditions for the validity of the maximum principle in the 
form of Theorem 3.16 for the difference u - VR =: UR. Obviously, (LUR)(t,x) 2: 
0, (t,x) E II(r,TJ' The condition that lim UR(t,X) 2: 0, for every point 

(t,x)-+(tO,xO) 

(to,XO) E 8(II(r,TJ) \ {t = T}, is satisfied because 

limJZ(t,x;T'~)(R(~)U(T,~)d~ = (R(X)U(T,X):S U(T,X), 
t-+r 

~n 

° :S T < T, x E ]Rn. Since the integration in VR is performed only over B3R/4' 

using the estimate (3.2.78) we get 

lim JZ(t'X;T'~)(R(~)U(T,~)d~ = 0, t E (T,TJ. 
Ixl->oo 

~n 

This means that the last condition is fulfilled: uniformly with respect to t E (0, T), 
there exists liminfUR(t,x) 2: O. 

Ixl-+oo 
Hence, by Theorem 3.16, UR 2: ° on II(r,TJ, that is for each T E [O,T), 

U(t,x) 2: J Z(t,X;T'~)(R(~)U(T,~)d~, (t,x) E II(T,TJ. 

~n 

Since this inequality is valid for any R > 0, and the integrand is non-negative (see 
Property 3.12), for R -4 00 we obtain that 

U(t,x) 2: J Z(t,X;T,~)U(T,~)~, (t,x) E II(T,TJ' (3.3.27) 

~" 
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Let us integrate the inequality (3.3.27) with respect to T E (to, t - 0), 0 E 

(0, t - to). If we take to = 0, t = Ll, and use the estimate (3.3.15), we get 

~-8 

(Ll- o)u(Ll, x) ~ J dT J w exp{ -'Y1~12}U(T, ~)d~, 
o IRn 

that is 
~-8 J dT J exp{ -'Y1~12}U( T, ~)d~ < 00. 

o IRn 

Now, if we set to = Ll - 0, t = 2Ll - 0, similarly we prove the convergence of the 
integral, in which the integration in T is performed on the interval (Ll-o, 2(Ll-o)). 
We continue this process until t = j Ll - (j - 1)0 < T, j ~ 1. Finally, we set 
to = T - Ll and t = T. Combining the above results we find that 

T-8 J dT J exp{ -'Y1~12}u(T, ~)d~ < 00, 

o IR n 

that is (3.3.26) holds with To = T - 0, b = ry. 
Using Theorem 3.20 we obtain the uniqueness on II(O,Tol of a non-negative 

solution of the equation (3.3.1). Since 0 can be chosen arbitrarily small, this implies 
the uniqueness of a solution on II(O,Tl' 0 

3.4 Comments 

The class of equations studied in this chapter is a natural generalization of the 
classical Kolmogorov equation of diffusion with inertia [135]. This equation appears 
in the study of models for the Brownian motion, and we begin the comments with 
a brief exposition of a fragment of this important theory (see also the comment 
"Brownian Motion" by A. M. Yaglom in [136]). 

In the classical theory of the Brownian motion developed by Einstein and 
Smoluchowski [77, 78] the inertia of a Brownian particle is neglected, that is the 
mass of a particle is actually assumed equal to O. Therefore a Brownian particle 
in the Einstein-Smoluchowski theory cannot have a finite velocity. For example, 
for the special case of the Brownian motion of a free particle Wiener [177] proved 
rigorously that a Brownian path is, with probability 1, a continuous nowhere 
differentiable curve. Note that a model of the Brownian motion of a physical system 
in the Einstein-Smoluchowski approximation is a continuous Markov process on 
the coordinate space (the Wiener process, for the case of a free particle). 

The fact of nondifferentiability of Brownian paths in the Einstein-Smolu
chowski theory is closely connected with an idealization made in this theory (the 
neglect of inertia) making it invalid on very small time intervals Llt. For the sim-
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plest case of the Brownian motion of a free particle, a theory taking inertia into 
account was developed as early as 1930 by Uhlenbeck and Ornstein [224] (see also 
the papers by Doob [26] and Chandrasekar [25]). In this more precise theory paths 
are already differentiable (but do not have the second derivative, so that now the 
acceleration becomes infinite). In fact the same generalization is contained in the 
paper [135] by Kolmogorov who considered the general case of the Brownian mo
tion for an arbitrary physical system with n degrees of freedom. According to 
Kolmogorov, inertia is taken into account if a state of the system is described by 
values of n coordinates ql, ... ,qn and their time derivatives (velocities) (il, ... , qn' 
Here the model of the Brownian motion is a continuous Markov process in the 
2n-dimensional phase space of coordinates and velocities. 

Let us give a brief account of this paper [135] by Kolmogorov which moti
vated our studies. It is based essentially on two of his earlier papers [133, 134] 
devoted to the classical theory of the continuous time Markov processes. The first 
version of the modern theory of such processes was developed by Doob [27] and 
Dynkin [40, 41]. 

Thus, we consider a system with n degrees of freedom. Let ql, ... ,qn be the 
coordinates. It is assumed that, whenever we know the values of q = (ql,"" qn) 
and q = (ql,"" qn) at an instant of time t, we can find the probability density 
G(t,q,q;t',q',q') of possible values q and q of the coordinates and their time 
derivatives at an arbitrary instant t' > t. It is assumed that G does not depend 
on the behaviour of the system before the instant t (there is no aftereffect, the 
process is of the Markov type). It is proved that the function G is a FSCP for the 
Fokker-Planck differential equation 

n n n 

Ot,g = - L qjOqjg - L Oqj (fj(t', q', q')g) + L OqjOq; (kjl(t', q', q')g) , (3.4.1) 
j=l j=l j,/=l 

in which the elements kjl' {j,l} c {1, ... ,n}, of the diffusion matrix, and the 
coordinates fj, j E {1, ... , n}, of the drift vector are determined from the equalities 

M (~qj)2 = kjj(t,q, q)~t + o(~t), 
M (~qj~ql)2 = kjl(t, q, q)~t + o(~t), 

M (~qj) = fj(t, q, q)~t + o(~t), 
where M denotes the expectation. 

If n = 1, then this equation has the form 

Otlg = -q'Oqlg - Oql (f(t', q', q')g) + OJI (k(t', q', q')g). (3.4.2) 

If f and k are constants, then, as Kolmogorov showed, a FSCP for the equation 
(3.4.2) is given by the formula 

G(t,q,q;t',q',q')=2V37r- 1k-2(t' -t)-2exp{ -(4k(t' _t))-l(q' -q- f(t' -t)? 

-3k- 1 (t' _t)-3(q' _q_Tl(q' +q)(t' -t)?}, t<t', {q,q,q',q'} cIR. (3.4.3) 
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This is a classical formula for a FSCP for Kolmogorov's equation of diffusion with 
inertia. A large part of the material of Section 3 is based on formulas similar to 
(3.4.3). 

The Uhlenbeck-Ornstein theory of the Brownian motion for a free particle 
is obtained from the general Kolmogorov's theory, if n = 1 (so that the main 
equation of that theory has the form (3.4.2)), f = -a.q (where a. = {3lm, m is 
the mass of a particle, {3 is the coefficient at the viscous friction force, equal, for 
a spherical particle of the radius (J, to 67r(Y'T} , 'T} is the viscosity coefficient), while 
k = koTlm{3. 

Il'in and Khasminsky [103] considered a physical problem solved by the tech
niques close to [135]. It deals with the motion of a particle with a mass m in a 
force field F. It is assumed that the medium is filled with identical particles of 
a mass f..l. The particle under consideration may collide with them, changing its 
velocity under the elastic collision law. The velocity distribution of the medium 
particles is given and does not depend on the motion of the above particle, while 
the random number of collisions for time t is assumed to be a Poisson process with 
a parameter a. Under these assumptions, the position Xj.l(t) and velocity Xj.l(t) 
at an instant t together form a Markov process {XJ.l(t),XJ.l(t)}. It is proved that, 
for a constant medium temperature T and a ---> 00, f..l ---> 4 = const, this process 
tends to a Brownian motion process in the phase space whose transition density 
is a FSCP for the equation 

Otu=""xJOxu+""Fj(x)oxu+- -""O;u--""XjOx.u . (3.4.4) 
n n A(T n In ) 
~ J ~ J m 9m ~ J 3 ~ J 
j=l j=l j=l j=l 

The existence of a FSCP G(t, x, y;~, 'T}) is proved in [103] for the equation 

OtU = YOxu + ao;u + g(x, y)OyU, {x, y} c JR, (3.4.5) 

where a is a positive constant, the function 9 is bounded and has continuous and 
bounded derivatives in x and y. Estimates for the function G and its derivatives 
are obtained. It is proved that G is a transition density of a Markov process 
{X(T), Y(t)} defined as a solution of a system of the Ito stochastic differential 
equations [104] 

{ 
dX = Y(t) dt, 

dY = g(X(t), Y(t)) dt + Vad~(t) 
where ~(t) is a Wiener process. 

In addition, in [103] the asymptotic behaviour of solutions of the Cauchy 
problem for the equation (3.4.5) is investigated under various assumptions regard
ing the quantities A, T, and m. Terms of asymptotic expansions with respect to 
small parameters are found, in particular for A ---> 00 and ml A ---> O. 

It is known [27, 41] that non-degenerate diffusion processes with sufficiently 
regular characteristics possess smooth transition densities. In general, a degenera
tion of the diffusion matrix leads to the non-existence of a density of the transition 
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probability. However there exist some classes of degenerate processes with smooth 
transition densities. As it was mentioned above, the processes of the Brownian 
motion with inertia considered by Kolmogorov, Il'in, and Khasminsky are among 
such processes. 

Sonin [216] studied a natural generalization of the process of diffusion with 
inertia. For the class of processes considered in [216], the transition densities are 
constructed as FSCPs for the equations 

{x,y,z} c ]Rn, (3.4.6) 

where bj(t,x,y,z) and Cj(t,x,y,z) behave "approximately" like Yj and Xj respec
tively. 

All the above partial differential equations (3.4.1), (3.4.2), (3.4.4)-(3.4.6) 
are degenerate parabolic equations. With respect to a part of spatial variables 
(corresponding to coordinates of a Brownian object in (3.4.1), (3.4.2), (3.4.4), and 
(3.4.5), or to coordinates and velocities in (3.4.6)) they contain, in the sense of the 
theory of parabolic equations, only lower order terms. Such equations are called 
ultraparabolic or elliptic-parabolic. 

In this book we consider ultraparabolic equations (3.4.1), (3.4.4), (3.4.6) and 
their generalizations. It is natural to call them ultraparabolic equations of the 
Kolmogorov type. Here we give a survey of results regarding the Cauchy problem 
and, in particular the FSCP, for ultraparabolic equations of the Kolmogorov type 
and their generalizations. 

As it has been mentioned, an explicit formula (3.4.3) for a FSCP for the 
equation (3.4.2) with constant f and k was found in [135]. Subsequent investiga
tions aimed at finding as weak conditions as possible for the existence of a FSCP, 
obtaining its precise estimates, considering equations with a more complicated 
structure. For example, an equation 

( at - L ak,(t,X)a~~ - f)j(t,x)aX2j - f>j(t,x)aX3j) u(t,x) = f(t,x), 
Ik,l:::;2b J=l J=l 

(t,x) E Il(O,Tj, (3.4.7) 

was considered. 
Here b is a natural number, the differential expression at - 2:: ak, (t, x)a~~ 

Ik,l:::;2b 
is uniformly parabolic on II[O,Tj in the sense of Petrovsky, the functions bj and Cj 
are such that the equation (3.4.7) can be transformed by a non-degenerate change 
of variables to an equation of the form (1.1.14). The above equation contains three 
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groups of spatial variables Xl, X2, and X3. If there are only two groups Xl and X2, 

then the sum with the derivatives in X3 is absent. We shall assume that such 
equations can be obtained formally from (3.4.7) and (1.1.14) by setting n3 = O. 

Let us describe the papers which were devoted to, or used, FSCPs for the 
above classes of equations. 

Weber [227] constructed, on an arbitrary open subset of the phase space, a 
fundamental solution of the equation (3.4.7) with b = 1, nl = n2, and n3 = O. 

We have reviewed above the paper [103]. In a subsequent paper [101] Il'in 
stated the existence, uniqueness, and positivity of a FSCP for the equation (3.4.7) 
with b = 1, nl = n2, and n3 = 0, provided the coefficients ak, and bj are con
tinuous and bounded together with their derivatives of the orders up to 2 and 4 
respectively, as well as a theorem on the uniqueness of a solution of the Cauchy 
problem in the Tikhonov class, and inner estimates of solutions. 

Sonin [216] used the Levi method to construct a FSCP for the equation 
(3.4.6) for the case where the coefficients ajl and aj are bounded on [0, T] X ]R3n 

together with their derivatives in all the variables of the orders up to 2 and 1 
respectively, while bj and Cj (the coefficients Cj do not depend on y) have bounded 
derivatives of the orders up to 3. 

The main results of the papers [208, 209] are the smoothness of solutions 
of an inhomogeneous equation, inner a priori estimates of solutions on bounded 
domains. Shatyro proved that the second derivatives of a solution of a second order 
equation (of the form (3.4.7) with n3 = 0 in [208], and of the form (1.1.15) with an 
arbitrary number of groups of spatial variables and constant coefficients in [209]) 
with respect to spatial variables from the first group are Holder continuous, with 
the same exponent as the right-hand side of the equation. The Holder exponent 
for the first derivatives from the l-th group of spatial variables (l ;::: 2) is smaller 
by (2l - 3)/(2l - 1) than that of the right-hand side. It was shown by examples, 
that the result was exact. The proofs used FSCPs for model equations. 

In a series of interesting papers [142, 143, 144, 145], Kuptsov studied equa
tions of the form 

where (ajl(t))7~~,1=1 is a non-negative symmetric matrix of a rank nl (1 :S nl :S n), 
the matrix (bjl(t))7~nl,l=l has a special structure and properties. For the equation 
(3.4.8) with constant coefficients, in [142, 143, 145] a FSCP was constructed, a 
maximum principle was established, and a mean value theorem was proved. A 
FSCP for general equations (3.4.8) was constructed in [144]. 

At the beginning of the seventies Eidelman and Malitskaya [64, 154] initi
ated the investigation of equations of an arbitrary order with the Kolmogorov 
structure (equations from the class E2l)' For such equations, for the case where 
nl = n2 = n3, and the coefficients may depend only on the time variable, a FSCP 
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was constructed and studied, which resulted in existence and uniqueness theorems 
for solutions of the Cauchy problem, as well as some results on qualitative prop
erties of solutions. More or less at the same time a similar class of equations (the 
equations (3.4.7) with n3 = 0) was considered independently by Kato [126] who 
found hypo ellipticity conditions for this class of equations. 

Similarly to the case of non-degenerate parabolic equations, for the Kol
mogorov type equations with constant coefficients or coefficients depending only 
on the time variable, it is possible to obtain a complete analytic description of a 
FSCP, which leads to very precise results on the correct solvability of the Cauchy 
problem and integral representations for solutions. For equations from the class 
E21 that was done by Androsova and Ivasyshen [106, 2, 3]. These results are con
tained in Section 3.1.1 and, for a more general situation, in Sections 3.2.1, 3.2.2. 

If coefficients of a Kolmogorov type equation depend on all the variables, 
it is much more complicated to study its FSCP. In addition to usual difficulties 
of the Levi method, new ones are caused by the degeneracy of the equations. 
Various modifications of the Levi parametrix method were proposed, in order 
to construct and study FSCPs for equations from the classes E21 and E 22 , in the 
papers by Eidelman, Ivasyshen, Malitskaya, and Tychinskaya [73,155, 158,62,61]. 
In [64, 159, 74] equations of the Kolmogorov type with increasing (as Ixl --7 00) 
coefficients were also considered. 

Eidelman and Ivasyshen [54, 56, 57, 58, 59] introduced a new class of degen
erate equations (the class E23)' For the case where the coefficients do not depend 
on the spatial variables (the class Eg3 ), they constructed and investigated a FSCP, 
proved theorems on the correct solvability of the Cauchy problem and integral rep
resentations for solutions. These results are expounded in Sections 3.1.3, 3.2.1, and 
3.2.2. Section 3.1.3 contains also Theorem 3.6 on the FSCPs for equations from 
the class Eg3 with degeneracy on the initial hyperplane. This theorem, as well as 
the results on the Cauchy problem for such equations with a weak degeneracy on 
the initial hyperplane (mentioned at the end of Section 3.2.2) were obtained by 
Ivasyshen and Voznyak [120]. Note that similar results for equations from the class 
Eg1 were published in [119], while in [121] the unique solvability was established, 
and a localization property was proved for solutions of the Cauchy problem for 
equations of the form (3.1.96) with generalized initial data. 

A relatively recent series of papers [20, 147, 148, 149, 162, 163, 172, 187, 
188, 189, 190, 191] is devoted to various aspects of the theory of ultraparabolic 
equations of the Fokker-Planck-Kolmogorov type. The closest to our Chapter 3 is 
the paper by Polidoro [187] where the equation 

(3.4.9) 

is considered, where 1 :S: nl < n, (ajl (t, x)) ;!'~~=1 is a symmetric matrix, positive 
definite for each (t,x) E ffi.n +1 , the matrix B := (bjl)7~~,1=1 has constant real 
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elements. Under certain assumptions regarding the matrix B, the operator L is 
invariant with respect to a certain dilation group. A special notion of the B-Holder 
continuity of functions correspond to the above group invariance. For the case 
where the coefficients ajl are B-Holder continuous, a FSCP for the equation (3.4.9) 
is constructed by the Levi method, and its estimate is given. Note that, under the 
conditions imposed upon B, the well-known Hormander's hypoellipticity condition 
[99] is satisfied by the operator L with the coefficients ajl fixed at any point 
(t, x). Note also that Hormander [100] proposed an interesting generalization of the 
classical Kolmogorov equation and investigated the problem of its hypoellipticity. 

In Chapter 3, modifying in an appropriate way Polidoro's notion of the B
Holder continuity for equations from the classes E21 - E 23 we find conditions 
for the coefficients, under which FSCPs for such equations are constructed, their 
estimates are obtained and used to prove the correct solvability of the Cauchy 
problem. These results for equations from the classes E21 - E 23 (obtained by 
Ivasyshen) are published here for the first time. 

In the important paper by Scornazzani [207], for the equation (1.1.15) with 
real-valued coefficients and nl = n2 = 1, n3 = 0, the positivity of the FSCP 
was proved, its lower estimates was obtained, as well as a Widder type theorem 
(see [229]) on the uniqueness of a non-negative solution of the Cauchy problem, 
an integral representation of non-negative solutions, and a Fatou type theorem. 
Some of these results were extended to the general equation (1.1.15) by Dron' and 
Ivasyshen [38]; for their exposition see Section 3.3. These results are based on the 
modifications of the maximum principle proposed by Dron' [35] and Malitskaya 
[161] given in Section 3.3.2. Note also the papers [39, 36, 37] devoted to the Cauchy 
problem for equations from the class E 22 . 

Boundary value problems for ultraparabolic equations, including those of the 
Fokker-Planck-Kolmogorov type, have been studied concurrently with the Cauchy 
problem, starting from the work by Piskunov [181]; see, in particular, [89, 210, 
156, 157, 160, 196]. Boundary value problems for equations studied in Chapter 3 
constitute a separate research subject and go beyond the scope of this book. 



Chapter 4 

Pseudo-Differential Parabolic Equations 
with Quasi-Homogeneous Symbols 

4.1 Fundamental solution of the Cauchy problem 

4.1.1. Main asswnptions. We shall consider the Cauchy problem 

m 

Otu(t,x) + (Au)(t,x) + ~)AkU)(t,X) = f(t,x), (t,x) E II(o,Tj, 
k=i 

u(O, x) = 'P(x), 

(4.1.1 ) 

( 4.1.2) 

where A, Ai, . .. ,Am are pseudo-differential operators with the symbols aCt, x, ~), 
ai (t, x, ~), ... , am(t, x, ~), that is, e.g., 

(Au)(t,x) = (21f)-n J ei(x,Oa(t,x,~)u(t,~)~, (4.1.3) 

IRn 

where 

u(t,O = J e-i(y,f,)u(t, y) dy. 

The principal symbol aCt, x,~) is assumed homogeneous of the degree "( 2: 1 with 
respect to the variable ~, and elliptic, the symbols ai (t, x, ~), ... , am(t, x,~) have 
the degrees of homogeneity "(k> 0 < "(k < ,,(, f and 'P are bounded continuous 
functions. In addition, f is Holder continuous in x, uniformly with respect to t: 

If(t,x) - f(t,y)1 ::; Glx - yl.\ 

where G, A do not depend on t. We may assume without loss of generality that 

max "(k < "(- A. 
l:S:k:S:m 

We assume the following conditions regarding the symbols of the pseudo
differential operators involved in (4.1.1). The principal symbol is such that 

S. D. Eidelman et al. 
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(A41 ) Rea(t,x,a) ~ ao > 0, (t,x) E II(o,Tj, lal = 1; 

(A42 ) a(t, x, a) has N continuous derivatives in a for a =I- 0, and 

la;a(t,x,a)1 :S CNlal'l'-lxl, 

la;[a(t, x, a) - a(T, y, a)]1 :S CN (Ix - YIA + It - TIAh) lall'- lx l 

for all Ixl :S N, x, y, a E ]Rn (a =I- 0), t, T E [0, T]. Here A E (0,1) is 
a constant, N is such a natural number that N ~ 2n + 2[r] + 1. Other 
symbols satisfy the condition 

(A43) If ~ =I- 0, Ixl :S N, x, Y E ]Rn, t, T E [0, TJ, then 

larak(t,x,~)1 :S CI~ll'k-lxl, 

laf[ak(t, x,~) - ak(T, y, ~)]I :S C (Ix - YIA + It - TIAh) 1~ll'k-lxl, 

where C does not depend on x,y,~,t,T. 

Some additional requirements are imposed on the symbols of an integer or
der. Namely, a symbol of an even order is assumed to be a polynomial in ~, and 
a symbol of an odd order is assumed to be either a polynomial or an even func
tion of ~. Finally, if'Y is an odd integer, we assume that in the expansion of the 
function [a(t, x, ~)t1, I~I = 1, in spherical harmonics (see below) the coefficients 
at Y2v ,jL with 'Y = n + 21.1 + 2k, k = 0,1,2, ... , are equal to zero. This condition is 
automatically satisfied if'Y < n, or if n is even. 

The expression (4.1.3) can be used only for smooth rapidly decreasing func
tions, and our first task is to reformulate it in terms of hyper-singular integrals. 

Our brief exposition of the theory of hyper-singular integrals will be based 
on properties of spherical harmonics. 

4.1.2. Spherical harmonics. A spherical harmonic of a degree 1.1 ~ ° is a restriction 
to the sphere sn-1 of a homogeneous harmonic polynomial on ]Rn of the degree 
1.1. The set of all spherical harmonics of a degree 1.1 is a finite-dimensional subspace 
Hv C £2(sn-1). Let Jv = dimHv. Then 

(4.1.4) 

For each v we choose in Hv an orthonormal basis {YVjL }, Jl = 1, ... ,Jv . The 
functions YVjL are even for an even 1.1, and odd otherwise. The system {YVjL } is an 
orthonormal basis of £2(sn-1). We shall use the estimates 

IYVjL(a)1 :S Cz;(n-2)/2, a E sn-\ 

laxy, (~)I < Cz;lxl+(n-2)/2Ixl-lxl x E ]Rn. 
x VjL Ixl - , 

(4.1.5) 

(4.1.6) 
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If <p E C2k (sn-l), k = 0, 1, ... , then its Fourier coefficients 

<pvp, = J <p (0-) Yvp, (0) do 
sn-l 

satisfy the estimate 

l<Pvp,1 :::; Cn,kV - 2k sup IDX<p(o) I. (4.1. 7) 
uE8n- 1 ,lxl:S2k 

If ReA> -n, then the function x f-7 Ixl'\Yl/P,(I~I) is locally integrable, and 
we can define an analytic family of tempered distributions 

where do means the surface Lebesgue measure. In fact this family admits an 
analytic continuation to the whole complex plane except the points A = -v
n,-v - n - 2, .... The regularization of the function r'\Yl/P,(I~I)' r = lxi, with 
Re A :::; -n (and A being outside the exceptional set) as a distribution from S' (JR n ) 

is carried out by subtracting a partial sum of the Taylor series of a test function. 
The Fourier transform of the above distribution has the form 

(4.1.8) 

for A t -v - n, -v - n - 2, .... 
The proofs of the above results, as well as additional information about spher

ical harmonics, can be found in [150, 175, 205]. 

4.1.3. Hyper-singular integrals. Let us consider the hyper-singular integral (HSI) 

a 1 J ( h) (alJ) (x) 
(Dflf) (x) = dn.l(a) 0 x, IhT Ihl n+a dh, x E JRn , ( 4.1.9) 

IRn 

of an order a > 0 with a characteristic O. We assume that f(x) and O(x,8) 
are bounded continuous complex-valued functions. Below we give a summary of 
some results by Samko [202, 200, 201] regarding properties of HSIs. Note that in 
expositions of the HSI theory the characteristic 0 usually does not depend on x; 
however the appropriate results carryover to our more general situation. 

Suppose first that the number a is not an integer. The integral (4.1.9) is 
absolutely convergent if I > a, and the function f has bounded derivatives up to 
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the order [aJ + 1. The absolute convergence over the ball {Ihl < E} is a consequence 
of the formula 

(4.1.10) 

where 0 < Ov < 1, I 2:: /-l, and the usual notation for operations with multi-indices 
is employed. The formula (4.1.10) follows from the Taylor formula. 

The restricted hyper-singular integral 

(Do'Ef) (x) = dn,~(a) J n (x, I~I) (~~~~x) dh, x E ]Rn, 

Ihl>E 

is absolutely convergent if, for example, f is bounded. The above convergence 
conditions can be easily extended to the case when f(x) and its derivatives grow 
not too rapidly as Ixl --; 00. We shall use also conditionally convergent hyper
singular integrals of bounded functions: 

(Do!) (x) = lim (Do Ef) (x), 
c---+O 1 

(4.1.11) 

if the limit (4.1.11) exists for all x E ]Rn. 
If the characteristic n(x, a) is even in a, that is n(x, -a) = n(x, a), x E ]Rn, 

a E sn-I, then the hyper-singular integral (4.1.9) makes sense also for I> 2[a/2]' 
by the formula 

. u 1 {1-1)/2 J ( h) (.6.~+1 f) (x + kh) 
l~ (Do'Ef) (x) = - dn,l(a) L n x'ThT Ihl n+u dh 

k=l IRn 

1 J ( h) (.6.~+lf)(x+¥h) 
- 2dn,l(a) n x'ThT Ihln+u dh, (4.1.12) 

IRn 

where this time 1+1 > a. 
Next, let a be an integer. If a is even, then (Do!) can be defined as before. In 

this case the hyper-singular integral operator Do is actually a differential operator 
of the order a. If a is odd, then for I > a the integral in (4.1.9) vanishes identically 
for any function f. In this case Do can be defined only for an even characteristic 
n by the formula (4.1.12) with I = a. 

Let f E C1(]Rn), If(x)1 ::; C(1+lxl)-N1 , I(DX!)(x)1 ::; C(1+lxl)-N2 , Ixl = I, 
where Nl > a, N2 > n. Then 

(4.1.13) 

Moreover, if n depends on a parameter t being bounded uniformly with respect to 
t, then the constant in (4.1.13) does not depend on t. The same estimate, with a 
constant independent of E, holds for the restricted hyper-singular integral D[;,J. 
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Let us consider the function ft,(x) = eit,x. Obviously, 

whence 
(4.1.14) 

where 

The function n is called the symbol of the hyper-singular integral D11f. The nor
malization constants dn,I(O'.) are chosen in such a way that the symbol (hence the 
hyper-singular integral) does not depend on l. Their explicit form can be found 
in [202, 205]. Here we only note that they do not depend on n, and dn,I(O'.) > 0 
if 0 < 0'. < 2. The symbol n(x,~) is a homogeneous function of the degree 0'.; for 
example, if n(x, a) ~ 1, then n(x,~) = 1~la (the corresponding hyper-singular 
integral operator is often called a Riesz derivative). The symbol can be repre
sented as 

n(x,~)=C(n,O'.) J n(x,a)(i(~,a))""da. (4.1.15) 
sn-l 

Note also that the symbol n is even if and only if the characteristic n is even. 

It follows from the formula (4.1.14) that on functions from the Schwartz space 
S(JRn) (and more generally, on smooth functions, which decrease rapidly enough) 
the operator D11 coincides with the pseudo-differential operator ('liDO) with the 
symbol fl. Indeed, if f E S(JRn), then 

f(x) = (21T)-n J ei(x,t,) f(~) d~, 
IRn 

and by the Fubini theorem 

(D11f) (x) = (21T)-n J ei(x,t,)n(x, ~)f(~) d~. 
IRn 

Conversely, a 'liDO with a homogeneous sufficiently smooth symbol can be 
represented as a HSI-operator. In order to obtain such a representation, we need an 
expression for the symbol of the HSI whose characteristic is a spherical harmonic. 

Let YVJL(~) be the symbol of the hyper-singular integral DY",J. If 0'. is not 
an integer, or 0'. is an odd integer and v is even, then 
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where 

r(n:a)r(I+~) 
>.(v a) = E i V 2 2 

, v,a r (n+~+v) r (1 + a;v)' 

cos a+v 7r 
Eva = (-It ;" (if a is not an integer), 

, cosT 

Ev,a = (-It/2 (if a is an odd integer). 

Let us consider a IJ1DO of the form (4.1.3), where the symbol a(t,x,O is 
continuous and homogeneous in ~ of the degree a, and either a is not an integer, 
or the symbol is even in ~ and a is an odd integer. Suppose that 

where N > 2n + a - 1. Expanding the symbol by spherical harmonics, 

00 6v 

a(t,x,~) = LLevIL(t,x)YvIL(~)' I~I = I, 
v=o 1"=1 

we set 

( ~~evIL(t,x) () 
n t,x,~) = ~~ >'(v,a) YVIL ~ . (4.1.16) 

According to (4.1.7), IcvIL(t,x)1 :S Cv- N +1 . Then, since 

or 

depending on whether v is even or odd, we find that 

I >.(: a) I ~ c Ir (n + ~ + v) r (1 _ v; a) I. 
If a is an odd integer, then eVIL (x, t) = 0 for odd v. Let us use the identity [9] 

Since ISin (v; a 7r) I is equal to Icos a27r I or to Isin a27r I (in particular, it is equal 

to 1 if a is an odd integer and v is even), and 

I-r-'..( n-,--+-,,-~+--,V--,-) I < Cv ~ +a 
r (v;a) -
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(see [9]), we have 

1_1_1 < Cv1,'+a 
>..(v,a) - , 

which implies, together with (4.1.5), the estimate 

so that the series (4.1.16) is uniformly convergent. 
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Let us consider the hyper-singular integral operator Do. Its symbol is 

(it follows from (4.1.15) that the termwise transition from the characteristics to the 
symbols was legitimate). Thus a pseudo-differential operator A can be represented 
on S(JRn) as the hyper-singular integral operator with the characteristic n. 
4.1.4. Parametrix. The parametrix ofthe problem (4.1.1)-(4.1.2) corresponding to 
"freezing" the symbol at the point x = (" t = e is defined by 

Zo(t - /-L,x - y;("e) = (21l")-n J exp{i(x - y)a- a(e,("a)(t - /-L)}da, 

x, Y E JRn, t > /-L, e 2: O. ( 4.1.17) 

Let us prove several estimates of oscillatory integrals, which will imply esti
mates of the function Zo and its derivatives. 

Let v be a non-negative integer, Pv(a) a homogeneous polynomial of the 
degree v, 

<Pv(Z, B, (,) = J Pv(a) exp{ i(z, a) - a(B, (" a)} da. 

rn: n 

Lemma 4.1. If N 2: 2n + v + [,], then 

l<I>v(z,e,(,)1 ~ C(l + Izl)-n-r-v, ( 4.1.18) 

where C does not depend on (" e . 
Proof. Let 'fJo E CO'(JRn), 'fJo(a) = 1 as lal ~ 1, 'fJo(a) = 0 as lal 2: 2. Denote 
'fJl (a) = 1 - 'fJo(a), 

<I>~(z, e, (,) = J 'fJk (a-)Pv(a) exp{ i(z, a) - a(e, (" a)} da, k = 0,1. 

rn: n 

Evidently, <P1/ = <P~ + <P~. 
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Let us use the representation e- t = I-t+t2h(t), where h(t) = r2(e- t -l +t). 
It is easy to see that h(t) has bounded derivatives of all orders on [0,00). We have 

ll>e(z,B,~) = J rJo(a")Pv(a)ei(z,O") da - J rJo(a)Pv(a)a(B,~,a)ei(z,O") da 

+ J rJo(a)Pv(a)[a(B,~,aWh(a(B,~,a))ei(z,O") da 

~f Il>e,l(z) + ll>e,2(z" B,~) + ll>e,3(z, B, ~). 
It is clear that Il>e,l E S(IRn). Let av(B,~,a) = Pv(a)a(B,~,a). Then av is a 

homogeneous function of a of the degree 'Y + l/ of the same smoothness as a. 
Let ifJ E CO'(IRn), ifJ(z) = ° as Izl ::; 1, 1jJ(z) == ifJ(-z). Then 

(ll>e,2(-,B,~),ifJ) = J J ei(z'O")rJo(a)av(B,~,a)ifJ(z)dadz 
= J rJo(a)av(B,~, a);j;(a) da = J av(B,~, a);j;(a) da 

-J rJl(a)av(B,~,a)da J (LNei(O",Z») ifJ(z)dz, 
lRn IRn 

where Ii;; is the Fourier transform of av in the sense of distributions from S'(IRn), 

L = -ilzl- 2 f>k~' Lei(O",z) = ei{<7,z). 
k=l oak 

Let us expand the function av(B,~, (), 1(1 = 1, by spherical harmonics: 

00 Ii, 

av(B,~, () = L L glfl(B, ~)Yifl(()' 
1=0 fl=l 

Then for all a E IRn, a i=- 0, 

av(B,~,a) = lal'Y+vftglfl(B,~)Yifl C:I)' 
1=0 fl=l 

It is known [150] that the Fourier transform of the function lal'Y+vYifl (I~I) equals 

r ( n+l+y+v ) Y; (L) 
( _i)12n+'Y+v 7rn/2 ( 2 ) • Ifl Izl , (4.1.19) 

r I-rv Izln+'Y+v 
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if I - , - 1/ i- 0, -2, -4, ... (see [87] regarding the interpretation of the homoge
neous function (4.1.19) as an element of S'(lRn )). Otherwise (that is possible only 
for a finite number of values of I) the above Fourier transform is a distribution 
concentrated at the origin. If Izl 2: 1, we have 

00 01 r (n+l+1+v) Yi (..E....) 
a(() t z) = '" "'{g (() t)(_i)12n+1+v7rn/2 2 . I" Izl } 

v ,<." L..JL..J ll" ,<., (1-1- V ) Izln+1+v' 
l=lo 1"=1 r 2 

102:0. (4.1.20) 

The series (4.1.20) is a priori convergent in the distribution sense. However by 
virtue of (4.1.4), (4.1.5) it converges uniformly for Izi = 1, so that for Izi 2: 1, 

(4.1.21) 

where the constant does not depend on ~,e. 
Next, 

! (LNei(U,zl) <p(z)dz = (_i)N L 8: !lzl-2NzXei(U,Zl<p(Z)dZ 
lR" Ixl=N lR" 

(recall that <p(z) = 0 for Izi ~ 1). Taking into account that 1)l(a) = 0 for lal ~ 1 
we find after integration by parts that 

! 1)l(a)aV(e,~,a)! (LNei(a,zl) <p(z)dz 
lR" lR" 

= iN L ! 8:[1)1(a)av((),~, a)] da ! Izl-2N zXei(a,zl<p(z) dz. 
Ixl=NlR" lR" 

Obviously, 

where R(e,~,a) = 0 for lal ~ 1 and lal 2: 2. The function 8:av(e,~,a) is homo
geneous in a of the degree, + 1/ - N < -no By the Fubini theorem 

- iN L ! {! [1)1(a)8:av(e,~,a) + R((),~,a)] ei(u,zl da }lzl-2N zX<p(z)dz, 
Ixl=NlR" lR" 
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whence for Izl 2: 1 

<J?e,2(z,8,~) = 0;;;(8,~, -z) - i Nlzl-2N 

X L ZX J [7)1 (u)8;av(8,~, (7) + R(8,~, (7)] ei(o-,z) du, 
Ixl=N IRn 

l<J?e,2(z, 8,~) I :::; 10;;;(8,~, -z) I + Clzl- N, 

and due to (4.1.21) 

(4.1.22) 

where C does not depend on ~, 8. 
Let us find a bound for <J?e,3(z,8,~), Izl 2: 1. Let z = (Zl, ... ,Zn); consider 

such a number j that IZjl 2: IZkl, k = 1, ... , n. Then Izl :::; folzjl. Integrating 
N1 = n + v + b] + 1 times by parts with respect to the variable Uj we find that 

Since 7)0(17) = 1 as lui :::; 1, all the terms emerging in the process of differenti
ating, which contain derivatives of 7)0, are continuous and have compact supports. 
Next, computing the derivative 

with the use of the Leibnitz formula and the Faa di Bruno formula for higher 
derivatives of a superposition of functions [95], it is not hard to calculate that the 
maximal order of singularity at the point 17 = 0 does not exceed n+ [/,] + 1-3/, < n. 
Therefore for Izl 2: 1 we have 

l<I>e,3(Z,8,~)1 :::; Clzjl-Nl :::; Cizl-n-'"Y- v , Izl2: 1, 

that is l<J?e(z,8,~)1 :::; Cizl-n-'"Y- v . 

The function <J?~(z, 8, 0 is estimated in the same way as <J?e,3(z, 8, ~), due to 
the fact that 7)1(17) = 0 as lui :::; 1. We get 

so that l<J?v(z,8,~)1 :::; Cizl-n-'"Y- v , Izl 2: 1. In order to prove (4.1.18), it remains 
to notice that 

1<J?~(z,8,~)1 :::; J IPv(u)le-aolo-l~ du 
IRn 

as Izl :::; 1. o 
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Let Qa(r, 0") be a homogeneous function in 0" of the degree a > ° depending 
on a parameter r of an arbitrary nature, which has, as 0" =1= 0, N continuous 
derivatives in 0", and 

whenever Ixl ~ N, 0" =1= 0, for all values of r. Let us consider the function 

Wa(z, B,~, r) = J Qa(r, 0") exp{ (iz, 0") - a(B,~, O")} dO". 

lit" 

Lemma 4.2. If N ;::: 2n + [a] + [,] + 1, then 

IWa(z,B,~,r)1 ~ CB(r)(1 + Izj)-n-a, (4.1.23) 

where C does not depend on z, ~, B, r. 

The proof consists essentially of repetition of the arguments from the proof of 
Lemma 4.1. The only new point that appears is the following. In the decomposition 
of the integral wa the term 

W~,l(z,r) = J 170(0")Qa(r, 0") exp{i(z,O")} dO" 

lit" 

(in contrast to the function cl>e,l from the proof of Lemma 4.1) need not belong to 
S(I~n). The technique of Lemma 4.1 gives the estimate 

which leads to the inequality (4.1.23). 0 

Let us consider the function 

cl>o(z,B,~) = J exp{i(z,O")-a(B,~,O")}dO". 
lit" 

Lemma 4.3. If N ;::: 2n + [r], then for any z, 6,6 E ~n, B > 0, 

The proof is similar to that of Lemma 4.1. Some technical differences are 
caused by the necessity to obtain estimates of expressions of the form 

8~[h(a(B,6,0")) - h(a(B,6,0"))] 
J 

in two situations: for h(s) = e- s , 10"1 ;::: 1, and for a function h about which we 
know only that it has bounded derivatives of any order, for 10"1 ~ 2. 
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By the Faa di Bruno formula 

O;j [h(a(e, 6, u)) - h(a(e, 6, u))] = L Cm1 .. m,. { h(k) (a(e, 6, u)) 

[ ] m1 [ 2 ] m2 [IL ] m,. X orrj a(e,6,u) orrj a(e,6,u) ... orrj a(e,6,u) 

(k) [ ]m1 [ 2 ]m2 [ ]ml'} - h (a(e,6,u)) orrj a(e,6,u) orrj a(e,6,u) ... 0~ja(e,6,u) , 

( 4.1.24) 

where the summation is over all tuples (mI, ... , mIL) of natural numbers, such that 
mI + 2m2 + ... + JLm lL = 1 while JL varies from 1 to l; here k = mI + ... + mw Let 
us use the elementary formulas 

bI .. ·bv - b~·· ·b~ = (b I - bDb2 · .. bv + b~ (b2 - b~)b3" ·bv + ... +b~ b~·· ·b~_l (bv - b~); 

bv - (b't = (b- b')(bV - I + bv- 2b' + ... + (b't- I . 

Each summand in (4.1.24) is a sum of expressions containing one of the 
differences 

or 

multiplied by a bounded function and by a homogeneous function of the degree 
mICr-l)+m2Cr-2)+·· ·+mvCr-v) = ,k-l (in the first case), or ,k-l-mvCr-v) 
(in the second case). Further, 

ih(k)(a(e,6,u)) - h(k)(a(e,6,u))i ~ Cla(e,6,u) -a(O,6,u)1 ~ CI6 -6IAlul'Y; 

i[0~ja(O,6,u)rv - [0~ja(O,6,u)]mvi ~ 016 -6IAlulmvh-v). 

Thus for lui ~ 2 

10;j [h(a(O, 6, u)) - h(a(e, 6, u))]1 ~ 016 - 6IAlul'Y-I ; 

for h(s) = e- s , lu121, we get 

With these estimates taken into account the proof of Lemma 4.3 goes just like 
that of Lemma 4.1. D 

The next lemma can be proved in a similar way. 
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Lemma 4.4. Assume the conditions of Lemma 4.2. Then 

where C does not depend on 6,6,e,r. 

Under the above conditions (A41 ), (A42 ) we obtain from Lemmas 4.1 - 4.4 
the following estimates of the parameterized fundamental solution Z (uniformly 
with respect to the parameters): 

lo;Zo(t - /-l,X - y,e,~)1 :s: Cx(t - /-l) [(t - /-l)lh + Ix - ylrn-')'-Ix" (4.1.25) 

Ixl :s: N - 2n - b]' 

IOtZo(t - /-l, x - y, e, ~)I :s: C [(t - /-l)lh + Ix _ yl] -n-,), ; 

IZo(t - tL,x - y,e,6) - Zo(t - tL,X - y,e,6)1 

:s: C(t - /-l)16 - 61'\ [(t - /-l)lh + Ix _ yl] -n-')'; 

IOtZo(t - /-l, x - y, e, 6) - OtZo(t - tL, x - y, e, 6)1 

:s: C(t - tL)16 - 61'\ [(t - tL)lh + Ix _ yl] -n-2')'. 

We have the equation 

J Zo(t - /-l,X - y,e,~)dy = 1, z,~ E ]Rn, t > /-l, e 2 0, 

IRn 

( 4.1.26) 

(4.1.27) 

(4.1.28) 

(4.1.29) 

which follows from (4.1.17) and the Fourier inversion. Using (4.1.26) we get from 
(4.1.29) that 

J OtZ(t - /-l,X - y,e,~) dy = O. (4.1.30) 

IRn 

The inequality 

J OtZ(t - tL, x - y, /-l, y) dy :s: C(t - tL)-1+,\h (4.1.31) 

IRn 

follows from (4.1.30) and (4.1.28). 

4.1.5. An example. As we see from the above estimates, the fundamental solu
tion has at least a power-like decay at infinity. The next example shows that the 
estimates are exact, so that, in contrast to the parabolic differential equations 
considered in Chapter 2, here the FSCP does not possess an exponential decay. 
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Let n = 1, a(t, x,~) == I~I'Y, 1 < , < 2, al = ... = am = O. We shall consider 
the asymptotics of the function 

00 

Zo(t,x) = ~Re J e-ixH~I'Ytd~, t > 0, ( 4.1.32) 

o 

as x ---> 00 and t is fixed. Since the function Zo is even in x, it is sufficient to 
consider x ---> +00. We also may set t = 1; the general case is obtained by a change 
of variables. 

Let us calculate the Mellin transform 
00 

(Mg)(s) = J xS-1g(x) dx, 0 < Res < 1, 

o 
1 00 

of the function g(x) = - J cix~-IW d~. The path of integration in (4.1.32) may 
7ro 

be replaced by a ray arg~ = -0, 0 < 0 < 7r/2" so that 

with 

00 00 

(Mg)(s) = J dx J G(x, r, s) dr 
o 0 

G(x,r,s) = ~xS-le-i8exp(-irxe-i8)exp(-r'Ye-i-y8). 
7r 

For 0 < J < 7r /2, we obtain that 
00 00 J dr J IG(x,r,s)ldx = 7r\a-S'r(s')b(S'-l)hr C ~ s'), 

o 0 

( 4.1.33) 

with s' = Re s, a = sin J > 0, b = cos(rJ) > O. Hence Fubini's theorem may be 
applied to the integral (4.1.33). Setting z = ixexp{ -iJ} we rewrite the integral in 
x as an integral along the ray arg z = ~ - J. The latter integral can be replaced 
by an integral along the positive half-axis and evaluated in a closed form. The 
remaining integration in r is performed similarly - by the change of variables 
z = r'Y e-i-y8 we obtain an integral along the ray arg z = -,0, and then replace it 
by the integral along the positive half-axis. As a result, we find that 

(Mg)(s) = ~(-i)sr(s)r (1- s) . 
7r, , 

If f(x) = Zo(l,x), then for a real s we have (Mf(s) = Re(Mg)(s). Using the 

identity r(z)r(l - z) = ~ we find that 
sm 7rZ 

1 r(s)r(~) 
(Mf)(s) =;:y' r (1;8) r (1!8)' (4.1.34) 
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By analytic continuation, the identity (4.1.34) is valid on the strip 0 < Re s < 
1. The inverse Mellin transform is given by 

c+ioo 

Zo(l,x)=~ J x- S (Mf)(s)d3 
2m 

c-ioo 

where the path of integration is the straight line from c - ioo to c + ioo with 
0< c < 1. Replacing 3 by -3 and inserting (4.1.34) we get 

(4.1.35) 

The path of integration in (4.1.35) may be deformed into one running clockwise 
around lR+-c. Now the formula (4.1.35) is actually the Fox function representation 
(see Appendix) 

Zo(l,x) = -H22 x "I "I 
1 11 [ 1(1 - 1,1) , 
, (0,1), 

(~, ~)l· 
(~,~) 

( 4.1.36) 

The representation (4.1.36), together with the asymptotic formula (A.17) 
from the Appendix, shows that 

( ) 1 . 7r, 1 Zo 1,x rv-r(l+,)sm-·x- -"I, x-+oo. 
7r 2 

This asymptotic relation means that the estimate (4.1.25) is exact. 

4.1.6. Heat potential. Let us consider the heat potential 

t 

u(t, x, T) = J dj.j J Zo(t - j.j, x - y; j.j, y)f(j.j, y) dy. (4.1.37) 
T IRn 

We assume the above conditions (A4d, (A42 ) with N 2: 2n + 2bJ + 1. Suppose 
also that 

where 0 ::; p < 1, 0 < A ::; 1. The integral in (4.1.37) is absolutely convergent due 
to (4.1.25). It also follows from (4.1.25) that the function u(x, t, T) has continuous 
derivatives in x of any order < " and they can be obtained by differentiating 
under the integral sign. 
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Just as in the case of parabolic partial differential equations (see, e.g., Prop
erty 2.6), we obtain the formula 

t 

Otu(t, x, r) = 1(t, x) + J dB J OtZo(t - B, x -~; B, 0[1(B,~) - 1(B, x)] d~ 

t 

+ J 1(B,x)dB J OtZo(t-B,x-~;B,~)d~. (4.1.38) 

r IRn 

The proof is based on the estimates (4.1.26), (4.1.28), and (4.1.31). 
Now we shall consider the action of HSI operators Do of the form (4.1.9) 

on the potential (4.1.37). For brevity we do not indicate the dependence on the 
parameter t in the characteristics and symbols of HSls. 

Let us begin with the simplest case when 0: < 'Y. Take 0: not an integer, and 
let l2: [0:] + 1. It follows from (4.1.10) and (4.1.25) that for Ihl :::; (t - f1lh, 

I (ahZo) (t - J-L,X - y;J-L,y)1 
I 

:::; Clhl[a]+l (t - J-L) L [(t - J-L)lh + Ix _ BI/vh _ yl] -n-,,-[a]-l , 
1/=0 

0< BI/ < 1. (4.1.39) 

By (4.1.25), 

I 

I (ahZo) (t - J-L,X - y;J-L,y)1 :::; C(t - J-L) L [(t - J-L)lh + Ix - y - vhlrn-", 
1/=0 

(4.1.40) 

for Ihl 2: (t - J-L)lh. For 0: < 'Y from these estimates and the Fubini theorem we 
get that the HSI Do converges absolutely, and 

t 

(Dou) (t, x, r) = J dJ-L J Zo(t - J-L, x, x - y, J-L, y)1(J-L, y) dy (4.1.41) 

r IRn 

where Zo = DoZo, that is 

Zo(S,x,z,p,/3) = (21lr n J [2(x, a-) exp{i(z,IJ) - a(p,/3,IJ)s}dIJ, 
IR n 

[2 being the symbol of the HSI under consideration. By using (4.1.12), it is easy 
to see that (4.1.41) remains in force also in the case of an odd integer 0: < 'Y and 
an even characteristic n. 
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The case a = , is much more complicated. Assume that the symbol O(x, u) 
has N ~ 2n + 2[,] + 1 continuous derivatives in u i= 0, and that 

la;n(x,u)1 :S CNlul,-lxl, 

la; [O(x,u) - O(y,u)] 1 :S CNlx - YIAlul,-lxl, Ixl :S N. 

Let also O(x, u) i= 0 if u i= O. If, is an integer, and the symbol O(x, u) is not a 
polynomial in u (which is possible only for an odd, and an even characteristic 
n), we assume in addition that in the expansion 

__ -1 <Xl 82 /./ 

[n(x,u)] = LLc2V,I,¥2v,j.L(U), lui = 1, 
1/=0j.L=1 

~V,j.L(x) = 0 if, = n+2v+2k, k = 0,1,2, .... We shall not consider the case when 
n is a polynomial in u because it is covered by the classical theory of parabolic 
differential equations. 

Lemma 4.5. Under the above conditions the hyper-singular integral D~u exists in 
the sense 0/ the conditional convergence (4.1.11), and 

t 

(D~u)(t, x, T) = J dp, J Zo(t - p" x, x - y, p" y)[/(p" y) - /(p" x)] dy 
T Rn 

t 

+ J /(p" x) dp, J [Zo(t - p" x, x - y, p" y) - Zo(t - p" x, x - y, p" x)] dy, 
T 

where Zo = D~Zo, that is 

Zo(t, x, z, B,~) = (21f) -n J O(x, u) exp{ i(z, u) - a(B,~, u)t} du, 

and O(x, u) is the symbol of the hyper-singular integral operator D~. 

Proof Denote 

t-s 

( 4.1.42) 

us(t, x, T) = J dp, J Zo(t - p" x - y; p" y)/(p" y) dy, 0 < s < t - T. 

Using (4.1.39) and (4.1.40) we prove the absolute convergence of the hyper-singular 
integral D~us, and the formula 

t-s 

(D~us) (t, x, T) = J dp, J Zo(t - p" x, x - y, p" y)/(p" y) dy. 
T IRn 
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We shall need the following properties of the function Zn: 

J Zn(t,x,z,B,Odz=O; 

IZn(t - fJ,X,X - y,fJ,y)1 :S G [(t - fJ)l/i + Ix - ylrn
-

i
; 

IZn(t - fJ,X,X - y,fJ,Y) - Zn(t - /-l,X,X - y,fJ,x)1 

:S Glx - YI'\(t - fJ) [(t - fJ)l/i + Ix _ YI] -n-
2

i . 

(4.1.43) 

(4.1.44) 

(4.1.45) 

The formula (4.1.43) is a consequence of (4.1.29); we use (4.1.39), (4.1.40), and the 
Fubini theorem. The inequality (4.1.44) follows from Lemma 4.2, while (4.1.45) is 
a consequence of Lemma 4.4. 

According to (4.1.43), 

t-s 

(D~us) (t, x, T) = J dfJ J Zn(t - fJ, x, x - y, fJ, y)[f(fJ, y) - f(fJ, x)] dy 

T IRn 

t-s 

+ J f(fJ, x) dfJ J [Zn(t - fJ, x, x - y, fJ, y) - Zn(t - fJ, x, x - y, fJ, x)] dy. 
T IRn 

( 4.1.46) 

Let <I>(t, x, T) be the function in the right-hand side of (4.1.42) (the integrals con
verge due to (4.1.44), (4.1.45)). Taking into account (4.1.44), (4.1.45) we see from 
(4.1.46) that uniformly with respect to x E ]Rn, 

lim (D~U8) (t, x, T) = <I>(t, x, T). 
8-->0 

(4.1.47) 

Let us consider the restricted hyper-singular integral 
t-s 

(D~,€us) (t,X,T) = J d/-l J Zn,€(t-fJ,X,x-y,fJ,y)f(/-l,y)dy, (4.1.48) 

where c > 0, Zn,€ = D~,EZ. Our immediate goal is to obtain an integral represen
tation expressing D{l,cUS in terms of D~us. We introduce the constant characteris-

tic n~(a) = n(~, a) depending on ~ E]Rn as a parameter. Let O~ be the correspond
ing symbol. Fixing the rest of the variables we denote F(x) = Z(t - fJ, x - y; fJ, y) 
and express F via D~<F. Since the Fourier transform of the function G~ = D~<F 

equals O~(()F((), we find that 

F(x) = (21f)-n J ei(·x G~(() d( = (21f)-n J ~(() de, 
IRn n~ (() IRn Od () 

where Gx,dz) = (D~<F) (x + z). 
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Let us expand the homogeneous function l/n~ in a series of spherical har-
monics: 

1 _ 00 bv 
( ( ) 

n~(() = 1(1 ,~~g"JL(~)Y"JL Rl . 
For each fixed ~ E IRn the series converges uniformly with respect to (, so that 

(4.1.49) 

The Fourier transform (in the sense of the space Sf (IRn)) of the distribution 

I(I-'Y"I" (I~I) equals 

i"1fn/22n-,r((n + v -,)/2) Izl,-ny" (~) 
r((v+,)/2) I" Izl 

(see (4.1.8)), where Y"I"(a) = Y"I"(-a). Strictly speaking, we cannot use this to 
transform the integral in (4.1.49), since Cx,~ 1:. S(lRn). However if n/2 < Re>.. < n, 
then the formula 

=."1fn/22n- Ar((n+v->..)/2)!C (z)lzIA-ny;- (~) dz (4150) 
• r((v + >")/2) x,~ "1" Izl .. 

IRn 

is nevertheless valid, since in this case the function I(I-AY"I" (I~I) can be rep

resented as a sum of functions from L1 (lRn) and L2(lRn). An explicit form of the 
function C x ,€ and the estimate for the function C x ,€ (see [150]) enable us to per
form in the standard way [87, 150] the analytic continuation in >.. and to prove 
(4.1.50) for>.. =,1= n + v + 2k, k = 0,1,2, .... 

Denote 

H(~ ) = n/22n-'1 II'-nr((n + v -,)/2) 
,z 1f z r((v+,)/2) 

~~."r((n+v-,)/2) (z) 
Xf='o~z r((v+,)/2) g"I"(~)Y"1" r;T . 

The series converges uniformly with respect to z. Moreover, it follows from (4.1.5), 
(4.1.6), and (4.1.7) that the function H(~, z) is smooth in z for z 1= 0: H(~,·) E 
CiT1+1(sn-l). Now 

F(x) = (21f)-n ! H(~, z) (D~<F) (x + z) dz, 
IRn 
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whence 

Writing out the expression for the difference a~ in detail and making the substi
tution h = 1(ly, ( = E"I, after elementary transformations we get 

(n;E,E F ) (x) = J K(~, "I) (n;EF) (x - E"I) d"l, (4.1.51) 

IRn 

where 

(4.1.52) 
We need the following auxiliary result. 

Lemma 4.6. The function K(~, "I) is integrable with respect to "I, and 

J K(~, "I) d"l = 1. (4.1.53) 

IRn 

Proof. An estimate of K for 1"11 -> 0 immediately follows from (4.1.52): 

(4.1.54) 

In order to obtain an estimate for 1"11 -> 00, we first prove that 

(4.1.55) 

for any "I =f. O. 
Let us consider the functional 

(R, cp) = lim J cp(x) (nnvH1) (x) dx 
E-->O 

IRn 
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defined on real-valued <p E S(JRn). Writing the difference operator explicitly, after 
interchanging integrals we find that 

(R,<p) = limJHl(~'T/) (D~* E<P) (T/)dT/, n~(O) = n.;(-O). 
E---+O ~, 

IRn 

By (4.1.13), 

( 4.1.56) 

where the constant does not depend on c 2': O. Therefore 

(R,<p) = J Hl(~,T/) (D~~<p) (T/)dT/. (4.1.57) 

IRn 

The functional R is continuous, that is R E S'(JRn). Indeed, if <Pm -+ 0 in 
S(JRn), we have 

I(R,<Pm)l::; J IHl(~,T/) (D~~<Pm) (T/)I dT/+ J IHl(~,T/) (D~~<Pm) (T/)I dT/. 
1'11$1 1'11>1 

The second summand tends to 0, as m -+ 00, by the estimate (4.1.56) with c = 0 
and the constant independent of m. In the first summand the HSI D~*<Pm is 

I; 

estimated directly with the use of (4.1.10). 
Let us calculate the Fourier transform R, 

where cp is the inverse Fourier transform of <po By (4.1.57), 

(R,<p) = J Hl(~,T/) (D~~cp) (T/)dT/. 
IRn 

Since the symbol of the HSI D~* equals n.;( -C), we find that 
" 

(R,<p) = (21r)n J Hl(~,r])F(-.!.1J [n~(-()<p(-()] dr]. 

IRn 

As before (see (4.1.50)) we can throw the Fourier transform over HI, and 
since HI emerged from the expansion of l/n in spherical harmonics, we come to 
the equality 

(R, <p) = J <p(() d(, 
IRn 

that is R = O. 
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Suppose that the support of the function 'P is contained in a layer 1/ < Ixl < 
N. Direct estimates show that I (D~o,HI) (x) I ::; C for 1/ < Ixl < N where C 

depends on 1/ and N, but does not depend on c. Then we may pass to the limit, 
as c --> 0, in the integral defining the functional R, and since (R, 'P) = 'P(O) = 0, 
we find that 

Since 'P is arbitrary, this implies (4.1.55). 
Using (4.1.55) we can rewrite (4.1.52) for 1] =I- 0 as 

Suppose first that I is not an integer. Since HI E Cbl+l(sn-I), we find that 

and an elementary estimate based on (4.1.10) shows that 

(4.1.58) 

where b} is the fractional part of f. 
Thus, for the case, where I is not an integer, the inequalities (4.1.54) and 

(4.1.58) imply the integrability of K. 
Let I be an odd integer, and the characteristic n be even. Then our HSI can 

be defined by the formula (4.1.12) with I = f. For this case 

(1+1)/2 

X L ejl J (4.1.59) 

where cjl = 1 for /-l = 1,2, ... , (l-1)/2, and C(l+I)/2 = 1/2. It follows from (4.1.59) 
and (4.1.10) that in this case 

(4.1.60) 

Again, (4.1.54) and (4.1.60) imply the integrability of K. 
We have actually proved the relation (4.1.51), with an integrable function K, 

for a general class of functions F, for example, for any non-zero F E S(I~n) whose 
Fourier transform vanishes on a neighbourhood of the origin. For such a function 
F, D~,F E S(JRn ) and does not vanish identically. In this situation we may pass 
to the limit in (4.1.51), as c --> 0, which implies (4.1.53). D 
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Continuation of the proof of Lemma 4.5. Now we return to 

F(x) = Zo(t - /1, x - y; /1, y). 

Setting ~ = x in (4.1.51) and returning to the previous notation we find that 

Zn,E(t - /1, x, x - y, /1, y) = J K(x, ry)Zn(t - /1, x, x - cry - y, /1, y) dry. 
IR n 

Substituting in (4.1.48) we get that 

(D~'EUS) (t,x,r) = J K(x,ry) (Dllus ) (t,x - cT/,r)dT/. (4.1.61) 

IRn 

As s ...... 0, we have that us(t, x, r) ...... u(t, x, r), uniformly with respect to 
x E ]Rn. Hence for s ...... 0, 

Using (4.1.47) we pass to the limit in (4.1.61) as s ...... O. Then 

(D~'EU)(t,x,r) = J K(x,T/)q,(t,x-cT/,r)dT/. (4.1.62) 

IRn 

It follows from the uniform convergence (4.1.47) that the function q,(t, x, T) is con
tinuous in x. Now from (4.1.62), (4.1.53), and the dominated convergence theorem 
we get the existence of the limit 

(D~u) (t, x, T) = lim (D~ EU) (t, x, T) = q,(t, x, T). 
6---+0 ' 

o 

4.2 Cauchy problem 

4.2.1. Existence of a solution. By a solution of the problem (4.1.1), (4.1.2) we mean 
a bounded function u( t, x), jointly continuous on lIlO,T], which satisfies the initial 
condition (4.1.2), and satisfies the equation (4.1.1) with A and Ak replaced by 
the appropriate conditionally convergent hyper-singular integral operators D~ and 
D~: ' or by differential operators understood in the classical sense, if corresponding 
symbols are polynomials in ~. 

Theorem 4.1. The Cauchy problem (4.1.1), (4.1.2) possesses a solution 

t 

u(t,x) = J dT J r(t,x;T,~)f(T,Od~+ J r(t,x;O,~)'P(~)d~, (4.2.1) 

o IRn IRn 
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where a fundamental solution r( t, x; T, ~), x, ~ E IRn, 0 S T < t S T, is of the form 

r(t, x; T,~) = Zo(t - T, X -~; T,~) + W(t, x; T, ~), ( 4.2.2) 

IW(t,x; T,~)I S c{ (t - T)C1+>-)h [(t - T)lh + Ix - ~Irn-, 

n+1 } + (t - T) L [(t - T)lh + Ix _ ~I] -n-,k , 
k=l 

,m+1 = ,- A, (4.2.3) 

while Zo satisfies the estimates (4.1.25)-(4.1.28). 

Proof. According to the usual scheme of the Levi method, the FSCP is sought in 
the form (4.2.2), where 

t 

W(t,X;T,~) = J df1 J Zo(t-f1,X-"7;f1,"7)If.>(f1,"7;T,~)d"7, (4.2.4) 
T IRn 

and If.> is determined from the integral equation 

t 

If.>(t,X;T,~) = P(t,X;T,~) + J df1 J P(t,X;f1,"7)If.>(f1,"7;T,~)d"7, (4.2.5) 

T IRn 

in which 

P(t,x; T, ,) ~ (2.)-n j [a(T", a) - a(t, x, a) - ~ a'(t,",a)] exp{i(x -" a) 

- a( T,~, O")(t - T)} dO". 

By Lemma 4.2, 

IP(t,X;T,~)1 S c { (t - T)- ~-1 [Ix - ~I.\ + (t - T).\h] [1 + (t _ T)-lhlx-~I] -n-, 

+ ~(t_T)-(n+'k)h [l+(t_T)-lhIX_~lrn-'k}, (4.2.6) 

whence 

IP(t,X;T)~)1 sc{ [(t-T)l h + Ix-~Irn-,+.\ + ~ [(t-T)l h + Ix_~lrn-'k }. 
(4.2.7) 
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The integral equation (4.2.5) can be solved by the method of successive ap
proximations : 

00 

<I>(t, x; r,~) = L Pv(t, x; r, ~), (4.2.8) 
v=l 

where H = P, 

t 

Pv+l (t, x; r,~) J dj.l J P(t, x; j.l, ry)P(j.l, ry; r,~) dry, z; = 1,2, .... 

T IRn 

We get estimates of the iterated kernels by induction from (4.2.7) and Lemma 
1.11: 

IPv(t,x;r,~)1 ::; CMV(t - r)(v-l),\h [~~~(;~; {[(t - r/h + Ix - ~Irn-I+'\ 

+ ~ [(t _ r)lh + Ix _ ~I]-n-'k}. 

From this and the Stirling formula we deduce the convergence of the series (4.2.8), 
along with an estimate of the solution <I>: 

1<I>(t,x;r,~)I::; C { [(t-r)lh + Ix_~lrn-'+A + ~ [(t-r)lh + Ix_~lrn-'k }. 

(4.2.9) 

The inequality (4.2.3) follows from (4.2.9) and Lemma 1.11. 
Let P = P{ - P~ where 

P{ (t,x;r,~) = (21l')-n J [a(r,~,a) - a(t,x,a)]exp{ i(x -~,a) - a(r,~,a)(t-r)}da, 

P~(t,x;r,~) = (21l')-n f J ak(t,x,a)exp{ i(x - ~,a) - a(r,~,a)(t - r)}da. 
k=\in 

We consider the function 

R(x, y, t,~, r) = P(t, x; r,~) - P(t, y; r,~) 

= Rl (x, y, t,~, r) - R2 (x, y, t,~, r), Ix - yl ::; 1, 

where 
Rj(x,y,t,f;,r) = Pj(t,x;r,f;) - Pj(t,x;r,f;), j = 1,2. 
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Let us estimate IR11. Assume first that Ix-yl 2 (t-T)lh. Let >..', 0 < A' < >.., 
be fixed. Carrying out an estimate as in (4.2.6), we get that 

where ~ is the one of the points x or y that is closest to ~. 
Now assume that Ix - yl ::; (t - T)1/"Y. We write R1 in the form 

R1 (x, y, t,~, T) 

= (21T)-n/2 j {exp[i(x - ~,a)] - exp[i(y - ~,a)]} 

x [a(T, C a) - a(t, x, a)] exp[-a(T,~, a)(t - T)] da 

+ (21T)-n/2 j[a(T, y, a) - a(t, x, a)] exp[i(y -~, a) - a(T,~, a)(t - T)] da 

== Rll + R12 . 

Using Lemma 4.2 and the fact that either Iy - ~I 2 Ix - ~I, or 

Ix - ~I). :::; 2). (Ix - yl). + Iy - ~I).) :::; 2). [(t - T).h + Iy - ~I).] , 

we arrive at the estimate 

IRll (x, y, t,~, T)I :::; C(t - T)-(n+y-).)h [1 + If - ~I(t - T)-l h rn
-I'+).. (4.2.10) 

On the other hand, 

exp{ i(x -~, a)} - exp{ i(y - ~,a)} 

1 

= i[(x - y,a)] j exp{i(y - ~,a(l- p)) + i(x - ~,ap)} dp, 
o 

whence 

Rll(x, y, t,~, T) = i j (x - y, a) {J exp{i(y -~, a(l - p)) + i(x -~, ap)} dP} 
IRn 0 

x [a(T,~, a) - a(t, x, a)] exp[-a(T,~, a)(t - T)] da, 

IRll(X,y,t,~,T)1 ::; Clx - yl J lal1+1' exp[-aolall'(t - T)] da, 
IRn 
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so that 
IRll (x, y, t,~, T)I ::; Glx - yl(t - T)-(n+y+l)h. (4.2.11) 

We raise both sides of (4.2.11) to the power c E (0,1) and both sides of 
(4.2.10) to the power 1 - c, and multiply the resulting inequalities getting 

IRll (x, y, t,~, T)I 

An estimate of R12 follows at once from Lemma 4.2: 

IRdx,y,t,~,T)I::; Glx-yl'\t - T)-(n+'Y»h [1 + Iy -~I(t _ T)-lh] -n-'Y 

:S Glx - yl>" (t - T)-(n+'Y->'+>"»h [1 + If _ ~I(t _ T)-lh] -n-'Y+>'. 

Suppose that 

, . (A ry-A) 
c <mm A+1'n+ry-A ' ). ::; min(A', c'), >. = max(A',c'(A + 1)), 

and 5. = A + (n + ry - A)c'. Combining the above estimates, we get 

where 0 < ,\ < A, 0 < >. < A, and 5. < ry. 
An estimate of R2 is obtained similarly: 

IR2(X,y,t,~,T)1 

::; Glx - yl). f { (t - T)-(n+'Yk+E)h [1 + If - ~I(t _ T)-lh] -n-'YdE(n+'Yk) 
k=l 

+(t - T)-(n+'Yk)h [1 + If - ~I(t _ T)-lh] -n-'Yk } , (4.2.13) 

where c E (0,1) can be chosen arbitrarily (and the constants G and). depend, of 
course, on c). 

We consider a function u(t, x) of the form (4.2.1) and see that it is a solution 
of the problem (4.1.1), (4.1.2). Let 

t 

Ul(t,X) = J dT J f(t,x;T,~)f(T,~)d~, 
o JR:n 

U2(t, x) = J f(t, x; 0, ~)cp(~) d~. 
JR:n 
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Then, by (4.2.2) and (4.2.4), 

t t 

UI(t,X)= J dT J Z(t-T,X-~;T,~)f(T,~)d~+ J df.l J Z(t-f.l,X-T);f.l,T))F(f.l,T))dT), 
o ~n 0 ~n 

( 4.2.14) 
t 

U2(t,X) = J Z(t,x-~;O,~)'P(~)d~+ J df.l J Z(t-f.l,X-T);f.l,T))G(f.l,T))dT), (4.2.15) 
~n 0 ~n 

where 

J1 

F(f.l,T)) = J dT J if>(f.l,T);T,Of(T,Od~, G(J-t,T)) = J if>(f.l,T);O,O'P(Od~. 
o ~n ~n 

The interchange of integrals is justified with the help of (4.1.25), (4.2.9), Lemma 
1.11, and Fubini's theorem. 

Let us study properties of F and G. According to (4.2.5), 

t 

if>(t, x; T, 0 - if>(t, y; T, 0 = R(x, y, t,~, T) + J df.l J R(x, y, t, T), f.l)if>(f.l, T); T, 0 dT). 
T ~n 

Using (4.2.9), (4.2.12), (4.2.13), and Lemma 1.11, after elementary transformations 
we get 

W(f.l, T))I ~ C, 

IG(f.l,T))1 ~Cf.l-P, 

where p < 1 and 0 < A < 1. 

W(f.l, T)I) - F(f.l, T)2)1 ~ CIT)I - T)21A, 

IG(J-t,T)I) - G(f.l,T)2)1 ~ CIT)I - T)2I A f.l- p , 

Thus, (4.2.14) and (4.2.15) give a representation of u(t, x) as a sum of volume 
potentials to each of which Lemma 4.5 is applicable. Computing the derivative 
with respect to t according to (4.1.38), and the HSls DNk U and Dl1u according to 
(4.1.41) and (4.1.42), we see by a direct calculation that u(t,x) satisfies (4.1.1). 

Next, it is obvious that UI(O,X) = O. Moreover, it follows from (4.1.25) and 
(4.2.3) that UI (t, x) --; 0 as t --; 0, uniformly with respect to x E IRn. It also follows 
from (4.2.3) that 

J W(t, x; 0, O'P(~) d~ --t 0, as t --; 0, 
~n 

uniformly with respect to x E IRn. Consider the function 

v(t, x) = J Z(t, x - ~; 0, ~)'P(~) d~ =: VI (t, x) + V2(t, x) 
~n 
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where 

V2(t,X) = j[Z(t,x - ~;o,~) - Z(t,x - ~;O,x)]cp(~)d~. 
IRn 

Using (4.1.27) we see that V2(t,X) -> ° as t -> 0, uniformly with respect to 
x E ]Rn. Finally, by (4.1.29), 

V1(t,X) = cp(x) + j Z(t,x - ~;O,x)[cp(~) - cp(x)] d~. 

It follows from the definition (4.1.17) of the function Z that 

Z(t, x -~; 0, x) = e nh Z(l, e 1h(x - ~); O,x). 

(4.2.16) 

After the substitution in (4.2.16) and the change of variables y = e 1h(x -~) we 
find that 

V1(t,X) =cp(x) + j Z(1,y;0,x)[cp(x-t1hy)_cp(x)]dy. 
IRn 

Using (4.1.25) and the dominated convergence theorem and taking into account 
that cp is continuous and bounded, we get that V1(t,X) -> cp(x) as t -> 0, for all 
x E ]Rn. Moreover, if Xk ----. Xo, t -> 0, then Vl(t,Xk) -> cp(xo). Combining this 

k--+oo 

with what was proved above, we come to the conclusion that u(O,x) = cp(x), and 
u(t,x) is jointly continuous on [O,T] xJRn . D 

There is also a version of (4.2.1) for the case when the equation (4.1.1) is 
considered for t > T, with the initial condition U(T,X) = cp(x). Then a solution of 
the Cauchy problem is given by the formula 

t 

u(t,x) = J de J r(t,x;e,~)f(e,~)~+ J r(t,x;T,~)cp(~)d~. (4.2.1') 

4.2.2. Non-negative solutions. Let us consider a subclass of equations of the form 
(4.1.1) whose solutions have properties similar to those of solutions of second order 
parabolic differential equations. 

Consider the equation (4.1.1) with f (t, x) = ° and 1 ::; "'I ::; 2. Assume the 
conditions of Section 4.1.1. In particular, if "'I = 2, then 

n 

-A = L ajz(t,x)8X/Jx1 

j.l=l 
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is a second-order elliptic differential operator whose coefficients will be assumed 
real-valued. Representing all the \liDOs as HSIs we write (4.1.1) in the following 
form, which encompasses both the case, = 2 and the case, < 2: 

n 

Lu = Otu(t,x) - (3 L ajl(t,x)OXjOX,U(t,x) 
j,l=l 

1- (3 J ( h) ('~hu) (t,x) 
+ dn,l(r) n t,x'Th1 Ihln+'r dh 

IRn 

n 

+ Lbj (t,x)8Xj u(t,x) = 0, 
j=l 

(4.2.17) 

where the coefficients bj(t,x) are real-valued, (3 = 1 if, = 2, and (3 = 0 if, < 2. 
The last sum in (4.2.17) is absent if , = 1. 

We also assume the following additional condition. 

(A44) The characteristics nand nk are even (except, possibly, those nk, for 
which 'k < 1) and non-negative. 

Let u(t, x) be a solution of (4.2.17), jointly continuous on II[T,Tj and satisfying 
the initial condition 

U(T,X) = ip(x) (4.2.18) 

where ip is a continuous bounded function. As earlier, HSIs are understood in the 
sense of the conditional convergence (4.1.11). The function u( t, x) is assumed to 
be continuously differentiable with respect to x (if, > 1) and t for t > T, and if 
, = 2, also twice continuously differentiable with respect to x. 

Lemma 4.7. If ip(x) 2: 0 for all x E JR.n and u(t,x) ~ 0 as Ixl ~ 00, t > T, then 
u(t, x) 2: 0 for all x E JR." and t E [T, T]. 

Proof. It suffices to consider the case when u is real-valued. Let 

0: = inf u(t,x). 
(t,x)Ell[T,T] 

Suppose that 0: < O. We introduce the function 

v(t, x) = u(t, x) + (t - T)p (4.2.19) 

where P is a fixed number with 0 < p < -o:/(T - T). Obviously, 

inf v(t,x) < O. 
(t,x)Ell[T.T] 
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Since v(t, x) is jointly continuous on II[T,T] , V(T, x) = <p(x) 2: 0, and v(t, x) --? 

(t - T)p 2: 0 as Ixl --? 00, t > T, it follows that v(t,x) has a negative global 
minimum at some point (ta, xa). Here Xa E IRn and T < ta :=:; T. It is clear that 
\7 xv(ta, xa) = 0, Otv(ta, xa) = 0 if ta < T, and Otv(ta, xa) :=:; 0 if ta = T. It is 
known [83] that 

n 

L ajl(ta, xa)oxJlxjV(ta, xa) 2: o. 
j,l=l 

All the HSIs in (4.2.17) have even characteristics and orders less than 2. Therefore 
we may set 1= 1, so that 

(~~v) (ta, xa) = v(ta, xa) - v(ta, Xa + h) :=:; 0, 

which implies the inequalities 

Passing to the limit as E --? 0, we get similar inequalities for D~v and D~kk v. 
Thus, (Lv)(ta,xa) :=:; O. However in view of (4.2.19) (Lv)(ta,xa) = P > 0, and 

we have come to a contradiction. 0 

Let f(t,X;T,~) be a FSCP for the equation (4.2.17), and let 

u(t, x) = J f(t, x; T, ~)<p(~) df 

IRn 

( 4.2.20) 

Assume that the function <p has a compact support. It follows from (4.1.25) and 
(4.2.3) that u(t, x) --? 0 as Ixl --? 00, t > T. The function u(t, x) is a solution of the 
Cauchy problem (4.2.17)-(4.2.18). The next result follows now from Lemma 4.7. 

Theorem 4.2. If the condition (A44) is satisfied, then f(t, x; T,~) 2: ° for all x, ~ E 
IRn,t>T. 

As a corollary to Lemma 4.7 we also have the following fact. 

Lemma 4.8. If the condition (A44) is satisfied, then the problem (4.2.17)-(4.2.18) 
can have at most one solution tending to zero as Ixl --? 00. 

It is deduced in the standard way from Lemma 4.8 and the estimates (4.1.25) 
and (4.2.3) that for T < (J < t :=:; T, 

f(t, x; T,~) = J f(t, x; (J, y)f((J, y; T,~) dy. (4.2.21) 

IRn 

Lemma 4.9. If the condition (A44) is satisfied, then for all x E IRn, t > T, 

J f(t,X;T,~)~ = 1. ( 4.2.22) 

IRn 
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Proof. We write the operator L in the right-hand side of (4.2.17) in the form 
L = at + M. Suppose that 'IjJ E CO'(lRn ), 'IjJ(x) = 1 for Ixl ::; 1/2, and 'IjJ(x) = 0 for 
Ixl 2 1. Let 'Pv(x) = 'IjJ(x/v) , v = 1,2, .... 

Consider the Cauchy problem 

atu(t,x) + (Mu)(t,x) = Iv(t,x), t > T; 
U(T, x) = 'Pv(x), 

where fv(t,x) = (M'Pv)(t,x). 

( 4.2.23) 

( 4.2.24) 

The HSI operators D~ and D~: act on the function 'Pv E CO'(lRn ) as IJIDOs 
of the form (4.1.3). This implies that Iv is bounded and Holder continuous with 
respect to x (uniformly with respect to t). Therefore the solution of the problem 
(4.2.23)-(4.2.24) can be found from (4.2.1'): 

t 

u(t,x) = J dB J r(t,x;B,~)fv(B,~)d~+ J r(t,x;T,~)'Pv(~)d~. 
T IRn lRn 

According to (4.1.13), 

Using this estimate and the inequalities (4.1.25) and (4.2.3), we see that u(t, x) ---) 0 
as Ixl ---) 00, t > T. 

On the other hand, the function wet, x) == 'Pv(x) also satisfies (4.2.23)
(4.2.24). By Lemma 4.8, w(t,x) = u(t,x), so that 

t 

'Pv(x) = J dB J r(t,x;B,~)fv(B,Od~+ J r(t,x;T,~)'Pv(~)d~. ( 4.2.25) 

We have just used the estimate of fv for a fixed v. Now we study its behaviour 
as v ---) 00. Obviously, 

2 

(.1.~'Pv) (x) = ~)-l)kC~'Pv(x - kh) 
k=O 

2 

= ~)-l)kC~'IjJ((x - kh)/v) 
k=O 

= (.1.~/v'IjJ) (x/v), 

so that 
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According to (4.1.10), 

I (Ll;1P) (x/v)1 :::; Clsl 2 sup sup ID"1P(y)l:::; Clsl 2 . 
1,,1=2 yElRn 

From this we have 

where C is independent of v, x, and t. 
If "y < 2, then the proof that 1 (D~tpv) (t, x) 1 :::; Cv-, is similar. It is also 

obvious that IDKtpV(x)1 :::; Cv- 1K1 . 
Thus, Ifv(t, x)1 :::; Cv- cx for all x E ]Rn, t > T. It follows from (4.1.25), (4.2.3), 

and the dominated convergence theorem that 

as v ---t 00. Passing to the limit in (4.2.25) as v ---t 00, we get (4.2.22). 0 

Let B be a compact subset of ]Rn. 

Lemma 4.10. The following relations hold: 

1) lim sup J f(t, x; T, 0 dE, = O. 
v~CXJ Ixl;::'v,O:ST<t:ST 

B 

2) For any c > 0, 

lim sup J f(t, x; T, E,) dE, = O . 
.1->0 xEB,0:ST<t<t+8 

1~-xl>E 

The proof follows easily from (4.1.25) and (4.2.3). o 

Suppose now that the operator L is defined for all t 2: 0, and all the conditions 
of Sections 4.2.1 and 4.2.2 are satisfied for all T > O. Using Theorems 4.1 and 
4.2, the identity (4.2.21), Lemmas 4.8-4.10, and general theorems about Markov 
processes [40], we arrive at the following result. 

Theorem 4.3 The FSCP r(t, x; T, 0 is a transition density of a bounded non
terminating strict Markov process without second kind discontinuities. 
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4.3 On qualitative properties of solutions 
of some equations with constant symbols 

4.3.1. Introduction. In this section we use the estimates of the FSCP for an equa
tion with a constant (that is, independent of t, x) homogeneous symbol obtained 
in Section 4.1, in order to find conditions for the stabilization of solutions of the 
Cauchy problem, and also to prove a version of the Liouville theorem. The proofs 
are similar to the ones for parabolic differential equations [45, 71, 72, 75, 197]. 

First we repeat, in a form convenient for subsequent applications, some of 
the above definitions and results. 

We consider the equation 

Otu(t,x) + (Au)(t,x) = 0 (4.3.1) 

where A is a pseudo-differential operator with a symbol a(~), homogeneous of a 
degree 'Y ~ 1, satisfying the conditions: 

(A45) Rea(~) ~ ao > 0, ~ E IRn , I~I = 1; 

(A46) a(~) has N continuous derivatives in ~, ~ -I- 0, and 

for all x with Ixl S; N, N ~ 2n + 2['Y] + l. 
The simplest (but also the most important) example is the equation (4.3.1) 

with the symbol ao(,;) = 1';11', for which the condition (A46) is fulfilled for any x. 
We shall investigate properties of solutions of the equation (4.3.1) represented 

by the Poisson integral 

u(t, x) = J ZO(t,x-y)<p(y)dy ( 4.3.2) 

En 

and defined on the half-space IR~+l = {(t,x): 0 S; t < oo,x E JRn }. 

The function Zo(t, x - y) is given by the formula (4.1.17), that is 

Zo(t, x - y) = (27f)-n J exp{i(x - y,(J) - a((J)t}d(J. (4.3.3) 

En 

It will be convenient to rewrite this function as 

( 4.3.4) 

where 

G(z) = (27f)-n J exp{iz(J - a((J)} d(J. 
IRn 
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It follows from the estimates (4.1.25) for Zo that 

ID;G(z)1 ::; CxClxlh(1 + Izl)-'Y-Ixl, Ixl::; N - 2n - [r]. (4.3.5) 

We shall use also the equality (see (4.1.29)) 

J Zo(t,x-y)dy=1, t>O,XElRn , (4.3.6) 
IIltn 

whence J G(z) dz = 1. (4.3.7) 

4.3.2. Stabilization. Basic definitions and results. We consider solutions of the 
Cauchy problem (4.3.1) represented by the Poisson integral (4.3.2). 

Definition. A function u( t, x) defined on the half-space 1R~+1 = {( t, x) I ° ::; t < 
00, x E IRn} is said to stabilize to a function v(x), as t ---+ 00, 

1) uniformly on every compact subset oflRn, ifu(t,x) ---+ v(x) uniformly with 
respect to x E K, for every compact subset KeIRn; 

2) uniformly, ifu(t,x) ---+ v(x) uniformly with respect to x E IRn; 

3) at a point xo E IRn , if u(t,xo) ---+ v(Xo). 

Let us formulate a simple theorem giving sufficient conditions of the stabi
lization, uniform on every compact set. Denote by Re one of the coordinate angles 
of IRn , that is the set of points x E IRn whose coordinates satisfy the inequalities 
C1X1 ~ 0, ... ,CnXn ~ 0, where e = (c1' ... ,cn) is a fixed vector with the compo
nents equal to 1 or -1. Let Rea be the parallelepiped {c1X1 ::; a1, ... ,CnXn ::; an, 
ai > 0, i = 1, ... ,n}. Reab will denote the parallelepiped {bs ::; Xs ::; bs +a" if Cs = 

n 
1; bs - as :S Xs :S bs,if Cs = -1, s = 1, ... ,n}. Let A = IT as. 

s=l 

Theorem 4.4. Let the symbol a satisfy the conditions (A45 ), (A46 ), while the initial 
function r.p is bounded and continuous. Suppose that one of the following conditions 
is fulfilled: 

a) the function r.p has an angular limit mean value, that is the sequences 
1 A J r.p(y) dy, in which a1,···, an tend to infinity independently of each 

Rea 
other, have a finite limit l, the same for all the vectors e; 

b) the symbol a is an even function of the arguments 6, ... , ~n, and the func
tion r.p has the centrally-symmetric mean value, that is a finite limit l of the 
sequences 

1 
2A J r.p(y) dy, 

as the coordinates of the vector a tend to infinity independently of each other, 
and the limit is the same for all the vectors e; 
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c) the symbol a is an even function, separately in each of the arguments 6, ... , 
~n, and the function 'P has the limit mean value, that is the expression 

al an 

2~ A J ... J 'P(y) dy 

has a finite limit I, as aI, ... ,an tend to infinity independently of each other. 

Then u(t,x) ---+ I, as t ---+ 00, uniformly in every finite parallelepiped of the 
space ]Rn. 

Proof. Suppose that the condition a) is fulfilled. Note first of all that it is sufficient 
to consider the case I = 0, since 

u(t,x)-l= J Zo(t,x-y)[<p(y)-ljdy 

IRn 

and 

~ J <p(y) dy - I = ~ J ['P(Y) -lj dy ---+ 0, 

as aI, ... , an ---+ 00, since A is the volume of Rea. 
Secondly, if a function <p has the angular limit mean value I, then 

~ J 'P(y) dy ---+ I, 

Reab 

as al, ... , an ---+ 00, uniformly with respect to such vectors b that Ibkl ::; M, 
1 ::; k ::; n. Indeed, 

~ J 'P(y) dy -I = ~ J ['P(Y) -/j dy = Sa.b + ~ J ['P(Y) -lj dy, 

where Sa,b is a sum, in which every summand contains integrals of the form 

or 

tending to zero, as al, ... , an ---+ 00, uniformly with respect to bk , Ibkl ::; M. 
Writing our solution as 

u(t,x) = e nh J G((x - y)e1h)<p(y)dy 

IRn 
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we make the change of variables y = x + t1h fJ. Then 

u(t,x) = f G(fJ)cp(X+t1hfJ)dfJ 

Integrating by parts in (4.3.8) we obtain the equality 

( 
f3, f3n ) 

_ n 1h - -
u(t,x)-(-l) f 8f31··· 8f3n f···f cp(x+t fJ)dfJ dfJ· 

IRn 0 0 
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(4.3.8) 

(4.3.9) 

Here we used the estimates (4.3.5) and the boundedness of the function cpo 
We have to prove that u(t, x) -+ 0 uniformly with respect to x, Ixl :::; K, 

where K is an arbitrary positive number. In fact we shall show that for any E > 0 
and K > 0 there exists such T that lu(t, x)1 :::; E for arbitrary t > T and Ixl :::; K. 
Let us write the right-hand side of (4.3.9) as a sum of three integrals 

( 4.3.10) 

Here 

n1 = {(fJ1, ... ,fJn)13s E {l, ... ,n},lfJsl > Bs > O}, 
n2 = {(fJ1, ... ,fJn)1 'is E {l, ... ,n},O < h8 < IfJ81:::; B8 > O}, 
n3 = {(fJ1, ... ,fJn)l:3s E {1, ... ,n},lfJ81:::; hs }. 

The estimate (4.3.5) with Ixl = n and the assumption a) show that the inte
grals h, k = 1,2,3, exist and are bounded, uniformly with respect to t. Therefore, 
given E > 0, one can choose B s large enough, and h8 , s = 1, ... , n small enough, 
depending on 10, in such a way that for any t, x, 

E E 
Ihl < 3' Ihl < 3' 

Let us give an estimate of 12 . 

Consider the function 

f31 f3n 

gt(fJ) = f··· f cp(x + t1h /3) d/3 
o 0 

n 1 
= C nh IIfJi-n---

i=l II (t1hfJi) Xl 
i=l 
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Since 'P has zero angular limit mean value, for any J > 0 there exist such N 1 , 

... , Nn that, as soon as It1h ,Bsl > N" s = 1, ... ,n, for any x with IXjl :::: K, 
j = 1, ... , n, we have 

xn+t'h j3n J 'P(a) da < J. (4.3.11) 

Xn 

Now we choose the number 

J ~ 3~" (n Bijc1+ lfil)-("+') dfi) -, 
(Cn is taken from the inequality (4.3.5)), and the number T > 0 in such a way 
that 

Till' ~ max {Nih-:-l}. 
l$i$n ' 

Using the estimates for derivatives of the function G, and the inequality 
(4.3.11), we find that for any t > T, Ixi :::: K, 

Ihl :::: Cn J (1 + 1,B)-(n+l') Ig Bil 
{h;$lj3d$Bi ,i=1,2, .. ,n} 

x 
E 

'P(a)da d,B::::"3' 
Xn 

i=l 

Combining the estimates obtained for h, h,I3, we see that lu( t, x) I < E for t > T 
and IXj I :::: K. Thus, for the case a) the assertion has been proved. 

In the case b) we use the representation 

u(t, x) = ~ J G(,B)Oj3, ... oj3n 

x [7··. J 'P(X + t1(13) d13 + j ... j 'P(X + t1(13) d13] d,B, 
o 0 -13, -j3n 

( 4.3.12) 

while in the case c), in which G(,Bl,"" ,Bs,"" ,Bn) = G(,Bl,"" -,Bs,"" ,Bn), s = 
1, ... ,n, 

( 4.3.13) 
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The representations (4.3.12) and (4.3.13) make it possible to repeat the reasoning, 
used above for the case a), in the situations where we assume the existence of the 
centrally-symmetric mean value and the limit mean value respectively. D 

4.3.3. Necessary and sufficient conditions for uniform stabilization. 

Theorem 4.5. A solution (4.3.2) of the equation (4.3.1) with a bounded continuous 
initial function cp has the property of uniform stabilization, if and only if cp has a 
uniform limit mean value, that is 

S(N, x) = (2~)n J cp(y) dy ----> I, 
v X 

N 

as N -> 00, uniformly with respect to x. Here VN = {,8!I,8i -xii < N, i = 1, ... , n}. 

Proof. It is sufficient to consider the case I = O. 

1) Sufficiency. Let cp have the uniform limit mean value 0, that is for any E > 0 
there exists such No(E) that for all N > No(E) and any x, 

(2~)n J cp(y) dy < E. 
vx 

N 

Using the arbitrariness of x, we can establish a similar inequality, with the integrals 
taken not over cubes but over parallelepipeds VN" .... N n = {,8: l,8i - xii < N i , i = 
1, ... , n} where Ni tend to infinity independently of each other. This implies the 
existence of the zero angular limit mean values of cp, and (by Theorem 4.4) the 
stabilization of u( t, x) to zero. The arguments from the proof of Theorem 4.4 show 
that in this case the stabilization is uniform with respect to x. 

2) Necessity. Suppose that u(t,x) -> 0 uniformly with respect to x whereas the 
initial function does not possess the uniform limit mean value. This means that 
there exists such Eo > 0 that, for any positive No, we can find such N > No and 
such a point r] = (r]l, ... , r]n) that 

IS(N, r])1 > EO· ( 4.3.14) 

Consider a cube VB = {1(Zl,"" zn)1 < B}. Using (4.3.7) we write 

1 = J G(z) dz = J G(z) dz + J G(z) dz 
VB 

and choose B in such a way that 

J Eo 
IG(z)1 dz < 4' J EO 

IG(z)1 dz ~ 1- 4' ( 4.3.15) 

VB 
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After the change of variables y = x + ztlh the representation (4.3.2) takes the 
form 

u(t, x) = f G(z)rp(x + zt1h ) dz + f G(z)rp(x + zt1h ) dz = h + h. 
VB ~n\VR 

Suppose for simplicity that Irp(x) I :::: 1. Then 1121 :::: c;. 

The subsequent reasoning will be based on (4.3.15). Let us take a sequence 
Ncik) -) 00. By (4.3.14) we can find a sequence Nk -) 00, and points T}(k) , such that 
IS(Nk,T}(k))1 :::: co. In fact, we may assume that S(Nk,T}(k)) :::: co. Let us define a 

( CO ) I sequence of time instants tk = 8nBNk -) 00. We have 

{f G(z)rp(x + zt1h)dz + f G(z)rp(x + zt1h)dZ} dx 

~ r\~ 

> (2~k)n j, {l G(zMx c zt'h) dz } dx 

Nk 

We give an upper bound for the subtrahend in the last difference: 

II ( )Id co 1 f dx= co 
2 X x:::: "4 (2Nk)n 4 . 

~(k) 
VNk 
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Let us give a lower estimate of the minuend. We have 

~ G(z) dz (2~k)n V/., ,,(X) dx 

+ J G(z) dz (2~k)n [J <p(x + Zt1h ) dx - J <p(x) dX] dz 
VB Vry(k) Vry(k) 

Nk Nk 

:> V. G(z)dz . 

( fO) fO 
?: co 1- 4 - 4· 

Hence, 

( CO) co co co c6 
U(tk,x)dx ?:fo 1- 4 -4-4=2-4· (4.3.16) 

co c2 co 
We may assume that 2 - : ?: 4· 

(k) 

It follows from the inequality (4.3.16) that each V)Jk contains at least one 

point x(k), in which U(tk' x(k)) ?: c;. Since h ---> 00, this contradicts our initial 

assumption. 0 

4.3.4. Necessary and sufficient conditions for pointwise stabilization. The problem 
of finding necessary and sufficient conditions for pointwise stabilization is among 
the most subtle problems in the stabilization theory for parabolic equations and 
systems. In the problem of uniform stabilization (Theorem 4.5) the class of vol
umes, such that the existence of limit mean values of an initial function over them 
guarantees the stabilization of the solution, is wide enough and loosely connected 
with the equation under consideration. In contrast to that, necessary and sufficient 
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conditions for pointwise stabilization are formulated in terms of the limit mean 
values over volumes restricted by the level surfaces of the fundamental solution. 

We consider the Cauchy problem for the equation 

Otu(t, x) + (Aou)(t, x) = 0, (4.3.17), 

in which the pseudo-differential operator Ao has the symbol I~I"Y, 'Y > 1. 
We shall prove two theorems giving necessary and sufficient conditions for 

pointwise stabilization of solutions of the equation (4.3.17). 

Theorem 4.6. A solution u( t, x) of the equation (4.3.17) with 1 < 'Y < 00, given by 
the Poisson integral 

u(t,x) = J Zo(t,x-y)i.p(y)dy, (4.3.18) 

IRn 

stabilizes at a point xO to a constant 1 if and only if the bounded continuous initial 
function i.p( x) possesses a globular limit mean value, that is 

. 1 J hm -a i.p(x)dx = 1 
R-HXJ BR 

B xa 
R 

where BRa is a ball of radius R centered at xO. 

(4.3.19) 

Theorem 4.7. Let u(t,x) be a solution of the equation (4.3.17) with 1 < 'Y < 2, 
given by the Poisson-Stieltjes integral 

u(t,x) = J Zo(t,x - Y)f.1(dy) , ( 4.3.20) 

IRn 

where f.1 is a real-valued measure defined on the Borel u-algebra of IRn. Suppose 
that 

(1 + IxI2)--2 f.1(dx) < +00, J n+~ 
(4.3.21) 

and that f.1 is bounded from below, that is for every Borel set M c IRn, 

(4.3.22) 

where IMI is the n-dimensional Lebesgue measure of M, C is a constant indepen
dent of M. 

The Poisson-Stieltjes integral (4.3.20) stabilizes at a point xO to a constant l 
if and only if the measure f.1 has the limit mean value, that is 
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Proof of Theorem 4.6. We shall use the following Wiener's Tauberian theorem (see 
[230]). 

Let Kl be a function from L1(R) whose Fourier transform is different from 
o everywhere on R. Let K2 belong to Ll(R), and f be bounded on K If 

00 00 

2.!.~ J Kl(x - y)f(y) dy = A J Kl(X) dx, 
-00 -00 

then 
00 00 

2.!.~ J K2(X - y)f(y) dy = A J K 2(x) dx. 
-00 -00 

Due to the convolution structure of the representation (4.3.2) it suffices to 
study the stabilization at the point x = 0. Let us consider the integral (4.3.3) with 
a(~) = I~II'. We have 

Zo(t,x) = GlCnh J exp{i(xC1h,a) -Iall'} da 

00 7r 

= GlCnh J pn-le-p"Y dp J cos (irc1hpcosO) sinn- 20dO, 

o 0 

r = Ixl. Then we use the representation (see [228] or [226]) 

7r 

Jv(z) = f(v +(~;~~~(1/2) J cos(z cos 0) sin2v 0 dO, 
o 

n 
with v = "2 - 1, z = r(t)p where r(t) = rt-1h . We obtain that 

where 

Zo(t,x) = G2C nhG1(r(t)) 

00 

G1(s) = J pn-le-P"Y(sp)-iJ:+lJiJ:_1(sp)dp. 

o 

Now we can write 
00 

u(t,O) = G3C 1h J r(t)n-1G1(r(t))vo(r) dr, 

o 

(4.3.23) 

( 4.3.24) 

where vo(r) is the integral of <.p over the sphere of the radius r centered at the 
origin. 
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Let us rewrite the initial problem in a form permitting the use of Wiener's 
Tauberian theorem. Consider the integral operators 

t 

hvo = ell! J vo(r) dr, 

o 
00 

hvo = ell! J r(tt- l G1(r(t))vo(r) dr. 
o 

In both integrals we introduce new independent variables setting 

Then 

where 

00 

Imvo = J km(TJ - y)vo(eY ) dy, m = 1,2, 
-00 

ifTJ2:0 

if TJ < 0 

Using the estimate for Zo we see that km E L1 (-00,00). 
The final part of the proof of Theorem 4.6 consists of the verification of the 

fact that the Fourier transforms <l>m (s) of the functions km (ry) are different from 
o for any real s. For the function <1>1, that follows from a direct calculation. For 
<1>2 we have 

<1>2(S) = I e(is-n)1) (1 pn/2e- p"Y e('!J:-1 l7J Jv (e-1)p) dP) dry 

-00 0 

= I pn/2e- p"Y ( I e(is-n/2)1)J,/(e-1)p)e-1) dry) dp. 

o -(Xl 

(4.3.25) 

In the internal integral we introduce the new variable ( = e-1). Then the 
formula (4.3.25) is rewritten as follows: 

00 00 

= J pise-p"Y dp· J >3- is J'!J:-1(A) dA. 
o 0 
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Both integrals are calculated explicitly (in the first integral we can take pi 
for the new variable; the second integral is well known (see, for example, [194]). 
As a result we find that 

<I> ( ) = -12~-iSr(n - is)r(is,-l) 
2 S , r(is)' (4.3.26) 

Note that the functions r( is,-l) and r( is) both have a simple pole at the point 
s = 0, with the residues -i')' and -i respectively, so that <I>2(0) = 2n/2r(n) = 

2n/2(n - I)! (as a Fourier transform of an integrable function, <I>2 is continuous, 
and its value for s = 0 is a limit of <I> 2 (s), as s ---> 0). 

It follows from (4.3.26) that <I>2(S) -=J 0 for all real values of s, as desired. 
By Wiener's Tauberian theorem, lim u(t, 0) = 0 if and only if 

t--->O 

R 

lim R-1 J vo(r) dr = O. 
R--->oo 

o 

It remains to use the following elementary fact. If v(r) is a bounded continuous 
R R 

function, then the limits lim nR-n J rn- 1v(r) dr and lim R- 1 J v(r) dr exist 
R--->oo 0 R--->oo 0 

simultaneously and their values coincide. 0 

The proof of Theorem 4.7 is based on the generalized and improved version of 
Theorem 236 from Hardy's book [96] given in [75]. It is essential that (by Theorem 
4.2) the function Zo is nonnegative. 

A Tauberian type theorem. Let g(p) be a nonnegative function from L1 (IR+) whose 
Mellin transform 

00 

<I>(s) = J g(p)p-is dp 

o 
has no real zeroes, and>' be a nonnegative measure on IR+. If 

00 

7- 1 J g (~) >.(dr) ----> 0 as 7 ---> 00, 

o 

then 
>.( [0, R)) / R ----> 0 as R ---> 00. 

Now we turn directly to the proof of Theorem 4.7. Our problem is essentially 
one-dimensional. Indeed, let us pass to the spherical coordinates in (4.3.20). If 
E = h,r2), CE = {~E IRnll~1 E h,r2)}, then the set function 

>.(E) = J rn-111(d~), r = I~I, 
OF; 
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can be extended to a measure defined on the (J -algebra of Borel sets of the half-axis 
R+. Due to (4.3.20) and (4.3.21), we have 

(Xl J rn- 1 (1 + r2)- n~~ >.(dr) < 00, >.(E) 2: -CIEI. (4.3.27) 

a 

Let us rewrite the Poisson-Stieltjes integral in a form convenient for applying 
the Tauberian theorem. Setting t = T' we write (4.3.20) with x = 0 as 

where 

(Xl 

V(T) = u(t,O) = T- n J rn- 1G2(rjT)>.(dr) 
a 

(4.3.28) 

G2 (rjT) = Gl(~jT) = (21f)-n J exp {i (-~,(J) -I(JI'} d(J, ~ ERn. (4.3.29) 

IRn 

Turn the coordinate system in (4.3.29) in such a way that ~ = (0, ... ,0, r), so that 

(4.3.30) 

By (4.3.30), the assertion of Theorem 4.7 is now as follows: in order that 

(Xl 

1 J (r)n-l -:;: -:;: G2 (rjT)>.(dr) ----70 as T ---t 00, 

a 

it is necessary and sufficient that 

R 

R-n J rn- 1 >.(dr) ----70 as R ---t 00. 

a 

Necessity. Let us use the Tauberian type theorem setting g(p) = pn- 1G2 (p). Since 
IG2 (p)1 :::; C(1 + p)-(n+,l, we have Ig(p)1 :::; C(1 + p)-l-" so that 9 E Ll(R~). 

Consider the Mellin transform 
(Xl (Xl 

<II(s) = J g(p)p-is dp = J pn-l-is G2 (p) dp. 
a a 
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As in (4.3.23), we get 

00 

G2(p) = Cpl-Jij J rn/2e-r 'Y JJij_l(rp) dr 

o 

(here we assume that n > 1; the case n = 1 is much simpler), whence 

00 00 

<I>(s) = C J rn/2e- r 'Y dr J p',f-is JJij-l(rp) dp. 

o 0 
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The function <1>( s) coincides, up to a multiplicative constant, with the function 
<l>2(S) (see the formula (4.3.25)) from the proof of Theorem 4.6. Using (4.3.26) we 
see that the Tauberian type theorem is applicable, so that the relation u(t, 0) -+ 0, 
t -+ 00, implies the relation 

>'([0, R)) / R ----+ 0 as R -+ 00. 

It remains to use the fact (proved in [75]) that for any finite measure>. the limits 
R 

of >'([O,R))/R and nR-n !rn-1>.(dr), as R -+ 00, exist simultaneously, and are 
o 

equal. 

Sufficiency. We have to prove that the relation 

T 

r-n J x n - 1 .:\(dx) ----+ 0 as r -+ 00 

o 

implies v(r) -+ 0 as r -+ 00. We carry out an estimate of v based on the inequality 

We have by (4.3.28) 

00 00 

= _r-n J J rn-1opG2(p) dp>'(dr). 

o r!T 
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Changing the order of integration we obtain 

00 pT 

V(T) = _T-n J 8p G2 (p) dp J rn- 1 )"(dr) 
o 0 

dp == h +h 

where hand h correspond to the integration in p from 0 to J and from J to CXl 

respectively. 
Denote 

pT 

C = sup (pT)-n J rn- 1 )..(dr) , 
o 

Given 10 > 0, choose J in such a way that 

8 

00 

K = J pn I :p G2(p)1 dp. 
o 

J pn 18pG2 (p) I dp < 2~' 
o 

and then choose to so large that 

if t > to. Now for t > to/J we have Ihl < 10/2,112 1 < 10/2, as desired. o 
Remark. The proof, based on the Tauberian theorems, of the fact that the stabi
lization of a solution of the Cauchy problem implies the existence of a limit of an 
appropriate average of the initial function, required an investigation of a certain 
reference function <P. In the above situations, as well as in Section 4.3.6 below 
these functions are simple rational fractions of the Gamma function. Their poles 
and the corresponding residues are easily calculated. 

4.3.5. A Liouville type theorem. Liouville type theorems determine a form of a 
function from a certain class provided its asymptotic behaviour is known. For ex
ample, the classical Liouville theorem states that an entire function of polynomial 
growth is a polynomial. A proof of this result is based on the representation by 
the Cauchy integral over a circle and the arbitrariness of the latter's radius. For a 
parabolic equation on a half-space {( t, x) It::; T, x E jRn} we have an integral rep
resentation with an arbitrary initial hyperplane which makes it possible to prove 
the following version of the Liouville theorem. 
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Theorem 4.8. A solution of the equation (4.3.1) on a half-space Q _ = {( t, x) It::::: 
0, x E ]Rn} represented by the Poisson integral 

u(t, x) = J Z(t - to, x - ~)'P(~) d~ 
IRn 

and satisfying on Q _ the inequality 

lu(t,x)1 ::::: Co(l + Ixl),B 

is a polynomial in x whose degree does not exceed [11]. 

Proof. From (4.3.31) we obtain the equalities 

8:;u(t,x) = J 8:;Z(t-to,x-~)u(to,~)df 
IRn 

Using the inequalities (4.3.5) and (4.3.32) we find that 

18:;u(t,x)1 

(4.3.31 ) 

( 4.3.32) 

::::: CoCx J (1 + IW,B(t - to)-(n+1x1h- 1 [1 + Ix - ~I(t - to)-lh] -I'-Ixl-n d~. 
IRn 

After the standard change of variables ~ = x + (t - to) Ih 0:, we obtain that 

::::: C(x)(t - to)(,B-lx llh . 

If Ixl = [11] + 1, then, since to is arbitrary, we have D;u(t, x) == 0, so that u(t,x) 
is a polynomial in x whose degree does not exceed [11]. 0 

4.3.6. Examples. We shall consider three sufficiently simple examples. For the first 
example (n = 1, I is arbitrary) we give as complete analysis of stabilization con
ditions as possible. As usual, this analysis is rather simple for the one-dimensional 
case. The second example (n is arbitrary, I = 1) shows how the knowledge of an 
explicit formula for FSCP simplifies the investigation of stabilization. In the third 
example (n = 1, I = 1/2) we look at the behaviour of solutions of an equation 
which does not belong to the class considered in the preceding sections (where it 
was assumed that I :::: 1). 

Below we assume that the initial functions are bounded and continuous, and 
that the solutions are represented by the Poisson integrals (4.3.2). 

Example 1 (n = 1). Here the symbol a(~) of the operator A from the equation 
(4.3.1) has the form 

( 4.3.33) 
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where () takes the values ±l. Denote a(-l) = a_, a(l) = a+. By the condition 
(A45) we have 

Rea_ > 0, Rea+ > 0. (4.3.34) 

Now the function Zo(t,x) given by (4.3.3) can be written as follows: 

00 

Zo(t, x) = (21T)-lel/'Y / [exp {iza - a+u"l} + exp {-izu - a_u'}] du, 

o 

If a(~) = I~I', then the formula (4.3.35) takes the form 

00 

Zo(t,x) = 1T- I e lh / e-a'Y cos (xt-lhU) du. 

o 

( 4.3.35) 

(4.3.36) 

a) Pointwise stabilization. Here we give a specialization of Theorem 4.4 for the 
one-dimensional case. 

Definition. A function cp(x) has the radial limit mean values at the origin, if there 
exist the limits 

R o . 1/ hm -R cp(x) dx, 
R->oo 

lim -R1 / cp(x) dx, 
R->oo 

o -R 

called the right and left radial limit mean values respectively. A function cp(x) has 
the limit mean value, if there exists the limit 

R 

lim 1R J cp(x) dx. 
R->oo 2 

-R 

Now Theorem 4.4 reads as follows. 

Theorem 4.4' (n = 1). 

1) If the initial function cp(x) has the left and right limit mean values at the 
origin, then the corresponding solution of the equation (4.3.1), with the symbol 
(4.3.33) satisfying (4.3.34), stabilizes to 0, that is 

lim u(t,x) =0, xER 
t->oo 

2) The solution of the Cauchy problem for the equation (4.3.1) with the symbol 
ao(~) = I~I', corresponding to an initial function having the limit mean value, 
stabilizes to O. 

In both cases 1) and 2) the stabilization is uniform on each finite interval [a, b] c R. 
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b) Let us show that for the case of the symbol I~II' the existence of the limit mean 
value is not only sufficient, but also necessary for the stabilization. We do it using 
Wiener's Tauberian theorem. 

By (4.3.36) we have 

Set ~ = eY, tIll' = e1]. Then 

Thus we have a representation 

where 

00 

u(t,O) = J K2(1]-y)l{J(eY )dy 
-00 

00 

K 2 (1]) = 11'-l e-1] J cos (e-1]p) e-P' dp. 

o 

As before, K2 E L1(-00,00). 
Now we compute the Fourier transform <I> of the kernel K 2 : 

where 

<I>(s) = C1 J eis1] [J cos (e-1]p) e-P' dP] e-1] d1] 
-00 0 

~ c, 1 c" [JcOS«(Pl'-" dP] di, 

=hh 

00 

h = J e-P' pis-l dp, 

o 

00 

12 = J CiS cos ( de· 
o 

We have h = C3 r(is,-1), 12 = r(l-is) cos ~ (-is+ 1) = -ir(l-is) sinh ~s 
(see [193], formula 2.5.3.10). Hence <I>(s) = C4r(l- is)r(is,-I) sinh ~s. It is clear 
that <I>(s) =J. 0 for s =J. O. Noting that r(is,-I) has a first order pole at the origin, 
with the residue -ii, while sinh ~s has a first order zero there, we find that 
<I>(O) =J. o. 0 
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c) Uniform stabilization. Let us reformulate Theorem 4.5 for the case n = l. 

Theorem 4.5' (n = 1). A solution (4.3.2) of the equation (4.3.1) with the symbol 
(4.3.33) satisfying (4.3.34), with a bounded continuous initial function rp, has the 
property of uniform stabilization to 0, if and only if rp has a uniform limit mean 
value 0, that is 

x+R 

2~ J rp(r) dr ~ 0, 
x-R 

as R --+ 00, uniformly with respect to x. 

Example 2. (n > 1, 'Y = 1). In this case the Poisson kernel can be written explicitly: 

where G1 = 1[n/2 (r( ~ + 1)). We shall show here that the explicit form makes it 
possible to prove Theorems 4.6 and 4.7 for the case 'Y = l. 

Proof of Theorem 4.6 (n > 1, 'Y = 1). As before, it suffices to prove that the control 
function <fI(s) has no real zeroes. In the earlier notation, we write 

00 

u(t,O) = G1C n J rn - 1 (1 + (rC 1?) -(n+1)/2 vo(r) dr 

o 

where Va (r) is the integral of rp on the sphere in IRn of the radius r centered at 
the origin. After the change of variables r = eY , t = e1), we represent u(t, 0) by the 
convolution formula with the kernel 

Since 

Calculating its Fourier transform, we get 

00 

<fI(s) = G2 J ei 1)s-n1) (1 + e-21)) -(n+1)/2 dTJ 

-00 

00 

= O2 J c is+(n-1) (1 + (2) -(n+1)/2 d( 

o 
00 

= 0 3 J ;3-i~+n-1(1 + ;3)-(n+1)/2 d;3. 

a 

00 J xa- 1(1 + X)-(a+b) dx = B(a, b) 

a 
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(see [228]), we find that 

so that <I>(s) i- 0 for real values of s. D 

Proof of Theorem 4.7 (n > 1, ')' = 1). First we repeat the initial fragment of the 
above proof of Theorem 4.7. We pass to the spherical coordinates in (4.3.20). If 
E = h,r2), CE = {~E lRnll~1 E h,r2)}, then the set function 

>.(E) = J rn- 1 M(dO, r = I~I, 
CE 

can be extended to a measure defined on the O"-algebra of Borel sets of the half-axis 
lR+, and 

We have 

00 J rn- 1 (1 + r2)- nt' >.(dr) < 00, >'(E) 2: -CIEI· 
o 

00 

u(t,O) = t- 1 J G(r/t)>'(dr) 
o 

where G(p) = pn-l(1 + p2)-(n+l)/2. Thus Theorem 4.7 (for n > 1,,), = 1) takes 
the following form: in order that 

00 

t- 1 J G(r/t)>.(dr) -----+ 0 as t -+ 00, 

o 

it is necessary and sufficient that 

R 

R-n J r n - 1 >.(dr) -----+ 0 as t -+ 00. 

o 

The proof of the sufficiency is the same as the one given above for the case 
')' > 1. In order to prove the necessity we may use the above Tauberian type 
theorem with g = G. We see that Ig(p)1 ::; const . (1 + p)-2, so that g E Ll (0,00). 
The appropriate control function 

00 

<I>(s) = J g(p)p-is dp 
o 
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coincides, up to a multiplicative constant, with the function <1> from the above 
proof of Theorem 4.6 for the case n > 1, 'Y = 1. Using the Tauberian type theorem 
we complete the proof, just as before. 

Example 3. (n = 1, 'Y = 1/2). Consider the equation 

(4.3.37) 

where 21 is a pseudo-differential operator with the symbol a(~) 1~ll/2. It was 
shown by Schneider [203] that the Poisson kernel for this case equals 

Zo(t x) = 2ft " {
_1_t-2(xr 2 )-3/2e-t2 /4X if x> 0 

'0, if x:::; o. 

If I{J is a bounded continuous function on IR, then the Cauchy problem for the 
equation (4.3.37) with the initial condition u(O,x) = I{J(x) has a solution 

x 

u(t,x) = J Zo(t, x - ~)I{J(~) d~. ( 4.3.38) 

-00 

Theorem 4.9. The solution (4.3.38) stabilizes to 0 at the origin, if and only if there 
exists the limit 

t 2 

lim C 2 J I{J( -0 dl; = O. 
t--+oo 

o 

Proof. It follows from (4.3.38) that 

00 

u(t,O) = J G(I;C 2 )I{J( -I;) dl; 
o 

where G(z) = z-3/2 exp(-1/4z). We shall use Wiener's Tauberian theorem. After 
the traditional change of variables t2 = e'7, ~ = eY , we come to the convolution 
operator with the kernel 

For the control function we have 

00 00 

<1>(s) = C2 J ei'1s+~'1-ic" e-'1 dry = C2 J Cs-~ e-(/4 d( = C3 . 22is- 1 r (is + ~) , 
-00 0 

so that <1>(s) i= 0 for real values of s. D 
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4.4 Comments 

Theorems 4.1,4.2, and 4.3 were proved by Kochubei [128]. Earlier the parametrix 
for the equation (4.1.1) was constructed by Va. Drin' [31]. Va. Drin' and Eidelman 
[33] obtained (by a different method) its precise estimates for the case n = 1. In 
[30] the Cauchy problem for such equations in the Holder classes was studied. 

The example from Section 4.1.5 is a special case of the results by Schneider 
[203] who obtained an H-function representation for densities of stable distribu
tions, which immediately yields their asymptotic properties. By a different method, 
the asymptotics of the fundamental solution of the Cauchy problem (4.1.1 )-( 4.1.2) 
for equations with constant symbols (depending only on ~) was found by Fedo
ryuk [80]. 

Lemma 4.6 is contained essentially in [200]. 
The results of Section 4.3 are adaptations of well-known stabilization the

orems for parabolic partial differential equations [45, 71, 72, 75, 197]. Theorems 
4.4-4.6 were proved by Eidelman and Va. Drin' [32], and Theorem 4.7 is a result 
of R. Drin'. Theorem 4.9, proved by Eidelman, is published here for the first time. 

For (partial) generalizations of main results of this chapter see Kolokoltsov 
[137] (equations with Levy generators), Va. Drin' and Eidelman [34], and R. Drin' 
[29] (systems of equations), Portenko and Podolynny [192, 183, 182] (singular 
perturbations) . 

An essential feature of pseudo-differential operators considered here is the 
finite smoothness of symbols at the point ~ = 0, a consequence of their homogeneity 
essential for probabilistic applications. Meanwhile there exists a theory of parabolic 
pseudo-differential equations with COO-symbols based on the standard calculus of 
pseudo-differential operators. See, for example, [164, 174, 211, 222, 223,199]. 



Chapter 5 

Fractional Diffusion Equations 

5.1 Fractional derivatives 

5.1.1. The Riemann-Liouville fractional integrals and derivatives. There exist 
many definitions of fractional derivatives and integrals, which are meaningful for 
different classes of functions, inspired by various applications etc. See [202] for a 
general survey and a detailed exposition of many aspects of the fractional calculus. 
Here we touch only a few of them necessary for the sequel. For the proofs see [202]. 

Suppose that a function 'P belongs to LI(O,T). Let a E (0,1) be a fixed 
number. The Riemann-Liouville fractional integral of the order a is given by the 
expression 

t 

(Io+'P) (t) = r(~) j(t - T)o:-l'P(T) dT. 
o 

The Riemann-Liouville fractional derivative of the order a is defined as 

t 

(Do+'P) (t) = r(l ~ a) :t j (t - T)-O:'P(T) dT, 
o 

d 
that is (Dg+'P) (t) = dt (IJ.;o:'P) (t), provided the fractional integral IJ';Q'P is an 

absolutely continuous function. If 'P is defined on (0, (0), then Io+'P and Dg+'P are 
similarly defined on the whole half-axis (0,00). 

If 'P is absolutely continuous on [0, T], then Do+'P exists almost everywhere 
and belongs to Lp(O, T) for 1 S p < a-I. In this case 

(5.1.1) 

In fact the Riemann-Liouville fractional derivative exists for much wider 
classes of functions, in particular for some functions with singularities at the origin. 

S. D. Eidelman et al. 
© Birkhauser Verlag 2004

Analytic Methods in the Theory of Differential and Pseudo-Differential Equations of Parabolic type
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For example, if t.p(t) = t(3-1, (3 > 0, then 

(DOl (n) (t) = r((3) t(3 -01-1 
O+r f((3- a) , (5.1.2) 

so that Do+t.p = ° if t.p(t) = tOl - 1. 
The Riemann-Liouville fractional integration and differentiation are inverse 

to each other in the following sense. If t.p E Ll (0, T), then Do+I[f+t.p = t.p. The 
equality Io+Do+t.p = t.p holds under the stronger assumption that t.p = Io+V; with 
some V; E Ll (0, T). The latter is equivalent to the conditions of absolute continuity 
of IJ+nt.p on [0, T) and the equality (IJ.-;:OIt.p) (0) = 0. 

The problem of boundedness of 10+ as an operator between certain function 
spaces has been investigated in great detail (see [202]). We shall use only one result 
of this kind - if t.p E C[O, T], then Io+t.p belongs to the space of Holder continuous 
functions HOI [0, T]. 

Denote by H~+A [0, T] the class of such functions t.p, for which the function 

tl"t.p(t) belongs to the Holder class HOI+>'[O, T]. If t.p E H~+>'[O, T], tl't.p(t) ~ ° 
as t ~ 0, where ° < >. < 1 - a, ° :::; /-1 < .x + 1, then the fractional derivative 
(Do+t.p) (t) exists for all t E [0, T] and can be represented in the form 

( a) t.p( t) a. 
Do+t.p (t) = taf(l _ a) + r(1 _ a) E~~O V;E(t), (5.1.3) 

where V;c(t) = ° for ° < t :::; E, 

t-E J <p(t) - <p(T) 
V;c(t) = (t _ T)1+OI dT for E < t :::; T. 

o 

The expression in the right-hand side of (5.1.3) is called the Marchaud fractional 
derivative. 

5.1.2. The regularized fractional derivative. Suppose that a function t.p is con
tinuous on [0, T] and possesses the Riemann-Liouville fractional derivative. The 
function 

(ll"")~) (t) ~ r(l ~ a) [:'!(t -T)-"~(T) dT - t-"~(O)l 
= (Do+t.p) (t) - tOlr(: _ a) t.p(0) (5.1.4) 

is called the regularized fractional derivative of the function t.p, or its Caputo deriva
tive (in honour of M. Caputo [22]). 

If ¢ is absolutely continuous on [0, T], then by (5.1.1) 

t 

(][))(0I)t.p) (t) = f(l ~ a) J (t - T)-OIt.p'(T) dT. (5.1.5) 

o 
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The form (5.1.5) is often used in physical literature. This fractional derivative is a 
special case of general fractional-differential operators investigated by Dzhrbash
yan and Nersessyan [43, 44]. However the form (5.1.4) is more useful, since it 
makes sense for a wider class of functions. 

The essential difference between the Riemann-Liouville and regularized frac
tional derivatives emerges in the study of corresponding "ordinary" differential 
equations. A solution of the equation 

j[])(a)'P = A'P, A E~, (5.1.6) 

with the initial condition 'P(O) = 1 is 

(5.1. 7) 

where Ea is the Mittag-Leffler function: 

00 k 

Ea(z) = 2: r(a~ + 1)' 
k=O 

(5.1.8) 

This formula [44] can be verified using (5.1.2). Note that the initial condition 
for the equation (5.1.6) is formulated like the one for a conventional first order 
differential equation. 

If, instead of (5.1.6), we consider the equation with the Riemann-Liouville 
derivative 

Do+'P = A'P, 

then its general solution is given by the formula 

containing the generalized Mittag-Leffler function: 

00 k 

Ea,(3(z) = 2: r(a~ + (3)' 
k=O 

(5.1.9) 

We see from (5.1.9) that in this case the solution has a singularity at the origin. 
Thus, in order to fix a specific solution, one should impose an initial condition not 
on the solution itself, but on its fractional integral. In modeling physical processes, 
where the initial state of the system is usually well-defined, it is natural to use 
equations with the regularized fractional derivative. 

The Mittag-Leffler function (5.1.8) has much in common with the exponential 
function eZ , formally corresponding to the case a = 1. For example, if z is real 
and Z ----> +00, then 
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The function Ea ( - z) is completely monotone on the half-axis z ~ 0, that is 

(_l)ndnEa(-z) > 0 
dz n _, z ~ O. 

An important property of Ea contrasting the case of the exponential, is the 
asymptotic behaviour at -00. Namely, 

z ----) -00. (5.1.10) 

As we shall see, this property leads to serious differences between properties of the 
fractional diffusion equations and classical parabolic equations. 

For further details regarding the Mittag-Leffler function see [10,42]. In fact 
many problems of analysis connected with the exponential function and the oper
ator of differentiation have their counterparts related to JD)(Q) and based essentially 
on properties of the Mittag-Leffler function. Dzhrbashyan and Nersessyan [43] de
veloped a theory of quasi-analytic classes corresponding to JD)(a) and more general 
fractional differential operators. The following theorem is a special case of their 
results. Let (3 > 0:. 

Theorem 5.1. There exists a function f E COO [0, TJ, f(t) -=j. 0, possessing the 
following property. Let fo(t) = f(t), fn+1(t) = (JD)(a) fn) (t), n = 0,1,2, .... Then 
fn(O) = 0, 

sup Ifn(t)l:::; CBnC> nn(3, C, B > 0 (n = 0, 1,2, ... ). 
095cT 

(5.1.11) 

5.1.3. Asymptotics of some integrals. Dealing with fractional integrals and deriva
tives one has often to use asymptotic properties of some typical integrals. Here we 
give two results of this kind. The first of them is a special case of an asymptotic 
theorem from [202]. 

Lemma 5.1. Suppose that 'P(t) is locally integrable on (0,00) and 

'P(t) '" at- 1-(3, 0 < (3 :::; 1, as t ----) 00, 

where a =I- O. Then 

(la In) (t) '" _b_ ta- 1 + r( -(3) ata-(3-1 t 
0+'1" r(o:) f(o: _ (3) ,----) 00, 

00 

where b = J 'P(t) dt. 
o 

In the proof of the next lemma we follow [198]. Consider the integral 

1 

I(z) = !(I-1])-a exP (-z-s1]-S) d1], 8>0. 

o 
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Lemma 5.2. As z -+ 0, 

I(z) rv r(1- a)sa-1 zs(l-a) exp (_z-S) . (5.1.12) 

Proof. Let (! = z-S. After the substitution u = ry-S - 1 we get 

1 

I(z) = e- cr / exp (-(! (ry-S - 1)) (1 - ry)-a dry 

° 
1 _ /00 _ [(1 + U)l/s _l]-a 

= -e cr e cru du 
s (l+u)~+l' 

o 

As u -+ 0, 
[(1 + U)l/s - Ira 

t"V sQu-a, 
(1 + u)~+l 

and Watson's lemma for the Laplace integrals (see, e.g., [176]) implies (5.1.12). D 

5.2 Fundamental solution of the Cauchy problem 

5.2.1. Main assumptions. In this chapter we consider the Cauchy problem 

(]]}l~a)u) (t,x) - Bu(t,x) = f(t,x), (t,x) E II(o,T] , 

u(O,x) = uo(x), x E ]Rn, 

where ° < a < 1, 

n n 

],1=1 j=l 

there exists such a constant /j > ° that for any x, ~ E ]Rn 

n 

L ajl(x)~j6 2': /j1~12; 
j,l=l 

the coefficients of the operator B are bounded and Holder continuous. 

(5.2.1) 

(5.2.2) 

(5.2.3) 

We shall construct and study a Green matrix for the problem (5.2.1)-(5.2.2), 
that is such a pair 

{Z(t, x; ~), Y(t, x; ~)}, t E (0, T], x, ~ E ]Rn, 

that for any bounded continuous function Uo (locally Holder continuous, if n > 
1) and any bounded function f, jointly continuous in (t, x) and locally Holder 
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continuous in x, there exists a classical solution of the problem (5.2.1)-(5.2.2) of 
the form 

t 

u(t, x) = f Z(t, x; ~)Uo(~) d~ + f d>" f Y(t - >.., x,; y)f(>.., y) dy. (5.2.4) 

Rn 0 Rn 

We call a function u( t, x) a classical solution if: 

(i) u(t,x) is twice continuously differentiable in x for each t > 0; 

(ii) for each x E ]Rn u(t, x) is continuous in t on [0, T], and its fractional integral 

t 

UJ+Qu) (t, x) = r(l ~ a) f (t - T)-QU(T, x) dT 
o 

is continuously differentiable in t for t > O. 

(iii) u(t, x) satisfies (5.2.1) and (5.2.2). 

5.2.2. A model equation. We begin with the case where B = ~ is the Laplacian. 
Suppose first that f(t,x) == O. Let us find (at first, formally) the FSCP Z, which 
in this case will depend on the difference x - ~, so that Z(t, x;~) = Zo(t, x - O. 

Applying the Fourier transform in x, for the function Zo(t,~) we obtain the 
Cauchy problem 

(as usual, the FSCP satisfies formally the initial condition with the 5-function). 
By (5.1.7), Zo(t,O = EQ ( _1~12ta). Let us represent the Mittag-Leffler func

tion of a negative argument by Fox's H-function (see Appendix, formula (A.3)). 
Now 

so that 
00 

Zo(t,x) = (27r)-~lxI1-~ f r~HtJ [r2tQ I(~,'N, (o,a)] J~_1(rlxl)dr 
o 

(by the formula for the Fourier transform of a radial function; see [218]). 
Next, 

00 

f ~~Hll[r2tQI(0,1) ]J (11)d 
• 12 (0,1), (O,a) ~-1 r x r 

o 

=2~11-1-~H12[4tQII-21(1-~,1), (0,1), (0,1)] 
x 32 x (0,1), (O,a) 
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(see [195]). Using the transformation formulas (AA) and (A.5) we obtain the 
expression 

Z (t) _"'I l- n H 20 [I t - al 121 (1,0:) ] o ,x = 7f 2 X 12 4; x G,l), (1,1) . (5.2.5) 

It will follow from the estimates given below that Zo(t,') E L1(JRn ). Then 
it will be possible to check the formula (5.2.5) rigorously, by calculating 20 using 
the same formulas. 

Note that in [206] a different derivation of the expression (5.2.5) (given there 
in an equivalent form) is proposed. It is based on the Mellin transform in t, the 
explicit expression for the Green function of the Laplacian, the inverse Mellin 
transform, and integration formulas for H-functions. 

Denote R = c a Ix1 2 . Below the letters C, (J" will denote various positive con
stants. 

Proposition 5.1. 

(i) If R 2: 1, then 

18;'Zo(t,x)1 :::; Cr-2- exp -(J"t- 2-a Ixl 2 - a , 
a(n+m) { c< 2} Iml :::;3, 

1[]l(a)Zo(t,x)1 :::;cr a
(n2+2) exp{-(J"r2'.'alxI2~C<}; 

(ii) If R :::; 1, x 1= 0, then 

18;:' Zo(t, x)1 :::; cralxl-n+2-lml, Iml:::; 3, 

if n 2: 3, or n = 2, m #- 0; 

if n = 2; 
(m+l)a 

18;'Zo(t,x)l:::; Ct--2-, 

if n = 1. 

(iii) If R :::; 1, x 1= 0, then 

if n 2: 3, 

if n = 2, 

if n = 1. 

(5.2.6) 

(5.2.7) 

(5.2.8) 

(5.2.9) 

(5.2.10) 

(5.2.11 ) 

The pTOoffollows from the differentiation formulas (A.7), (A.8), (A.11), and 
the asymptotic representations (A.14), (A.18)-(A.21). Note that in some cases 
we have to use several terms of the asymptotic expansions, or estimates of the 
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remainders, since main terms appearing in expressions for derivatives of Zo cancel 
each other. For example, let n = 1. Then 

As x ---+ 0, 

oxZo(t,x) rv -7r- 1/ 2 Ixl-2 sign(x) 

(1,1)] 

(0,1) 
(~, 1), 

{ vn -a/21 I vn -a 2 vn -a/21 I vn -a 2} 
X 2r(1- 'f) t x - 2r(1- 0/ X - 2f(1- 'f) t X + f(l- 0/ X 

sign(x) -a 

=-2f(1-0/ ' 

and we obtain the estimate (5.2.10) with m = 1. Here we used two terms of the 
asymptotics (A.18) and (A.19). A similar reasoning for higher derivatives requires 
three terms and the remainder estimates. D 

In contrast to the parabolic differential equations, the FSCP Zo(t, x) has, if 
n> 1, a singularity not only at t = 0, but also at x = ° (the orders of singularity 
given in Proposition 5.1 are precise, since the estimates are based on the asymp
totics of H -functions). The fact of its dependence on the space dimension is natural 
- recall the expression of .20 via the Mittag-Leffler function and its asymptotics 
(5.1.10) on the negative half-axis. 

The function Y = Yo(t - A, x - y) appearing in (5.2.4) for this case has the 
form 

(5.2.12) 

Yo( t, x) is the Riemann-Liouville derivative of Zo (t, x) in t, of the order 1 - C\' (for 
x -I 0, Zo(t, x) ---+ ° as t ---+ 0, so that the Riemann-Liouville derivative coincides 
in this case with the regularized fractional derivative). 

The fact that (Zo, Yo) is a Green matrix for the problem (5.2.1)-(5.2.2) (with 
B = ~) will be proved later, as a special case of our investigation of general 
problems of this kind. Here we present only estimates of the function Yo and 
its derivatives, which follow from the asymptotic relations (A.14), (A.22)-(A.25). 
The (rather tedious) calculations are based on canceling of lower terms in asymp
totics of various H-functions appearing in the expressions for higher-order deriva
tives of Yo. 

Proposition 5.2. 
(i) If R 2: 1, then 

lo;;:'Yo(t,x)I::;CC-2--1+aexp -crt- 2 - n lxI 2 - n , 
n(n+=) { n 2} 

Iml ::; 3. (5.2.13) 
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(ii) If R :::; 1, x =I- 0, n> 4, then 

(iii) If R :::; 1, x =I- 0, n = 4, then 

!Yo(t, x)1 :::; ec<>-1[llog(C<>lxI2)1 + 1], 

18xYo(t,x)1 :::; ec,*-l, 
18;'Yo(t,x)1 :::; ec2<>-l[1log(C<>lxI2)1 + 1], Iml = 2, 

18;'Yo(t,x)1 :::; ec2n- 1Ixl-1[1log(CnlxI2)1 + 1], Iml = 3. 

(iv) If R :::; 1, x =I- 0, n = 3, then 

!Yo(t, x)1 :::; ec~-l, 

18xYo(t, x)1 :::; eco<-I, 

18;'Yo(t,x)l:::; ec<>-1Ixl-1, Iml = 2, 

18;'Yo(t,x)1 :::; ecn- 1Ixl-2 , Iml = 3. 

(v) If R :::; 1, x =I- 0, n = 2, then 

!Yo(t, x)1 :::; ec1, 
18xYo(t,x)l:::; ec~-l, 

18;'Yo(t,x)1 :::; ecn- 1[llog(C"lxI2)1 + 1], Iml = 2, 

18;'Yo(t,x)1 :::; eCn-1Ixl-1[llog(CO<lxI2)1 + 1], Iml = 3. 

( vi) If R :::; 1, x =I- 0, n = 1, then 

(=-1)" 1 
18;'Yo(t,x)1 :::;ec-2 --, rn=0,1,2,3. 
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(5.2.14) 

(5.2.15) 

(5.2.16) 

(5.2.17) 

(5.2.18) 

(5.2.19) 

(5.2.20) 

(5.2.21 ) 

(5.2.22) 

(5.2.23) 

(5.2.24) 

(5.2.25) 

(5.2.26) 

(5.2.27) 

5.2.3. The parametrix. If we consider the equation (5.2.1), in which the operator B 
has constant coefficients, and only the leading terms are present, that is bj = C = 0, 
then the functions Zo and Yo for that case can be obtained from (5.2.5) and (5.2.12) 
by a change of variables: 

[ j-n/2 
-n/2 n 

Zo(t, x - 0 = (d:t A)1/2 L A(jll(Xj - ~j)(xi - ~I) 
J,I=l 

X H 2o [~cn ~ AUI)(x· _ C')(x _ C) I (l,a) 12 4 ~ J '-,J 1 '-,1 (!!:. 1) 
j,l=l 2' , 

(1,1) l' (5.2.28) 
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-n/2 [n j-n/2 
YO(t,x -~) = (d:tA)1/2 jj;l A(ijl(Xj - ~j)(XI - ~l) t',,-l 

x HIS [~,-. j~' A (jl) (Xj - <j )(Xl - ,,j I i~: ~i, (1,1)1, (5.2.29) 

where A = (A(ijl) is the matrix inverse to (aij). 
The parametrix kernels Zo(t, x - ~i () and Yo(t, x - ~i () associated with the 

general equation (5.2.1) are defined by (5.2.28) and (5.2.29). Now A corresponds, as 
above, to the matrix (aij ()) of the leading coefficients "frozen" at the parametric 
point ( E IRn. The estimates of Propositions 5.1 and 5.2 hold in this case too, with 
constants independent of (. 

Since properties of Zo are different for n 2: 2 and n = 1, it is convenient to 
treat these cases separately. Therefore we assume in this and the next sections 
that n 2: 2. The results for the case n = 1 will be summarized in Section 5.2.5. 

The behavior of Zo for R 2: 1 and R < 1 is described in Proposition 5.1 
separately. However it is possible to write equivalent unified estimates: 

18;," Zoe t, x - ~i () I ::; CeDI Ix - ~1-n+2-lml exp{ -crp( t, Xi 0, ~)}, 

Iml ::; 3, (5.2.30) 

1JD)(a) Zo(t, x - ~i () I ::; ceDllx - ~I-n exp{ -crp(t, Xi 0, O}, 

Iml :S 3, (5.2.31) 

where 

( Ix - ~I ) 2~a 
p(t,XiT,~) = (t-T)a/2 

(this corresponds to the notation of Section 1.3.5 with (3 = 0./2). If n = 2, then 
(5.2.30) is valid only for Iml f= 0. For the opposite case 

IZo(t, x - ~i ()I ::; CeDI [Ilog (calx - ~12) I + 1] exp{ -crp(t, Xi 0, O}· (5.2.32) 

The constants C, cr > ° in (5.2.30)-(5.2.32) do not depend on (. Of course, the 
constants may be different from the ones in (5.2.6)-(5.2.11). 

The next proposition gives similar estimates for differences of values of Zo 
and its derivatives corresponding to different values of the parameter (. 

Proposition 5.3. For any y,(',(" E IRn, 0< t::; T, 

18;," Zo(t, Yi (') - 8;," Zo(t, Y; (")1 
2 

::; ceal(' _ ("I"Ylyl-n+2-lml exp{ -cr (ea/2 IYI) 2-a}, Iml::; 2. (5.2.33) 
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Proof Let m = O. Denote 

n 

i,j=l 

By our assumptions 

C1 1yl2 :::; 21(y,() :::; C21y12, 

121(y, (') - 21(y, (") I :::; CI(' - ("I' IYI2, 

l[detA((,)]1/2 - [detA((")]1/21 :::; CI(' - ("I'. 

According to (5.2.28), we have to use the estimate (A.15) for the function 
Hfg, and also to find an estimate for a difference of such functions. Let 

() -n/2H20 [ I (1, a) ] 
r.ps =s 12 ws (%,1), (1,1) , 

By (A.7), 

r.p'(S) = - ~S-~-l H?g [WS I(~:~?' (1,1)] 

--"'-lH30 [ l(l,a), (0,1) ] 
- s 2 23 ws (%,1), (1,1), (1,1) . 

For large s, (A.14) and (A.15) give the estimate 

Ir.p (s)l:::; Cs2(2-a) 2 w2(2-a) exp -erlwsI 2- a , , ~--"'-1 ~ { 1 } 

which implies the bound 

Ir.p (21(y, (')) - r.p (21(y, (")) I :::; CC n2a 1(' - ("I' exp { -erC 2~a lyl2-=o } . 

For small s, we have 
Ir.p'(s) I :::; Cws-~ 

by (A.18) and (A.19); note that the logarithmic terms emerging for n = 2 are 
cancelled. 

As a result, we find that 

IZo(t, x -~; (') - Zo(t, x - ~, (")1 

< {CI(, - ("I'C n2a exp { -erC 2~a lyI2-=" } 

- CI(, - ("I,c alyl-n+2, 

which is equivalent to the estimate (5.2.33) with m = O. 

if t-a Iyl 2:: 1, 

if Calyl :::; 1, 

For the first and second derivatives the proof is similar, though somewhat 
cumbersome - one has to use the asymptotics (A.14)-(A.16), (A.18)-(A.20) for 
the H-functions; again for n = 2 the logarithmic terms are cancelled. 0 
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Just as for the function Zo, it is desirable to obtain unified estimates of Yo 
and its derivatives which are valid for all values of the independent variables. Here 
the problem is a little more complicated because the behavior of Yo is different for 
different values of the dimension n. 

In particular, for n = 2 we have 

18;'Yo(t - T, X -~, ()I :::: C(t - T)-%(2+lml)+a-l exp{ -op(t, x; T, ~)}, 

Iml = 0,1; (5.2.34) 

18;'Yo(t - T, X -~; ()I 

:::: C(t - T)-a-1I x - ~12-lml [IIOg ~: -=-;j: I + 1] exp{ -O"p(t, x; T, ~)}, 
Iml = 2,3. (5.2.35) 

These estimates follow immediately from (5.2.13), (5.2.23)-(5.2.26). 
For n = 3, 

18;'Yo(t - T, X -~; ()I :::: C(t - T)-%(3+lml)+a-l exp{ -O"p(t, x; T, ~)}, 

Iml = 0, 1, (5.2.36) 

and 

18;'Yo(t - T, X - ~; ()I :::: C(t - T)-a-1I x - ~II-Iml exp{ -O"p(t, x; T,~)}, 

ml = 2,3. (5.2.37) 

Similarly, for n = 4, 

18;'Yo(t - T, X - ~; ()I 

:::: C(t - T)-a- 1";la -1 [iiog ~: -=-;j: I + 1] exp{ -O"p(t, x; T, ~)}, 
Iml = 0,1,2, (5.2.38) 

18;'Yo(t - T, X - ~; ()I 

:::: C(t - T)-2a- 1 Ix - ~(l [IIOg ~: -=-;j: I + 1] exp{ -O"p(t, x; T, ~)}, 
Iml = 3. (5.2.39) 

Finally, if n > 4, then 

18;'Yo(t - T, X - ~; ()I :::: C(t - T)-a-1I x - ~1-n-lml+4 exp{ -O"p(t, x; T, ~)}, 

Iml :::: 3. (5.2.40) 

Just as in Proposition 5.3, the estimates for the differences 8;nYo(t - T, X -

~; (') - 8;nYo(t - T, X - ~; (") have the following form: the right-hand sides of 
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(5.2.34)-(5.2.40) are multiplied by 1(' - ("II'. For example, if n > 4, then 

18;'Yo(t - 7, X - ~; (') - 8;'Yo(t - 7, X - ~; (")1 

::::; C(t - 7)-,,-11(' - ("ll'lx - ~1-n-I7nI+4 exp{ -op(t, x; 7, ~)}, 
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Iml ::::; 3. (5.2.41) 

Let us compute the integrals of Zo and Yo in spatial variables. It follows from 
the construction of the function Zo that 

J Zo(t,x-~;()d~=l. (5.2.42) 

IRn 

Next, from (5.2.29) we see that 

j Yo(t - 7,X - ~;()d~ 

= (t_7),,-1 7r-n!2 jlyl-nH?3 [~(t-7)-"IYI2If;:~], (1,1)] dy 
IRn 

00 

= C(t - 7),,-1 J r- 1 H?3 [~(t - 7)-"r2 If;: ~], (1,1)] dr 
o 

00 

= C (t - 7)"-1 J 8-1 H 20 [~(t - 7)-" 8 I (a, a) 
1 12 4 (~, 1), (1,1)] d8 

o 

= -C1(t - 7)"-1 lim H]~ [~(t _ 7)-"8 I(a,a), 
S~iXJ 4 (0,1), 

(1,1) ] 
(~, I), (1,1) , 

so that J Yo(t - 7, X -~, () d~ = O. (5.2.43) 

We have used the integration formula (A.13), the identity connecting H?l and 
H]~ (A.6), and the asymptotics (A.14) of H]~. 

Below we need also the first time derivative of the function Zo(t, x; (). We 
find from (5.2.28) and (A.7) that 

-n/2t- 1 n . _ a7r (jl) . [ ]

-n!2 

8t Zo(t,x,() - (detA)l!2 j~l A XJXI 

X H 30 [~C" ~ A(jl)xx l(l,a), 
23 4 L... ) I (II:. 1) 

j,l=l 2' , 

(0,1) 1 
(I, I), (1,1) . 
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Using the asymptotics (A.14) and (A.19) of the function H~g we can obtain an 
estimate of OtZo. For example, if n 2': 3, then 

We can also use a roughened unified estimate 

(5.2.45) 

As before, we get also an estimate for the difference IOtZo(t, x; (') - OtZo(t, x; (")1 
whose upper bound is the expression in the right-hand side of (5.2.44) or (5.2.45) 
multiplied by 1(' - ("1'. Since 

J OtZo(t, x -~; (') d~ = 0 

IRn 

by virtue of (5.2.42), the above estimates imply also the estimate 

(5.2.46) 

obtained by subtracting the (zero) integral of OtZo(t, x; x) and using the estimate 
for the difference of the derivatives. 

5.2.4. The Levi method (n 2': 2). We look for the functions Y, Z appearing in 
(5.2.4) assuming the following integral representations: 

t 

Z(t, x;~) = Zo(t, x -~;~) + j d)'" j Yo(t -)..., x - y; y)Q()..., y;~) dy; 
o IR n 

t 

(5.2.47) 

Y(t,x;~) =YO(t-T,X-~;~)+ J d)'" J Yo(t-)...,x-y;y)W()...,y;~)dy; (5.2.48) 
T IRn 

the functions Zo, Yo were examined in detail in Section 5.2.3. 
For the functions Q and W we assume the integral equations 

t 

Q(t,x;~) =M(t,x;~)+ j d)...j K(t-)...,x;y)Q()...,y;Ody, (5.2.49) 

o IRn 

t 

w(t,x;~) = K(t,x;~) + j d)'" j K(t - )...,x;y)w()...,y;~)dy, (5.2.50) 

T IRn 
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where 
n 

M(t,x;~) = L {[ajl(X) - ajl(~)JOXjOX1ZO(t,X - ~;~)} 
j,l=l 

n 

+ Lbj(x)oxjZo(t,x - ~;~) + c(x)Zo(t,x - ~;~), 
j=l 

n 

K(t,x;O = L {[ajl(X) - ajl(~)JOXjOX1YO(t,X - ~;~)} 
j,l=l 

n 

+ L bj(x)oxj Yo(t, x -~;~) + c(x)Yo(t, x -~; ~). 
j=l 

Using the estimates (5.2.30)-(5.2.32) we find that 

IM(t, x; 01 ::; Ct-O Ix - ~I-n+y exp{ -op(t, x; 0, ~)}. 
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(5.2.51 ) 

In order to obtain estimates for K, we have to use estimates for Yo, dif
ferent for different values of n, and for different domains, and then to roughen 
the resulting estimates into less exact but unified bounds convenient for the Levi 
method. 

Proposition 5.4. For any n 2: 2, 

IK(t, x; ~)I ::; CtCr - rr )%-llx - ~I-n+rr exp{ -op(t, x; 0, ~)}, 

with ° < TJ < "I. 
Proof. Using Proposition 5.2 we write the estimate for Ix - ~I 2: t o / 2 : 

IK(t, x; 01 ::; Cc "2
n + "2~ -1 exp{ -ap(t, x; 0, ~)}. 

(5.2.52) 

(5.2.53) 

For Ix - ~I ::; tOl./ 2 we consider various cases separately. If n = 3, or n > 4, 
then 

(5.2.54) 

Since 
Ix - ~12 = Ix - ~Irrlx - ~12-rr ::; Ix - ~Irrt% (2-rr) , 

(5.2.53) and (5.2.54) imply (5.2.52). Note that transforming (5.2.53) we change 
the constant a. 

If n = 2 or n = 4, the initial bound for K is 

IK(t, x; ~)I ::; Cc "2
n + a2~ -1 (/iog Ix ~}12/ + 1) exp{ -ap(t, x; 0, ~)}. (5.2.55) 

We roughen the estimate (5.2.55) replacing the factor IlOg Ix ~o ~121 + 1 with the 

( Ix _ ~I ) -n+rr 
factor ta72 ' which results in (5.2.52). o 
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Next we have to study the increments 

D.xM(t,x;~) = M(t,x;~) - M(t,x';~), 

D.xK(t, x;~) = K(t, x;~) - K(t, x'; ~), 

x,x'ElRn . 

We can write D.xM(t, x;~) = Ml + M2 + M3 where 

n 

Ml = L D.xajl(X)ax/)xlZo(t,x-~;~), 
j,l=1 

n 

M2 = L [ajl(x') - ajl(~)lD.xaxjax;Zo(t,x' - ~;~), 
j,l=1 

and the term M3 contains lower order derivatives. Since M3 has a weaker singu
larity and does not influence the estimates, we omit its detailed description and 
consider only Ml and M2. 

An estimate for Ml is given directly: 

IMll ::; C1 1x - x'I,calx - ~I-n exp{ -ap(t, X; 0, ~)}. (5.2.56) 

Using (5.2.30) we find that 

lD.xaXjaX ; Zo(t, x' - ~;~) I ::; lD.xaXj ax; zolv (Iaxjaxl Zo 1+ I arj ax; zol) I-v 

::; crcaVlx - ~I-nv-v exp{ -lIap(t, X; 0, ~)}Ix - x'lvci-vc,.,(I-v) 

x [Ix - ~I-n exp{ -ap(t, x; o,~)} + lx' - ~I-n exp{ -ap(t, x'; o,~)}] I-v (5.2.57) 

where x = x + 8(x' - x), 0 < 8 < 1, 0 < 1I < '"Y, and we assumed that 
min {Ix - ~I, lx' - W =1= o. From (5.2.56) and (5.2.57) we find that 

lD.xM(t, x; ~)I ::; C4C Ct [Ix - x'I'lx - ~I-n exp{ -ap(t, x; O,~)} 

+ Ix - x'lvl x' - ~I' M(t, x;~)] (5.2.58) 

where 

M(t, x;~) = Ix - ~I-nv-v exp{ -lIap(t, x; O,~)} [Ix - ~I-n exp{ -ap(t, x; O,~)} 
, '] I-v +Ix -~I-nexp{-ap(t,x;O,O} . 

We shall use also the following estimate which is a direct consequence of the 
definition of D.xM: 

lD.xM(t, x; 01 ::; cc'" (Ix - ~I-n+, exp{ -ap(t, x; O,~)} 
+Ix' - ~I-n+, exp{ -ap(t,x';O,~)}). (5.2.59) 
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Let us consider two possible cases. 

a) Suppose that Ix - x'i > Atn:j2. It follows from (5.2.59) that 

l~xM(t, x; ~)I :::; C5(A)t(-y-c)~-n: [Ix - ~I-n+c exp{ -o-lP(t, x; 0, O} 

+Ix' -~rn+Eexp{-o-lP(t,x';O,~)}l, I: > 0, 

whence 

l~xM(t, x; 01 :::; c6cn:lx - x'rr-c [Ix - ~I-n+c exp{ -o-lP(t, x; O,~)} 

+lx'-~I-n+cexp{-o-lP(t,x';O,~)}l, 1:>0. (5.2.60) 

b) Let Ix - x'i :::; Ata / 2 with some A > O. If Ix - xii > 1]max(l~ - xl, I~ - xiI) with 
some 1] > 0, then we obtain again the estimate (5.2.60). Thus, we have now to 
consider the most complicated subcase, for which 

Ix - xii:::; 1]max(l( - xl, I( - x'l), 1] > O. 

Here we use the estimate (5.2.57). 
Without restricting generality, we may assume that I( - xii:::; I( - xl. Then 

Ix - x'i :::; 1]1( - xl, 

Ix - ~I = Ix - (+ 8(x' - x)1 

:::: Ix - (1- 81]IX - (I :::: (1 -1])lx - (I· 

Note that the function 

r 2-0: 
{ 

2 } r f--+ r-n exp -0- Ca/2) , 0< ex < 1, 

is monotone decreasing. This implies the estimate 

IM(t, x;~) I :::; C7 [Ix - ~I-n-v exp{ -o-lP(t, x; 0, ()} 

+ lx' - (I-n-v exp{ -o-p(t, x'; O,~))]. 

Setting I: = '"Y - 1/ and using (5.2.59), (5.2.60), we come to the estimate contained 
in the following proposition. 

Proposition 5.5. If x" is one of the points x, x' for which Ix" - (I = min(lx -
(I, lx' - W, then 

l~xM(t, x; ~)I :::; CCn:lx - x'I'Y-Elx" - (I-n+c exp{ -o-p(t, x"; 0, ()), (5.2.61) 

l~xK(t, x; ()I :::; Ct-1lx - x'I'Y-clx" - (I-n+£ exp{ -o-p(t, x"; 0, ()}. (5.2.62) 

The proof of (5.2.62) is similar to that of (5.2.61), since the estimates for Yo 
have a structure similar to those for Zo. 0 
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Now we are ready to consider the integral equations (5.2.49) and (5.2.50). 

Proposition 5.6. The integral equations (5.2.49) and (5.2.50) have the solutions 
Q( t, x; 0, \II (t, x; ~), which are continuous for x =I- ~ and satisfy the estimates 

IQ(t, x; ~)I :::; ccalx - ~I-n+, exp{ -ap(t, x; 0, ~)}, (5.2.63) 

l~xQ(t, x; ~)I :::; CC"'lx - X'I,-Elx" - ~1-n+E exp{ -ap(t, x"; 0, ~)}, (5.2.64) 

1\II(t, x; ~)I :::; Cc 1 1x - ~I-n+, exp{ -ap(t, x; 0, ~)}, (5.2.65) 

l~x\Il(t, x; ~)I :::; Ct- 1 lx - X'I,-Elx" - ~1-n+E exp{ -ap(t, x"; 0, ~)}, (5.2.66) 

with an arbitrary f E (0, 'Y) and the constants depending on f. If n = 2 or n = 4, 
then for any f.1 > 0, 

IQ(t, x; ~)I :::; cca-y Ix - ~1-n+E-1' exp{ -ap(t, x; 0, ~)}, (5.2.67) 

(5.2.69) 

l~x\Il(t,x;~)I:::; cc 1- Y lx - X'I,-Elx" - ~1-n+E-l'exp{-ap(t,x";O,~)}. 

(5.2.70) 

Here the constants depend on f and f.1. 

Proof. The equations (5.2.49) and (5.2.50) are solved by iterations. The estimates 
(5.2.63) and (5.2.67), (5.2.65) and (5.2.69) follow from Lemma 1.14. 

Let us prove (5.2.64). We have ~xQ = ~xM + J where 

t 

J = J dA J ~xK(t - A, x; y)Q(A, y; 0 dy, (5.2.71) 

o IRn 

t 

IJI :::; Clx - X'I,-E J (t - A)-l A -adA 

o 

X V I·T - yl-* Iy - (1-"+0 ,xp{ -"pit, x; A, y) - "piA, y; 0, m dy 

+ J lx' - yl-n+Ely - ~I-n+, exp{-ap(t, x'; A,y) - ap(A,y;O,~)} dY] 

IRn 
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t 

S elx - X'I'Y-E J(t -A)-l+¥ A(l-a)-l dA 

o 

X V Ix - "I-n+; I" - <In I, exp{ - ",pit, x; A, y) - .,p(A, y; 0, m dy 

+ J lx' - YI-n+~ly - ~1-n+'Y exp{ -U1P(t,X';.\,y) - U1P(A,y;0,~)}dYl· 
IRn 

By Lemma 1.12, the integral (5.2.71) is estimated as follows: 

IJI s elx - x'j'Y-cC a +¥ [Ix - ~1-n+'Y+~ exp{ -U2P(t, x; O,~)} 

+Ix' - ~1-n+'Y+~ exp{ -U2P(t, x; 0, ~)}]. 

Together with (5.2.61), this implies (5.2.64) with an appropriate u > 0. 
The proof of the inequalities (5.2.66) and (5.2.70) is similar. 0 

5.2.5. The one-dimensional case. In the case n = 1 the parametrix and the fun
damental solution have no singularity in the spatial variable. This simplifies the 
situation greatly and makes it similar to the theory of conventional parabolic equa
tions of an arbitrary order. Note however that even this case is more complicated 
than the classical study of a second order parabolic differential equation. In partic
ular, the estimates of iterated kernels in the Levi method should still be performed 
in two stages (see Lemma 1.15). 

Here we give the main estimates for this case; their proofs, simplified versions 
of those given the preceding section, are omitted. The scheme of the Levi method 
and the main notation is as above; see (5.2.47)-(5.2.50). 

Proposition 5.7. If n = 1, then 

IM(t, x; ~)I :S ec(3-'Y)a/2 exp{ -up(t, x; 0, ~)}, 

IK(t,x;~)I:s eC1-(1-'Y)a/2 eXp{-Up(t,x;0,0}, 

IQ(t, x; ~)I s ec(3-'Y)a/2 exp{ -up(t, x; 0, ~)}, 

IIlf(t, x; ~)I s ec1-(1-'Y)a/2 exp{ -up(t, x; 0, ~)}. 

The estimates for differences of the above kernels are collected in the next 
proposition. 

Proposition 5.8. If n = 1, then 

l~xM(t, x; ~)I :s Clx - x'j'Y-cC(3-E)a/2 exp{ -up(t, x"; 0, ~)}, 

l~xK(t, x; ~)I s Clx - x'I'Y-cC 1-(1-c)a/2 exp{ -up(t, x"; 0, ~)}, 

l~xQ(t, x; 01 s elx - x'I'Y-cC(3-c)a/2 exp{-up(t, x"; 0, ~)}, 

I~xllf(t, x; 01 s elx - x'I'Y-"t-1-(1-E)a/2 exp{ -up(t, x"; 0, ~)}, 

° < E < 'Y. 
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5.3 The Cauchy problem: Existence and 
representation of solutions 

5.3.1. The Green matrix. Let us formulate the main result regarding the existence 
and properties of the Cauchy problem (5.2.1)-(5.2.2) for the general operator B. 
See Section 5.2.1 for the main assumptions and definitions. 

In order to describe regularity properties of solutions of the equation (5.2.1) 
with respect to the variable t, it is convenient to introduce the class H~+.\[O, T] of 
such functions <.p(t) that tI-'<.p(t) is Holder continuous on [0, T] with the exponent 
a + A, A> O. It will be shown below that the problem (5.2.1)-(5.2.2) cannot have 
more than one bounded classical solution belonging (for each fixed x E IRn) to 
H~+.\ [0, T], if 0 < A < 1 - a, 0 ::; J.1 < A + l. 

Below we denote by 'Y various Holder exponents with respect to spatial vari
ables (without restricting generality they will be assumed equal). 

Theorem 5.2. 
a) There exists a Green matrix {Z(t,x;~), Y(t,x;~)} for the problem (5.2.1)
(5.2.2), of the form 

Z(t, x; 0 = Zo(t, x -~;~) + Vz(t, x; 0, 
Y(t, x; 0 = Yo(t, x -~;~) + Vy(t, x; 0, 

where (Zo, Yo), the Green matrix of the Cauchy problem for the equation obtained 
by ''freezing'' the coefficients aij at the parameter point ~ and setting other coeffi
cients equal to zero, satisfies the estimates listed in Propositions 5.1 and 5.2, with 
the constants independent of ~ E IRn. The functions Vz , Vy satisfy the estimates 

(i) If n = 1, then 

18:Vz (t, x; 0 I ::; Ct(-y-m-l)a/2 exp { -(JC 2"~ Ix - ~12::G } , 

18:Vy (t, x; 01 ::; Ctcx -1+(-y-m-l)a/2 exp { -(JC 2"~ Ix - ~12::" }, 

m=O,l,2. 

(ii) If n = 2, then 

where 'Yo < 'Y is an arbitrary fixed positive constant (here and below in the 
formulas containing 'Yo the constant C depends on 'Yo), 
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(iii) If n = 3, then 

18;,"Vz (t, x; 01 :::; Gt~-C>lx - ~I-I-Iml+i-io exp { -or 2~" Ix - ~12~" } , 

18;'Vy (t, x; ~)I :::; GtC!O+i)%-llx - ~1-I-lml+C!-io)/2 exp { -or 2~" Ix - ~12~" } , 

Iml = 0, l. 

(iv) If n = 4, then 

Iml = 0, 1; 1'0 < 1'/2. 

(v) If n 2: 5, then 

18;'Vz (t, x; 01 :::; Gt 'Y~" -alx - ~12-n-lml+i-,),o exp {-rYe 2~" Ix - ~12~" }, 

18;'Vy(t, x; ~)I :::; GtC!o+')')%-llx - ~12-n-lml+C!-')'o)/2 exp { -rYe 2~" Ix - ~12~" }, 

Iml = 0, l. 

(vi) If n 2: 2, Iml = 2, then 

I 8;' Vz (t, x;~) I :::; Gt" -Q Ix - ~1-n+i2 exp { -rYe 2~" Ix - ~12~" } , 

18;;'Vy(t, x; ~)I :::; Gt',-Ilx - ~1-n+')'2 exp { -rYe 2~" Ix - ~12~" } , 

where 1'1,1'2 are some positive constants. 
(vii) The estimates for the fractional derivatives lIJl( Q) Vz, lIJl( u) Vy of the functions 

Z, Yare the same as the above estimates for their second order derivatives. 

b) Let u(t, x) be the solution (5.2.4) of the problem (5.2.1)-(5.2.2) with a bounded 
continuous function Uo (locally Holder continuous if n > 1) and a bounded jointly 
continuous and locally Holder continuous, in x, function f. If ° < >. < 1 - 0:, 

0: + >. < 1/, then for any x E ]Rn u(·, x) E H~+'\[O, T]. 

c) The functions Z and Yare nonnegative. 

The rest of this section will be devoted to the proof of Theorem 5.2. Note 
that it can be generalized in various directions. In particular, the initial function 
may have a certain exponential growth (see [130] for the case B = 6.). All the co
efficients except the leading ones may depend also on t. Moreover, if we consider 
only the case of the zero initial functions, that is we look only for the function Y, 
then we can include, without any changes, the general case of time-dependent co
efficients. The same is true for the case n = 1 which resembles the classical theory 
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of parabolic equations. In fact, it seems probable that the stationarity assumption 
can be dropped completely. However, then the machinery of Fox's H-functions 
would not be available, and we would have to deal directly with contour integral 
representations of solutions of fractional diffusion equations with coefficients de
pending only on t. Their study is a complicated task in itself, which has not been 
fulfilled so far. 

5.3.2. Heat potentials. In order to verify that the functions (5.2.47) and (5.2.48) 
indeed solve the Cauchy problem via the representation (5.2.4), we have to study 
the heat potential 

t 

W(t, x) = j d)" j Yo(t - ).., x - y; y)f().., y) dy (5.3.1) 

o IR n 

for two situations. Firstly, we must consider the case of a bounded, locally Holder 
continuous (in x) function f, jointly continuous in (t, x) E IIIO,Tj' This is, of course, 
dictated by the formula (5.2.4) containing a term which solves the inhomogeneous 
equation with the zero initial condition. Note that Yo is the main singular part 
of the function Y appearing in (5.2.4). Secondly, heat potentials appear also in 
(5.2.47) and (5.2.48), where the role of f is played by the functions Q and W which 
are much more singular (see Proposition 5.6). 

Let us consider the potential (5.3.1) with a bounded, locally Holder continu
ous f. The existence of the integral (5.3.1) and the possibility to find its first order 
derivatives in x by differentiating under the integral's symbol follow directly from 
the estimates (5.2.34), (5.2.36), (5.2.38), and (5.2.40). For studying the second 
order derivatives we consider the function 

t-h 

W(t, x) = j d)..jYo(t-)..,X-Y;Y)f()..,Y)dY, h>O. 
o IR n 

As t - ).. ~ h, the function Yo and its first and second derivatives have integrable 
singularities at x = y. Therefore we may differentiate under the integral's symbol, 
so that 

where 

t-h 

J1 = j d)" j 8xj 8x , Yo(t - ).., x - y; y)[f().., y) - f().., x)] dy, (5.3.2) 

o IR n 

t-h 

h = j f()..,x)d)" j 8xj 8x ,Yo(t-)..,x-y;y)dy. (5.3.3) 

o IR n 
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We decompose further, h = Ji1) +Ji2), where Ji1) corresponds to integration 

over the set rr(1) = {y E jRn Ilx - yl ::; (t - A)a/2} while for J?) the domain of 
integration is rr(2) = {y E jRnllx - yl > (t - A)a/2}. Suppose that, for example, 
n> 4; other cases are treated similarly. If y E rr(1), then 

so that the rr(1) part of the integral in (5.3.2) is majorized by 

t-h 

Ji1) = c J (t - A)-a-1dA J Ix - yl-n+2+'Y dy, 

o nil) 

and the change of variables fJ = (t - )..)-a/2(y - x) gives 

t-h 

Ji1) ::; c J (t - )..)-Ha2~ dA J IfJl-n+2+'Y dfJ. (5.3.4) 

o 11119 

Here I > 0 is the Holder exponent of the function f(A, x) in x. 
For y E rr(2) we use the inequality 

a consequence of the general estimate (5.2.40). A similar argument shows that the 
rr(2) part of the integral in J1 is majorized by 

t-h 

C J (t - )..)-H a2", d)" J IfJl'Y exp {-iTlfJI2':a } dfJ· 

o 1111>1 

We see the existence of the limit of J1 as h ~ o. 
Let us consider h. Using (4.14) we have 

t-h 

J2 = J f().., x) dA 

o 

x J [OX/lXl Yo(t - A, x - y; y) - ox/Jx1 Yo(t - A, x - y; 8) lo=xl dy. (5.3.5) 
IRn 

By (5.2.41), the expression in brackets is majorized by 
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The same change of variables (used above) shows that the integrand in (5.3.5) is 
majorized by 

(t - A)-1+"',~ IYI-n+2+'Y exp {-aIYl'':'" }. 

This means the existence of the limit of hash --+ O. Simultaneously we have 
proved the formula 

t 

8xj 8x1 W(t,x) = j dA j 8xj 8x1 Yo(t - A, x - y; y)[f()., y) - f(A, x)] dy 
o IRn 

t 

+ j f(A, x) dA j 8xj 8x1 Yo(t - A, x - y; y) dy. (5.3.6) 
o IRn 

Now we have to carry out a similar procedure for the potential (5.3.1) with 
f().,y) = Q()"y;O with a fixed ~ (the case of W(A,y;T,O is quite similar). We 
use the estimates (5.2.63) and (5.2.64) for the function Q and its increment, and 
also the following roughened estimate: 

18xj 8x1 Yo(t - A, x - y;~) I :S C(t - A)-llx - yl-n exp{ -ap(t, x; A, y)}. (5.3.7) 

In fact we have to prove convergence of the integrals 

t 

I~ = j dA j 18xj 8x1 Yo(t -)., x - y; y)IIQ(A, x;~) - Q()., y; 01 dy, 
o IRn 

t 

I~ = j IQ(A, x; 01 dA 
o 

x jI8xj8xIYO(t-).,x-y;y)- 8xj8xIYO(t-A,X-y;6)18=xl dy. 

Let a > 0 be a small positive constant. Changing a we can rewrite (5.3.7) as 

18xj8xIYO(t -).,x - y;~)1 :S C(t - A)-1+ a2", Ix - yl-n-a exp{ -ap(t,x; ).,y)}. 

Now we get by Lemma 1.12 and Lemma 1.13 that for 0 < E < 'Y, 
t 

I~ :S C j(t - A)-1+ a2", A-OidA 
o 

x V Ix - yl-n+,-'-"Ix - (I-n+, exp{ -ff p( t, x; '\, y) - "p('\, x; 0, m dy 

+ j Ix - yl-n+'Y-c:-al y - ~I-n+c: exp{ -ap(t, x; A, y) - ap(A, y; O,~)} dy 1 
IRn 
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= Clx ~ ~I-n+s exp{ ~(Jp(t, x; O,~)} 

t 

X J (t ~ A)-H a2" A -adA J Ix ~ yl-n+y-s-a exp{ ~ap(t, x; A, y)} dy 
o ~n 

t 

+ G J(t ~ A)-H a2" A-adA J Ix ~ yl-n+,-E-aly ~ ~1-n+E 
o ~n 

X exp{ ~ap(t, x; A, y) ~ ap(>., y; O,~)} dy 
t 

:::; Clx ~ ~I-n+f: exp{ ~ap(>., x; O,~)} J (t ~ A) h-2
o)" -1 >,-adA 

o 
+ GC<>+a2" Ix ~ ~I-n+y-a exp{ ~ap(t, X; O,~)}. 

345 

As before, the letters a, G mean various positive constants; this abuse of notation 
will be convenient in the sequel too. 

In order to obtain a bound for I~, we use the estimate 

18Xj8x/Yo(t ~ A,X ~ y;y) ~ 8x/Jx/Yo(t ~ A,X ~ y;J)lo=xl 
:::; Glx ~ yl,-n(t ~ A)-l exp{ ~ap(t, x; A, y)} 

:::; Glx ~ yl-n+f(t ~ A)-Ha4~ exp{ -ap(t,x; A,y)} 

(with a different a). Then by Lemma 1.13 

I~ :::; Glx ~ ~I-n+, exp{ ~ap(t, x; O,~)} 
t 

x j(t ~ A)-H"4~ >,-0'. dA j Ix ~ yl-n+f exp{ ~ap(t,x; A,y)} 
o ~n 

t 

<:::: Glx - ~I-n+, exp{ ~ap(t, x; O,~)} j (t ~ A)-Ha2~ A-a dA 
o 

:::; Gt "2"1 -alx ~ ~1-n+"'1 exp{ ~ap(t, X; 0, ~)}. 

Thus, we have proved (5.3.6) for f(>., y) = Q(>., y; O. 
5.3.3. The fractional derivative. Our next task is to study the fractional derivative 
of the heat potential (5.3.1), again for the above two cases. 

Suppose that f(t,x) is bounded, locally Holder continuous in x, and jointly 
continuous in (t,x). We have ]]Jl(a)w = 8t v where v = 16.+aw is the Riemann
Liouville fractional integral, that is 

t e 
v(t,x) = r(1~Q) j(t~())-ad() j dA j Yo(()~>"x~y;y)f(A,y)dy 

o 0 ~n 
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t t 

= r(l ~ a) J d>" J (t - e)-a: de J Yo(e -).., x - y; y)f().., y) dy 
o A Rn 

t 

= J d>" J Zo(t - >.., x - y; y)f(>.., y) dy, 
o Rn 

by the definition of Yo. 
Let h be a small positive number, 

t-h 

Vh(t,X) = J d>" J Zo(t-)..,x-y;y)f(>..,y)dy. 
o Rn 

Then Vh -Y v pointwise as h -Y 0, 

(1)( ) (2) ) OtV" = vh t, x + v" (t, x 

where 

V~1)(t,x)= J Zo(h,x-y;y)f(t-h,y)dy, 

t-h 

v~2)(t,x) = J d>" J OtZo(t->..,x-y;y)f()..,y)dy. 
o Rn 

We have 

V~l) (t, x) = J [Zo(h, x - y; y) - Zo(h, x - y; x)lJ(t - h, y) dy 

+ J Zo(h, x - y; x)[f(t - h, y) - f(t - h, x)] dy + f(t - h, x), (5.3.8) 
Rn 

due to (5.2.42). By Proposition 5.3, the absolute value of the first integral in the 
right-hand side of (5.3.8) does not exceed 

Ch-a: J Ix - yl-n+2+'Y exp { -(7 (h-a:/2Ix - yl) 2':'" } dy = const· h "2'" -Y 0, 

Rn 

as h -Y 0. Similarly, using (5.2.30) we show that the second integral in (5.3.8) 
tends to zero as h -Y o. Thus 

(1 ) vh (t,x) ---+ f(t,x), (5.3.9) 

as h -Y 0. 
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Turning to v~2l we write 

t-h 

v~2l(t,x) = J d)" J OtZo(t-)..,x-y;y)[!()..,y)-!()..,x)]dy 

° Jl(n 

t-h 

+ J !()..,x)d)" J OtZo(t-)..,x-y;y)dy. 

° Jl(n 

It follows from (5.2.44) that 

t-h J d)" J OtZo(t - ).., x - y; y)[!().., y) - !().., x)] dy ~ e(t - )..)-1+ "21' • 

o Jl(n 

Together with (5.2.46) this shows that 

t 

v~2l (t, x) --+ J d)" J OtZo(t - ).., x - y; y)[!().., y) - !().., x)] dy 
o Jl(n 

t 

+ J !()..,x)d)" J OtZo(t-)..,x-y;y)dy. (5.3.10) 

° Jl(n 

By the definition of Yo, OtZO = ]]))(alyo, and it follows from (5.3.9) and (5.3.10) 
that the fractional derivative ]]))(alw exists and can be represented as follows: 

t 

(]]))(a)w) (t,x) =!(t,x)+ j d)" j OtZo(t-)..,x-y;y)[!()..,y)-!()..,x)]dy 

° IRn 
t 

+ j !()..,X)d)..j OtZo(t-)..,x-y;y)dy. 

° IRn 

(5.3.11) 

The case, in which !().., y) = Q().., y; e), is considered similarly, on the basis 
of the estimates (5.2.45), (5.2.46), (5.2.63), (5.2.64). 

5.3.4. The homogeneous equation. Now, in order to verify that the equation (5.2.1) 
is satisfied, it remains (due to the whole construction of the Levi method) to study 
the integral 

J Zo(t, x - y; e)uo(y) dy, 

and to show that it represents a solution of the equation (5.2.1) with the coefficients 
of the operator B "frozen" at the point e. 
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Equivalently (up to a change of variables), we have to prove that the function 

v(t,x) = J Zo(t,x-y)uo(y)dy, (5.3.12) 

IRn 

satisfies the model equation ]]J);"')v = ~v. Here the kernel Zo is given by (5.2.5). 
Let us fix t > 0, xo E ]Rn, k E {I, ... , n}, and compute O~k v(t, XU). Suppose 

that n 2: 2. Using the estimates from Proposition 5.1 we can find the first derivative 
by differentiating under the symbol of the integral. Taking into account (5.2.42) 
we have 

(5.3.13) 

Let us decompose the domain of integration in (5.3.13) into the two sets: 

Correspondingly, the integral becomes the sum of two integrals, Vl (t, XO)+V2(t, XU). 
If x lies in a small neighbourhood of the point xO, and ~ E rll' then x - ~I is 

separated from zero. Therefore 

OXkVl(t,XO) = J O;kZO(t,xO -~) [uo(~) - uo(XO)] d~. 
!I, 

Let d> 0, d = (0, ... , d, ... 0) (d stands in the k-th place). Then 

~ J OXkZO(t,XO + d -~) [uo(O - uo(xO)] d~ 
Ixo-I;I"S2d 

+ 

d
1 J OXkZO(t,XO -~) [uo(~) -uo(xO)] d~ 

Ix"-EI"S2d 

J O;kZO(t,xO -~) [uo(~) - uo(xO)] d~ 
Ix"-E19d 

J {~[OxkZo(t,xO+d-~)-OXkZO(t,XO_~)] 

(5.3.14) 
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(the integrals converge since Uo is locally Holder continuous). Each of the integrals 
on the right tends to zero as d --> O. This follows from Proposition 5.1 and the 
local Holder continuity of uo; in the last integral we use the Taylor formula 

x' = xo + ()d, 0 :::; () :::; 1, and take into account (5.2.8) and the fact that the 
inequality Ixo - ~I ~ 2d implies 

so that the last integral is majorized by 

f I(I-n-l+l'd(. 

Thus, 

aXk V2(t,XO) = f a;kZO(t,xO -~) [uo(~) - uo(XO)] d( 

!12 

Together with (5.3.14) this gives 

a;k v(t, xO) = f a;kZO(t, xO -~) [uo(~) - uo(xO)] d~. (5.3.15) 
]Rn 

In the case n = 1 this formula is obtained directly, by differentiating under the 
symbol of the integral. 

On the other hand, using the inequality (5.2.11) we find that 

(]]})~"')v) (t,XO) = J (]]})~"')Zo) (t,xO -~) [uo(~) -uo(XO)] d~. (5.3.16) 
]Rn 

Let Z", E S'(lRn ) be the result of the action of the operation ]]})~",) upon the 
function Z understood as a distribution in x depending on the parameter t. Using 
(5.2.7) and (5.2.11) we find, for any 'ljJ E S(lRn ), that 

whence 
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Next, 

/ (a) ~) a / ~) 1 J ( / a~) ~(O) 
\]]}t Z,'lj; =Do+\Z,'lj; -r(l-o:)ta 'lj;x)dx=\Do+Z,'lj; -r(l-o:)ta ' 

IR'.n 

that is z: = ]]}~a) Z, and it follows from the construction of Z that Za coincides 
with the Fourier transform of the distribution flZ. Hence, Zoe = flZ, and 

(]]}~a) Z) (t,x) = flZ(t,x), x -=I- O. 

Now it follows from (5.3.15) and (5.3.16) that (]]}~a) v) (t, xO) = flv(t, X O), as 

desired. 

5.3.5. The initial condition. Let us verify the initial condition (5.2.2). As above, 

we begin with the model equation ]]}~a)v = flv and consider its solution (5.3.12). 
Using the equality (5.2.42) we write 

v(t,x) = J Zo(t,x-~)[uo(~) -uo(x)ld~+uo(x). 
IR'.n 

It follows from (5.2.5) that 

Zo(t,xta/2 ) = C an/ 2 Zo(1,x). (5.3.17) 

Therefore 

v(t,x) = J Zo(l, 1]) [uo(x-1]ta/2)-uo(x)] d1]+uo(x), 
IR'.n 

and the inequalities (5.2.6), (5.2.8)-(5.2.10), together with the dominated conver
gence theorem, show that v(t,x) ---7 uo(x), as t ---7 0, for any x E ]Rn. 

Let us consider the general case. By our construction, 

Z(t,x;~) = Zo(t,x - ~,~) + Vz(t,x;~), 

where 
t 

Vz(t,x;~) = J d)" J Yo(t-)..,x-y;y)Q()..,y;Ody 
o Iitn 

(see (5.2.47)). We have 

J Zo(t,x-C~)uo(~)d~= J Zo(t,x-~,x)uo(~)d~ 
+ .I [Zo(t, x - ~,~) - Zo(t, x -~, x)luo(~) d~. 

IR'.n 
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As we have just shown, the first summand tends to Uo (x), as t ---7 O. By Proposition 
5.3, the second summand is majorized by 

Ct-a J Ix - ~1-n+2+")' exp { -(7 (cr>/2Ix - ~I) 2~" } d~ 
IRn 

= Ct")''''- J 177I-n+2+")' exp { -(717712~" } d77 -----7 0, 

IRn 

as t ---7 O. 
Let us find an estimate for Vz . Suppose, for example, that n = 3 (other cases 

are treated similarly). Then by (5.2.36) and (5.2.63) 

IVz(t,x;~)1 
t 

:'S C J (t - >..)-~-1 >.. -01 d>" J Iy - ~1-3+")' exp{ -(7[p(t, x; >.., y) + p()...., y; O,~)]} dy. 

o 1R3 

Taking 0 < 1'0 < I' we can rewrite this as 

t 

IVz(t,x;~)I:'SC J(t->..)-1fJl-- 1>..-o. d>.. 
o 

x J ( Ix - yl ) 1+")'0 Ix _ yl-l-")'oly _ ~1-3+")' 
(t - >,,)0./2 

1R3 

x exp{ -(7[p(t, x; >.., y) + p(>.., y; O,~)]} dy 
t 

:'S 0 1 J (t - A)-",¥-1 A -a dA J Ix - yl-l-")'o Iy - ~1-3+")' 
o 1R3 

x exp{ -(71 [p(t, X; A, y) + p(A, y; O,~)]} dy, 

and now Lemma 1.12 implies the estimate (iii) from Theorem 5.2. 
Other estimates given in the formulation of Theorem 5.2 are proved in a quite 

similar way (note that we roughen some estimates containing logarithmic terms 
replacing the logarithm by the power function with an arbitrarily small exponent). 
Returning now to the verification of the initial condition we obtain that 

IJ Vz(t,x;~)uo(~)d~ :'SCt"'¥-o. JI~I"),-"),0-1exp{-(7(COI/21~lr~"} d~ 
~3 IR3 

= CtY J 1771")'-")'0- 1 exp { -alrJI2~" } drJ -----70, 

1R3 

as t ---7 O. Thus, the initial condition (5.2.2) has been verified. 
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5.3.6. The HOlder continuity in t. Let us prove the assertion b) of Theorem 5.2. 
Suppose that 0 < lJ < 1-a, a + A < lJ. We have to show that for any fixed x E ]Rn 

t ll u( t, x) is Holder continuous in t with the exponent a + A. It is sufficient to prove 
the Holder continuity near the origin t = O. Let us consider, for example, the case 
n = 3; all other cases are treated similarly. 

Let us write u(t, x) = U1 (t, x) + U2(t, x) + U3(t, x) + U4(t, x) where 

U2(t, x) = J Vz(t, x; ~)uo(O d~, 
1R3 

t 

U3(t,X) = J dA J Yo(t-A,x-~;~)f(A,~)d~, 
o 1R3 

t 

U4(t, x) = J dA J Vy (t - A, x; ~)f('A,~) d~. 
o 1R3 

Let w(t, x) = tllU1(t, x). Below we prove that Dgt'w E e[O, T] for any fixed 
x, if lJ > a + A. It is also clear that (Ig1>'w) (O,x) = o. This will imply (see 
Section 5.1.1) that w = Ig-t>'Dg-t>'w E Hg+>'[O, TJ, that is U1 E H,5'+\[O, T]. 

Denote 
3 

2t(x,~;() = L A(ij) (()(Xi -~i)(Xj -~j), 
i,j=l 

where, as before, A = (A(ij)(()) is the matrix inverse to (aij(()). By (5.2.28), 

( t. ) _ 7r-3 / 2 [( t. t)]-3/2 H20 [1 -C<2t( t. t) I (1, a) ] Zo t,x - .",~ - (detA)l/2 2t x,.",." 12 ".it x,.",." (~, 1), (1,1) . 

Using the representation (A.I0) of the H-function as a contour integral and ap
plying the Riemann-Liouville derivative (as in (A.ll) or in (A.12)) we find that 

(Dg1>'w) (t, x) = J 3(t, x; Ouo(~) d~ = J 3(t, x; ~)[uo(~) - uo(x)] d~, 

where 

(1 + lJ,a)] . 
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By (A.14) and (A.26), we have 

13(t, x - €; €)I ::; Ctv- a-'\-~ exp { -p,,,lx - €12':a } , 

and 

These inequalities show, after a simple evaluation of integrals, that Dg;'\w E 
C[O, T] for each x. As we already know, this implies the Holder continuity of U1. 

As we saw above, IU2(t, x)1 ::; Ct"'1/2 , so that WU2(t, x)1 ::; Ct a2~ +v < Ct"+'\ 
for small values of t, since Ct +..\ < v. 

Next, by (5.2.36) 

lu,(" x)1 ~ c j (t - ).) +, d)' / exp { -q e,l: ~)~/' t" } d1. 
o ~3 

t 

< C j(t - ..\),,-1 d..\ = C to! _ 1 2 , 

o 

so that ItVU3(t,x)1 ::; C2t"+v < C2ta +,\ for small values oft. 

Finally, from the estimate (iii) of Theorem 5.2 we find that 

ltV U4(t, x) I ::; Ct a;y +,,+v < Ct"+'\ 

for small values of t, as desired. 

5.3.7. Nonnegativity. Let us prove that the functions Z and Yare nonnegative. It 
is sufficient to show the nonnegativity of the solution (5.2.4) of the problem (5.2.1), 
(5.2.2) for arbitrary nonnegative functions Uo E CO'(Rn), f E CO'([O,T] x Rn). 

As we already know, the solution u(t,x) is bounded (due to our estimates 
of Z and Y), say lu(t, x)1 ::; M, and belongs to H~+'\[O, T], 0 < ..\ < 1 - Ct, 

Ct +..\ < v, for each x. This regularity in t makes it possible to represent the 
regularized fractional derivative ]]))~,,)u via the Marchaud fractional derivative: 

(]]))~")u) (t,x) = f( 1 ) [t-"u(t,x) - Cauo(x)] + f( Ct ) lim 'l/JE(t,X) 
1 - Ct 1 - Ct E->+O 

where 'l/Jc(t,x) = 0 for 0 < t::; c, 

t-E 

0/'( )=ju(t,X)-U(T,x)d 
'l/E t, x (t _ T)1+a T, c < t ::; T, 

o 

and the limit exists for all (t, x) E II[o,T] (see Section 5.1.1). 
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u(t,x) 
Denote v(t,x) = Ec,((3ta) where Ea is the Mittag-Leffler function, (3 > 0 

will be chosen later. Using the fact that ID;(a)Ea((3ta) = (3Ea((3ta) we obtain that 

e a 
ID;(a)u(t,x) = (3Ea((3ta)v(t,x) - ( ) uo(x) + (L(3v) (t,x) 

f1-a 

where 

( )() 1 [() a . jt-E: (a)v(t,x)-v(r,x) 1 
L(3v t,x = r(1- a) v t,x C + a E:~~O 0 Eo: (3r (t _ r)1+O: dr. 

Now the equation (5.2.1) takes the form 

1 
Eo:((3ta) (L(3v) (t,x) - (B - (3)v(t,x) = g(t,x) 

where 

1 [t-a 
] g(t,x) = Eo:((3to:) f(l- a) uo(x) + f(t,x) . 

Let Co = sup Ic(x)l, d> 0, (3 = Co + d. Consider the function 
xElRn 

Since FR(t,x) and Eo:((3tO:) are monotone increasing in t, we have 

(LF)( ) ( a )( ) Mf..l a(o:) Mf..lr(l+a) (3 R t,x 2: Do+FR t,x 2: R2 Do+ t = R2 

due to (5.1.2). In estimating L(3FR we used the Marchaud form of D(j+. 
On the other hand, 

so that 

1 
Eo:((3ta) (L(3FR) (t,x) - (B - (3)FR(t,x) 

2: : [f..l~~~(3~0:~) - C1 - C2 1xl + dlxl 2 + df..ltO: + d] 2: 0 

for all (t, x) E II[o,Tj, if the number f..l is large enough. 

(5.3.18) 

(5.3.19) 



5.4. Uniqueness theorems 355 

Let G(t, x) = v(t, x) + FR(t, x). Since g(t, x) 20, it follows from (5.3.18) and 
(5.3.19) that 

1 
Ea {{3ta ) (L{3G) (t,x) - (B - j3)G(t,x) 2 o. (5.3.20) 

If Ixl = R, then 

JLMtC> M 
G(t,x) = v(t,x) + M + ---w- + R2 > o. 

Also G(O,x) = uo(x) +FR(O,X) > o. Then G(t,x) 20 for all (t,x) with t E [O,T], 
Ixl < R. Indeed, otherwise the function G possesses a point (to, XO) of its global 
minimum on the set {O < t ::; T, Ixl < R}, such that G(tO, xO) < o. At this point 
(B - j3)G(tO, XO) 2 0 [83], and by (5.3.20) (L{3G) (to, XO) 2 0, which contradicts 
the definition of L{3. 

Thus, if Ixl ::; R, then 

Since R is arbitrary, this means that u( t, x) 2 o. 
This completes the proof of Theorem 5.2. o 

5.4 Uniqueness theorems 

5.4.1. Bounded solutions. The proof of non-negativity of the components of the 
Green matrix (see the assertion c) of Theorem 5.2 and its proof in Section 5.3.7) 
actually did not use the representation (5.2.4), but only some properties of the 
resulting solution. If those properties are taken as a priori assumptions, we come 
to the uniqueness theorem for bounded solutions, which is actually valid in a more 
general situation. In particular, the uniform parabolicity condition (5.2.3) may be 
weakened to parabolicity: 

n 

L ajl~j~l 2 0; 
j,I=1 

it is sufficient to assume continuity and boundedness of coefficients of the operator 
B (the Holder continuity is not required). Moreover, the coefficients may depend 
also on t. 

Theorem 5.3. Let u(t, x) be a classical solution of the problem (5.2.1)-(5.2.2) with 
uo(x) == O. Suppose that lu(t,x)l::; M for all t E [O,TJ, x E ]Rn, and that for each 
x E ]Rn u(-, x) E H~+.\[O, T] where 0 < A < 1 - 0:, 0::; JL < A + 1. Then u equals 
zero identically. 

Proof. As in Section 5.3.7, we prove that u(t,x) 20 for all t,x. Then, considering 
the solution -u(t,x), we find that u(t,x)::; 0, so that u(t,x) == o. 0 
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5.4.2. Solutions of exponential growth. Let n = 1. 

Theorem 5.4. Let the conditions of Theorem 5.3 be satisfied, except that the solution 
u( t, x) is not necessarily bounded, but 

lu(t, x)1 :::; MI exp {M2IxI2/(2-a)} , MI , M2 > O. (5.4.1) 

Then u(t, x) == O. 

Proof. We follow again the scheme of Section 5.3.7, but instead of the function 
F R ( t, x) use the function 

F~1) (t, x) = Ml exp { M2R2/(2-a)} [h(t, x - R) + h(t, x + R)], - R < x < R, 

where h(t, x) = exp {_pca/(2-a)lxI2/(2-a)}, while the constant p EO (0,1) will be 
determined later. 

As in Section 5.3.7, we reduce the equation (5.2.1) to the equation (5.3.18) 
with g = O. This time we set (3 = Co. Let us prove that for Ixl < R, 0 < t :::; T, 

(5.4.2) 

It is sufficient to show that 

(5.4.3) 

if x =f. 0, 0 < t :::; T. 
Evidently, if x =f. 0, then h(O, x) = 0, so that ( IlJl~a) h) (t, x) = (Do+h) (t, x). 

Next, 

so that, by (5.1.1) and (5.1.3), 

1 1 ((a)) 
Ea((3ta) (Lf3h) (t,x)? Ea((3TO:) IlJlt h (t,x) 

aplxI 2/(2-0:) jt { } = (t - T)-O:T-2/(2-0:) exp _pT-a/(2-a) IxI 2/(2-a) dT. 
Ea((3Ta)(2 - a)f(l- a) 

a 

After the change of variables T = p(2-a)/alx I2/a(T we find that 

(5.4.4) 
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where 

z 

S(z) = 1 /(z _ cr)-O:cr-2/(2-0:) exp {_cr-0:/(2-0:)} dcr. 
f(l- a) 

o 

According to Lemma 5.1, S(z) rv vz-a, as z --7 00, where 

00 

v = 1 / cr-2/(2-a) exp {_cr-0:/(2-a)} dcr. 
r(1- a) 

o 

This means, in particular, that for z ~ 1, 

(5.4.5) 

Let 0 < z :s; 1. Then 

1 

S(z) = 1 zl-a-2/(2-a) /(1 - ry)-O:ry-2/(2-0:) exp {_(zry)-a/(2-0:)} dry 
f(l- a) 

o 
1 

~ 1 zl-a-2/(2-0:) /(1 _ ry)-O: exp {_(Zry)-0:/(2-0:)} dry. 
f(l- a) 

o 

Now it follows from Lemma 5.2 that 

S(z) 2 V2Z-2a/(2-0:) exp { - z-0:/(2-a) }, V2 > 0, 

for z :s; 1. 
The inequalities (5.4.4)-(5.4.6) imply the lower bound 

> 

V3 t-0: , 
if tp-(2-0:)/0:Ixl-2/a ~ I, 

v4palx I20:/(2-a)c 2a/(2-0:) exp {_plxI2/(2-0:)co:/(2-a)} , 

if tp-(2-a)/0:Ixl- 2/0: :s; 1, 

where V3, V4 > 0 do not depend on t, x, p. 

(5.4.6) 

(5.4.7) 
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Calculating (B - (3)h( t, x) we come (after tedious but quite elementary com
putations) to the upper bound 

v5pl-'ijCn, 
if tp-(2-n)/nl x l-2/n ;::::: 1, 

(B - (3)h(t, x) ::; 
V6p3n/2IxI2n/(2-n)c2n/(2-a) exp { _plxI 2/(2-n)cn/(2-a)} , 
if tp-(2-n)/a Ixl-2/<> ::; 1; 

(5.4.8) 
V5, V6 do not depend on t, x, p. 

If p is taken small enough, the bounds (5.4.7) and (5.4.8) imply (5.4.3). Hence, 
we have proved the inequality (5.4.2). 

If x = ±R, then 

F~l) (t, x) = Ml exp {M2R2/(2-a)} [1 + h(t, ±2R)] 

;::::: Ml exp {M2R2/(2-a)} ;::::: u(t, x) ;::::: v(t, x) 

(we follow the notation of Section 5.3.7) because EO/(f3Ta) ;::::: l. 
If -R < x < R, then F~l)(O,X) = v(O,x) = 0. Now the reasoning of Sec

tion 5.3.7 yields the inequality v(t,x) ::; F~l)(t,X) for all t E [O,T], x E (-R,R). 
Let us fix t E (0, e], x E JR, where 

( (
M ) -(2-a)/n ) 

0< c < min --; ·2-2/ n ,T . 

If R > 21xl, then 

v(t, x) ::; F~l) (t, x) ::; Ml exp { ( M2 - P . 22/(2-n)ca /(2-n») R2/(2-n) } . 

Since R is arbitrary, this means that v( t, x) ::; 0, so that u( t, x) ::; 0. Similarly we 
get, again for any t E (O,e], x E JR, that u(t,x) ;::::: 0. 

In order to consider larger values of t, we introduce the function 

w(t,x) = u(t + e,X), t > O,X E JR. 

We have w(O, x) = 0, 

t+E 

(]]))~a)w) (t, x) = (Dg+w) (t, x) = f(l ~ a) j (t + e - arn8c;u(0", x) dO" 
E 

t+c: 

= f(l~a) j(t+e-0")-a8c;u(0",X)dO" 
o 

= (]]))~a)u) (t + e,X) = Bu(t + e, x) = Bw(t, x), 
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so that the function w also satisfies the equation (5.2.1). By the above result, 
w(t,x) = 0 as t::; E. Thus, u(t,x) = 0 for 0::; t::; min(2E,T). Repeating this 
argument, after a finite number of steps we complete the proof. 0 

5.4.3. A counter-example. Let us show that Theorem 5.4 cannot be improved in 
the sense that the exponent 2/(2 - Q) cannot be increased: if p > 2/(2 - Q), 
then there exists a non-trivial solution u(t, x) of the problem (5.2.1)-(5.2.2) with 
B = 8~, Uo = 0, such that 

(5.4.9) 

for all t E [0, T], x E R 
2 . 

Indeed, let (3 = 2 - -. Then (3 > Q. By Theorem 5.1 there eXIsts such a 
p 

smooth function f(t), different from the identical zero, that the sequence fo(t) = 
f(t), fn+l(t) = (]j))(a) fn)(t), n = 0,1,2, ... , satisfies the inequalities (5.1.11), and 
fn(O) = 0 for all n. Let 

( ) ~ fn(t) 2n 
U t,x = ~ (2n)!x . (5.4.10) 

A direct calculation shows that u( t, x) is a solution of the above Cauchy 
problem. With respect to the variable x, u( t, x) is an entire function, and its 
exponential growth order q satisfies the inequality 

. nlogn 
q::;2hmsup (2n)! 

n-->oo log I/n(t)1 

(see Chapter 8 in [221]). Using the Stirling formula and the inequalities (5.1.11) 
2 

we find that q'S 2 _ (3 = p, which implies the required estimate (5.4.9). 

Note that the conditions of Theorem 5.3 are similar to those of the classical 
uniqueness theorems for second order parabolic differential equations [83]. Clas
sically [83], an example like (5.4.10) is constructed on the basis of the theory of 
conventional quasi-analytic classes. 

5.5 Comments 

The expression (5.2.5) for the FSCP Zo was found independently by Schneider and 
Wyss [206] and Kochubei [130]. The non-negativity of Zo was first noticed in [206], 
though the proofs of the uniqueness Theorems 5.3 and 5.4 given in [130] actually 
contained a proof of the non-negativity. Theorem 5.2 was proved by Eidelman and 
Kochubei [63]. 

The results of this chapter demonstrate a number of interesting features of the 
equation (5.2.1), which represent a peculiar union of properties typical for second 
order parabolic differential equations (like a kind of the maximum principle; see 
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the proofs of Theorems 5.3, 5.4) and general parabolic equations and systems. 
It is well known [45, 83, 146] that the latter are characterized by the parabolic 
weight 2b (b ;::: 1), so that the differentiation in t has the same "force" as the 
differentiation of the order 2b with respect to the spatial variables. In other words, 
the differentiation in spatial variables has the weight 1/2b with respect to ik For 
the equation (5.2.1) we have 0:/2 instead of 1/2b, and this formal analogy goes 
through all the constructions and estimates including the description of uniqueness 
and correctness classes. 

In contrast to classical parabolic equations, the fundamental solution Z of the 
Cauchy problem (5.2.1)-(5.2.2) (even for B = ~) has, if n > 1, a singularity not 
only at t = 0, but also at the "diagonal" x = ~ with respect to the spatial variables. 
This causes serious complications for the implementation of the Levi method. 
The estimates of the iterated kernels require a series of additional regularization 
procedures absent in the classical case. Moreover, while the classical heat kernel 
has a simple expression in elementary functions, in the fractional case we have to 
deal with Fox's H-functions and their asymptotics, which makes even simple (in 
principle) transformations and estimates difficult technical tasks. Note also that, 
in order to consider an inhomogeneous equation (5.2.1), we have to develop Levi's 
method twice - separately for Z and Y. 

In this book we do not touch boundary value problems for fractional diffusion 
equations. So far mainly model equations have been considered (mostly in the 
physical literature). In fact there exists a general approach giving some results 
both for the Cauchy problem and boundary value problems. That is the study of 
operator-differential equations 

JD)(n)u = Bu, u(O) = uo, (5.5.1) 

where u is a function on [0, T] with values from a Banach space X, B is a closed 
linear operator on X. The study of such equations was initiated by Kochubei [129]. 

In [129] a solution of the problem (5.5.1) is understood as a strongly continu
ous function on [0, TJ, such that u(t) belongs to the domain D(B) of the operator 
B, ift > 0, the fractional integral IJ.+"'u is strongly continuously differentiable for 
t > 0, and u satisfies the equation and the initial condition. This setting resembles 
the weakened abstract Cauchy problem for first order evolution equations [141]. 

Let R()") = (B - )..1)-1 be the resolvent of the operator B. It is proved 
in [129] that the problem (5.5.1) with Uo E D(B) has a unique solution if the 
operator-function R()""') exists for Re).. > w (w > 0), and 

(5.5.2) 

The uniqueness of a solution is proved under much weaker conditions. 
If B is an operator on some function space corresponding to a boundary 

value problem for a uniformly elliptic equation, or a uniformly elliptic operator 
over jRn, then the resolvent R()..) has been thoroughly investigated, the condition 
(5.5.2) can be easily verified, and we obtain unique solvability results for fractional 
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diffusion equations. Of course, the analytic methods of Chapter 5, where they are 
applicable, give much more detailed information about solutions. 

The investigation of the abstract Cauchy problem (5.5.1) was continued by 
Bazhlekova [12] (who developed a version of the theory of the uniformly correct 
Cauchy problem), El-Sayed [79], Bauemer and Meerschaert [11], and others. The 
abstract Cauchy problem with the Riemann-Liouville fractional derivative (and 
an appropriately modified initial condition) was studied by Kostin [140]. 

Another interesting direction is the investigation of evolution equations with 
the fractional derivative of an order a E (1,2). The first results [206, 84] show that 
in this case solutions possess an interesting combination of properties typical for 
parabolic and hyperbolic equations. Note also some recent papers on space-time 
fractional diffusion equations containing a fractional derivative in t and pseudo
differential operators with respect to spatial variables; see [153, 169]. 



Appendix 
Fox's H-Functions 

The H-functions introduced by Fox [81J provide a very useful framework for in
vestigating asymptotic properties of solutions of various equations. In many cases 
a solution can be expressed in terms of H-functions, and then its asymptotic be
haviour can be found from general results about H-functions. 

Let }-t, v,p, q be integers satisfying the conditions ° :::; v :::; p, 1 :::;}-t :::; q. Sup
pose we have also the complex parameters Cl, ... , cp and dl , ... , dq, and positive 
real parameters '/'1, ... , ,/,p and (h, ... , bq , such that PI n P2 = 0 where 

Pl ={s=-(dj +k)/bj , j=I, ... ,}-t; k=O,I,2, ... }, 

P2 ={s=(I-Cj+k)/'Yj, j=I,,,.,v; k=O,I,2, ... }. 

We will need only the case where 

q p 

p := I)k - L '/'k > 0. (A.l) 
k=1 k=1 

The H-function 

HJlIl(Z) [zl[cP,/,pJ] =HJlIl [zl(Cl ,/,I), ... , (cll ,/'II); (CII+l,/'v+l), (Cp,/,p)] 
pq [dq,bqJ pq (dl ,bl ), ... , (dJl,bJl); (dJl+l ,bJl+l ), (dq,bq) , 

[cp, /,pJ = (Cl' /'1)'"'' (cp, /,p); [dq,bqJ = (dl ,bl ), ... , (dq ,bq), 

is defined by the contour integral 

(A.2) 

with 

Jl II 
C(s) = IT r(dk + bk S ), 

k=1 k=] 
q p 

E(s) = IT r(1 - dk - bk S ), F(s) = IT r(Ck + /'k S ) 

k=Jl+l k=II+1 
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(PI and P2 are the sets of poles for C(s) and D(s) respectively). The integration 
contour L is an infinite loop running between s = -00 - iO" and s = -00 + iO" 
where 0" > max {I Imd j l/6j} in such a way that PI lies to the left of L, and P2 

I$J$JL 

to the right of L. 

Under the above assumptions the function H#/;'(z) [z 1 !~', l:l] is holomorphic 

in a certain sector containing the positive real half-axis. 
Nearly all classical special functions can be represented as H-functions with 

appropriate parameters. In particular, Meijer's G-function corresponds to the case 
where all the numbers 6k and 'Yk are equal to 1; this case includes all the elementary 
functions, the Bessel functions, various functions of hypergeometric type, classical 
orthogonal polynomials, and others. The Mittag-Leffler function 

00 k 

Ecx(z) = L r(a~ + 1)' a> 0, 
k=O 

on the negative real half-axis can be written as 

() 11 [ 1(0,1) Ecx -x = H12 X (0,1), (A.3) 

The theory of the H-function including its analytic properties, asymptotics, 
various relations, is expounded in [19, 195,217]. Below we formulate all the results 
we need in this book. 

a) Transformation formulas. 

(A.4) 

(A.5) 

(A.6) 

b) Differentiation and integration formulas. We write them explicitly for some 
cases we need. 

(A.7) 
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In a similar way ~ Hig is expressed via Hi~ etc. 
dz 

By (A.2), 

20 
[ I (1 a) ] 1 f f(!!.2 + s )r(1 + s) -H Z n' = - Z S ds. 

12 (2,1), (1,1) 27ri r(l+as) 
L 

We need this function with z = w(t - 7)-a, W > 0, t > 7. We have 

() H 20 [( )-a I (1, a) ] ut = 12 wt-7 (~,1), (1,1) 

(A.9) 

= _1 f f(~ + s)f(l + s) w-S(t _ 7)"'S ds. (A. 10) 
27ri f(l + as) 

L 

In order to calculate the Riemann-Liouville fractional derivative 

t 

(D~+u) (t) = f(l ~ a) Ot f (t - s)-au(s) ds, 
T 

f(l + as) 
we note that D;;+ transforms (t - 7)°" into f( ) (t - 7)"'S-'" (see [202]). 

1- a + as 
Now we find from (A.lO) that 

Similarly 

Next, 

ft -lH20 [ I (a, a) ] d H21 [ 1(1,1), (a, a) ] (A 13) 
s 12 as (%,1), (1,1) s = 23 at (~, 1), (1,1), (0,1)' . 

o 
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c) Asymptotics at infinity. The asymptotic behavior of H-functions for z ----+ 00 
has been thoroughly investigated. We will need only two results of this kind, for 
specific classes of H-functions, for a real positive argument z, with only the leading 
term of the asymptotic expansion. 

If l/ = 0 and q = /-l, then the H-function has an exponential decrease for 
z ----+ +00: 

... , 
(A.14) ... , 

where 
P J.1 

b - II "V lk II 5-6, - rk I' 
k=1 1=1 

and p is given by (A.l). 
In particular, from (A.14) we get estimates of some specific H-functions for 

Izl ~ 1: 

I
H 20 [z 1(1,0:) 

12 (!! 1) 
2' , 

(1,1)] I :::; ClzI2(2"-a) exp { -0'IzI2-=a } ; (A.15) 

IH20 [z I (0:, 0:) 
12 (!! 1) 

2' , 
] I n+2-2a { 1 } < Clzi 2(2-a) exp -0'IzI2-a (1,1) . - . (A.16) 

Similar estimates hold for functions appearing in expressions for derivatives of 
the above H-functions. In all cases the estimates contain the same exponentially 
decreasing factor while the degrees of positive powers of Izl are different and specific 
for each case. 

For another situation (used in Chapter 4), the H-function has a power-like 
decrease: 

(1 1)] 'Y ~'Y 
2'2 ~-r(I+'Y)sin-.z-l-, 

(1 1) ~ 2' 
2' 2 

z ----+ +00, (A.17) 

where 1 < 'Y < 2. 

d) Asymptotics near the oNgm. In order to obtain, for the above class of H
functions, an asymptotic expansion near the origin, we write an H-function as 

... , 

... , 

In specific cases, writing PI explicitly and using well-known properties of the 
function Gamma, we find a required number of terms in asymptotic expansions. 
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In particular, for z ---> +0, 

H?g [zl(~:~?, (1,1)] 

{ 

r('g'-1) z + 0 (zmin('g',2)) 
['(I-a) , 

= - rZ(~O!;) + O(Z), 
,fii 1/2 2,fii 2,fii 3/2 O( 2) 

r(l-'f)Z - r(l-a)Z + r(l_~)Z + z, 

if n ~ 3, 

if n = 2, 

if n = 1 
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(A.18) 

(here and below we present those terms of the asymptotic expansions which are 
actually used in this book), 

H30 [ 1(I,a), (0,1), ] 
23 z (~, 1), (1,1), (1,1) 

r(l-a) , 

~+O( ) = r(1-a) z , 
{

_ ['('i-I) z + 0 (Zmin('i,2)) 

,fii 1/2 2,fii 3,fii 3/2 O( 2) 
-2r(1-'f)Z + ['(l_a)Z - r(l_~)Z + z, 

H40 [ I (1, a), (0,1), (0,1) ] 
34 z (~, 1), (1,1), (1,1), (1,1) 

f'('g'-1) Z + 0 (zmin('i,2)) 
['(I-a) , 

~+O( ) - r(l-a) Z , 

,fii zl/2 _ 2,fii Z 
4['(1-~) 1'(1-a) 

9,fii 3/2 O( 2) +2['(1_~)z + z, 

if n ~ 3, 

if n = 2, 

if n = 1, 

H50 [ I (1, a), (0,1), (0,1), (0,1) ] 
45 z G,I), (1,1), (1,1), (1,1), (1,1) 

- r('i-1) z + 0 (zmin('i,2)) if n ~ 3, 
r(l-a) , 

~ + O(z) if n = 2, 1'(1-0') , 

,fii 1/2 2,fii 
8['(1_2)Z + ['(l_a)Z 

27';: 3/2 O( 2) 4['(1_~)Z + z, if n = 1. 

if n ~ 3, 

if n = 2, 

if n = 1, 

(A.19) 

(A. 20) 

(A.21) 

Next we give the expansions for the function appearing in (5.2.12) and those 
emerging in the course of differentiating (5.2.12). A different character of their 
asymptotics is caused by the fact that in this case the pole s = 1 appears both in 
the numerator and denominator of the fraction in (A.2) and cancel each other. 
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We have 

H 20 [Z 1 ( 0 , 0) ] 
12 (~, 1), (1,1) 

_ r(~-2) z2 + 0 (zmin(~,3)) 
r(-a) , 

Z2 log Z + rv Z2 + O(Z3 log z) r(-a) 11 , 

_ 2ft :3/2 + 2ft Z2 + O(Z5/2) r(--"-)Z r(-a) , 
22 

oZ- ~(~~) +/2Z2+0(z3Iogz), 
ft Z1/2 + 2ft Z3/2 + O(Z2) 

i(%) i(-%) , 

if n ~ 5, 

if n = 4, 

if n = 3, 

if n = 2, 

if n = 1, 

where /1,/2 are certain constants. Next, 

Finally, 

H:lO [1(0,0), (0,1) ] 
23 Z (~, 1), (1,1), (1,1) 

2r(~-2) z2 + 0 (zmin(~,3)) if n ~ 5, 
ie-a) , 

_2z2logz -2rv z2+0(z3 Iogz ) ifn=4, 
r(-a) d , 

:>ft z3/2 _ 4ft z2 + O(z5/2) if n = 3, 
r(-%) 2 q-a) , 

-oz-2~(~~) -2/2z2+0(z3Iogz), ifn=2, 
_ ft Z1/2 _ 3ft Z3/2 + O(Z2) if n = 1, 

2[,( %) i( - %) , 

H 40 [ 1(0,0), (0,1), (0,1) ] 
34 z G,l), (1,1), (1,1), (1,1) 

- 4r(~-2) Z2 + 0 (zmin(~,3)) if n ~ 5, 
ie-a) , 

4 f(~~) + 4/1Z2 + O(z3 log z), if n = 4, 

- 9ft z3/2 + 8ft Z2 + O(Z5/2) if n = 3, 
2['(-%) ie-a) , 

oz-4f(~~) +4/2z2+0(z3Iogz), ifn=2, 
ft 1/2 ~ 3/2 + O( 2) ·f 1 4[,(%)z + 2r(-%)z z, 1 n = . 

H 50 [ 1(0,0), (0,1), (0,1), (0,1) ] 
45 z (~, 1), (1,1), (1,1), (1,1), (1,1) 

8r(~-2) z2 + 0 (zmin(~,3)) if n ~ 5, 
r(-a) , 

-8 z2 log Z _ 8rv z2 + O(z3 log z) if n = 4, r(-a) d , 

27ft z:3/2 _ 16ft z2 + O(z5/2) if n = 3, 
4i(-%) ie-a) , 

-oz + 8 f(~~) - 8/2z2 + O(z3 1og z), if n = 2, 
_ ft Z1/2 _ 27ft z3/2 + O(z2) if n = 1. 

8i(%) 4r(-%) , 

Appendix 

(A.22) 

(A.23) 

(A.24) 

(A.25) 
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In Chapter 5 we meet also the function 

H( ) _H30[ 1(1,0:), (l+V-O:-A,o:) ] 
z - 23 z (~,1), (1,1), (l+v,o:) , 

o < A < 1 - 0:, V > 0: + A. 

For this case we need only an estimate for small z's, without explicit values of 
coefficients of the asymptotic expansion: 

{
Clzl, 

III(z)l::; Clzl(llogzl + 1), 

ClzI 1/ 2 , 

if n ;::: 3, 

if n = 2, 

if n = 1. 

(A.26) 
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Notation 

In this book we use without comments the standard notations, like N, JR., JR.", C, Cn, 
i (the imaginary unit), Djl (the Kronecker symbol). We denote by Xl, . .. ,Xn the 
coordinates of a point X E JR.n or x E Cn. The coordinates of a point (t, x) E JR.n+1 
are denoted by t,X1,'" ,Xn . Some other notation is listed below. Of course, this 
is not a complete list (for example, it does not cover the difference operators used 
in Chapter 4). 

Ixi 

IAI 

A' 
I 

Ilkll 

:= t Xl ' if x E JR.n ( )

1/2 

)=1 

the set of all m x r matrices with complex entries; C1r = Cr 

( )

1/2 

:= f, t lajl12 , if A E C rnf 

j=11=1 

the transpose of a square matrix A 
the unit matrix 

the set of all n-dimensional multi-indices k := (k1 , ... , kn ) 

n 
:= ~ kj, if k E Z~ 

j=l 
n 

:= ~ mj kj, if k E Z~ and m1, ... ,mn are natural numbers spec
j=l 

ified for each particular case 

the first order differentiation operations in t and y respectively 

the differentiation in y of an order I > 1 

:= a~~ ... a~~, if x E JR.n and k E Z~ 

.- k, kn'f TTlJn d k E '71n 

.- Xl ... Xn ,1 X E"", an IU+ 



386 Notation 

6.U(t,·) := f(t,') - f(7,·) 

6.H(·, x,,) := f(', x,·) -!(-, y,.) 

6.;:%f(t, x,,) := f(t, x,,) - 1(7, y,') 

T a fixed positive number 

B(x,R) := {y E ]Rnld(x,y)::; R}, the ball of a radius R centered at x E 

]Rn, with respect to a distance d (specified for each particular case) 

BR := B(O,R) 

We often denote by the same letter various constants whose specific values are of 
no importance. 
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-t 

2b-parabolic differential expression, 5 

Angular limit mean value, 299 

Bi-parabolic heat equation, 4 

Caputo derivative, 322 
Centrally-symmetric mean value, 299 
Chapman-Kolmogorov equation, 248 
Characteristic of a hyper-singular 

integral, 267 
Characteristic of dissipation, 7 

Degenerate equation of the 
Kolmogorov type, 9 

-t 

Dissipative 2b-parabolic equation, 7 

Fokker-Planck-Kolmogorovequations, 
241 

Fox's H-function, 363 
Fundamental solution of the Cauchy 

problem (FSCP), 12 

Generalized 
Kolmogorov equation, 4 
Mittag-Leffler function, 323 
quasi-analytic class, 324 

Globular limit mean value, 306 
Green matrix of the Cauchy problem, 

13 

Holder continuous function, 54 
Hyper-singular integral, 24, 267 

Levi method, 19 
Limit mean value, 306, 314 
Liouville type theorem, 312 
Locally Holder continuous function, 54 

Marchaud fractional derivative, 353 
Maximum principle, 243 
Meijer's G-function, 364 
Mellin transform, 309 
Mittag-Leffler function, 323 

Normal fundamental solution, 247 

Parabolic differential expression in the 
sense of Petrovsky, 2 

Parabolic equation of a 
quasi-homogeneous structure, 5 

Pointwise stabilization, 299 
Poisson integral, 13 
Poisson-Stieltjes integral, 306 
Polycaloric equation, 4 
Pseudo-differential operator (\liDO), 23 

Radial limit mean values, 314 
Regularized fractional derivative, 322 
Riemann-Liouville fractional 

derivative, 321 
integral, 321 

Spherical harmonic, 266 
Strong maximum principle, 243 
Strongly degenerate equation, 162 
Symbol of a hyper-singular integral, 

269 

Transition density, 297 

Ultra-parabolic equation of the 
Kolmogorov type, 10 

Uniform limit mean value, 303 
Uniform stabilization, 299 

-t 

Uniformly 2b-parabolic differential 
expression, 5 

Uniformly parabolic differential 
expression in the sense of Petrovsky, 
2 

Very strongly degenerate equation, 162 
Volume potential, 14 

Weakly degenerate equation, 162 
Wiener's Tauberian theorem, 307 
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